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Theory of shape-preserving short pulses in inhomogeneously broadened three-level media
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We introduce an ansatz that permits a treatment of the effects of Doppler broadening in the theory of intense
steady-state pulse pairs propagating in three-level~L or V! media. We have derived analytic solutions for pulse
amplitudes, for group and phase velocities, and for the probability amplitudes of the atoms in the transmission
medium. The solutions are different for theL and V cases.@S1050-2947~98!50308-3#

PACS number~s!: 42.50.Md
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Optical pulse propagation in a three-level medium un
two-photon or double one-photon resonance conditions
been studied extensively theoretically and experimentally
various authors since the 1970s@1–3#. It has been studied in
connection with self-induced transparency and simultons@4–
9#, lasing without inversion@10–12#, phaseonium@13,14#,
electromagnetically induced transparency@15#, and other re-
lated topics@16–21#. A constant focus of interest has been
mechanisms by which two pulses can travel through an
erwise opaque three-level medium, sometimes with
changing their initial temporal shapes. Although no gene
analytic solution has been found so far that covers all asp
of propagation, some special analytic solutions have b
found by restricting the parameter regimes or by using s
cial input pulses. For example, simultons@4# were obtained
in 1981, in which two solitonlike pulses with tempor
shapes of ‘‘sech’’ propagate without changing through
three-level medium that could be either V type, asympto
cally in the ground state, or cascade-type with asymptotic
clamped equal inversions, both cases in the absence o
tuning. Explicit N-soliton for V media have been given b
Steudel@8#.

Another solitonlike solution was obtained more recen
@9#, which shows that two pulses with amplitudes given
sech and ‘‘tanh’’ can propagate without change throug
three-level L-type medium that is asymptotically in th
ground state. From the intensity~square of amplitude! point
of view, this latter solution describes a bright-soliton da
soliton pair.

However, most of these earlier investigations ha
avoided two difficult questions:~i! the possible existence o
nonexistence of a ‘‘global’’ restriction on pulse pairs simil
to the area theorem discovered for two-level media by M
Call and Hahn@22#; and ~ii ! a practical method to deal with
Doppler broadening~or other kinds of inhomogeneou
broadening!, commonly a prominent broadening process a
frequently the dominant one for atomic and molecular vap
and optical crystals of many kinds. The studies of Kono
nicki and Eberly@4# included numerical experiments show
ing pulse reshaping toward their predicted sech steady-s
form was observed in Doppler-broadened media. This
reminiscent of area theorem behavior, but no formulas
area were found.

In this paper we address the second question. We h
found analytic expressions for the amplitudes of solitonl
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pulses propagating throughL- and V-type three-level media
when Doppler broadening is included, under the reasona
approximation~for L and V systems! that the two transitions
have equal shifts. The expressions we have found desc
bright-dark and bright-bright soliton pairs, respectively.L
and V systems are illustrated in Fig. 1.

The electric-field vector for the two optical pulses can
written as

E5 x̂Ea~z,t !ei ~kaz2vat !1 x̂Eb~z,t !ei ~kbz2vbt !1c.c., ~1!

wherekac5va andkbc5vb , andEa andEb are the ampli-
tudes of the electric fields of the two pulses. We assume
the two fields interact separately with their respective tran
tions, but they are nevertheless coupled by the nonlinear c
straint that in all cases the two transitions share a comm
level of the atoms~level 2 in the figure!. The Rabi frequen-
cies that correspond to these fields are given
Va([2d12Ea /\) andVb([2d23Eb /\), wheredi j is the di-
pole moment between levelsi and j . The evolution equa-
tions for the atomic levels with complex amplitudesC1 , C2 ,
andC3 can be obtained for eitherL or V media from Schro¨-
dinger’s equation as

i
]

]t
C15D1C12

1

2
Ra* C2 , ~2a!

i
]

]t
C25D2C22

1

2
RaC12

1

2
RbC3 , ~2b!

i
]

]t
C35D3C32

1

2
Rb* C2 , ~2c!

FIG. 1. Schematic energy-level diagrams for three-level ato
media:L ~left! and V ~right!. The pulsesa and b ~driving transi-
tions 1–2 and 2–3, respectively! are in two-photon resonance wit
overall detuningD.
R805 © 1998 The American Physical Society
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where the parametersD1 , D2 , and D3 are related to the
detuningD shown in Fig. 1 and the parametersRa andRb are
related to the Rabi frequenciesVa andVb , as given in Table
I for L or V media.

Similarly, the evolution equations for the fields can
obtained from the slowly varying Maxwell equations@23# as

]

]z
Va5 imE Pag~D!dD, ~3a!

]

]z
Vb5 imE Pbg~D!dD, ~3b!

wherePa andPb are the polarizations given in Table I, an
g(D) is the distribution of detunings resulting from inhom
geneous~Doppler-type! broadening. The propagation coeffi
cientm is assumed to be equal for all transitions and is giv
by m54pd2Nv/(\c), whereN is the density of atoms in
the medium. Equations~2! and ~3! are written in local-time
coordinatesz andt in the frame propagating with velocityc
in the mediumt[t2z/c andz[z.

Equations~2! and~3! are nonlinear and there is no gene
ally known method to solve them. We will introduce a com
plex detuning-dependent factorization as an ansatz, and
will see that this permits previously known on-resonance
lutions to be extended from zero detuning to any arbitr
finite detuning. The key steps in determining the solutio
for the L-type medium are summarized below. The deriv
tion of solutions for the V-type medium is similar.

We now introduce a factorization ansatz for the upp
level amplitude, motivated by a similar step taken by McC
and Hahn@22# for the absorptive Bloch vector component
a two-level system~see also@19#, p. 82!. Our factorization is

C2~z,t;D![ f ~D!c2~z,t!, ~4!

where the lower-case letters (c1 ,c2 ,c3) denote the level am
plitudes forD50, andf (D) satisfiesf (0)51, but otherwise
must be determined. The factorization ansatz then lead
the following useful relation

i
]

]t
C152 1

2 Va* f ~D!c25 i f ~D!
]

]t
c1 , ~5!

which implies thatC1 and f (D)c1 differ by an additiveD-
dependent constant at most. Since we assume the mediu
be in level 1 asymptotically, independent of detuning, t
gives a definite value for the constant. The same argum

TABLE I. Parameters for different types of medium.

L V

Ra Va Va*
Rb Vb Vb*
D1 0 D

D2 D 0
D3 0 D

Pa C1* C2 C2* C1

Pb C3* C2 C2* C3
n
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also provides the precise relation betweenC3 and its zero-
detuning counterpartc3 , so we get

C15 f ~D!c1112 f ~D!, ~6!

C35 f ~D!c3 . ~7!

With these two relations we return to the equation forC2 . It
is easy to see that this then provides an expression forf (D)
and an important connection betweenc2 andVa :

f ~D!5
1

11 iDtL
, ~8!

c25
i tL

2
Va , ~9!

wheretL is an auxiliary constant whose connection to t
pulse duration will be obtained below.

Now it is trivial to obtain solutions for all threec’s by
inserting into thec equations the new connection betweenc2
andVa and the two known pulse amplitude expressions
rived earlier for on-resonance media@4,9#, namely,

Va~z,t!5A sech~KLz2t/tp!,

Vb~z,t!5B tanh~KLz2t/tp!.

When we add the relevantf (D) factors, the full solutions are

C1~z,t;D!5
tanh~KLz2t/tp!1 iDtL

11 iDtL
, ~10a!

C2~z,t;D!5S 2i

Atp
D sech~KLz2t/tp!

11 iDtL
, ~10b!

C3~z,t;D!52S B

AD sech~KLz2t/tp!

11 iDtL
, ~10c!

wheretp is clearly the pulse duration, which satisfies a sp
cific relation withtL :

AtL

2

Atp

2
51. ~11!

We also require the following constraint on the amplitude

A22B2[4/tp
2 , ~12!

which was found previously for the zero-detuning solutio
@9#.

These solutions are so far the only solutions of the Sch¨-
dinger equations. To be physical they must also satisfy
Maxwell equations. Inspection shows that the field amplitu
expressions are indeed compatible with the Maxwell eq
tions and with the existence of a spread of detunings, via
Doppler distribution functiong(D), with the right choice of
KL and a single modification: az-dependent ‘‘carrier wave’’
phase factorf~z! must be attached to pulsea, so that its
solution function becomes

Va~z,t!5A sech~KLz2t/tp!eif~z!. ~13!
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The Schro¨dinger equations show that the same phase fa
must also be attached toC2 andC3 , and these are the onl
changes. After substituting Eq.~13! into the complex Max-
well equations~3! we find the following equation forKL and
the phase:

KL5
m

2tL
E g~D!

D21~1/tL!2 dD, ~14a!

d

dz
f~z!5

m

2 E Dg~D!

D21~1/tL!2 dD. ~14b!

We can define a new wave-vector shiftKL8 by

f~z![KL8 z, ~15!

which is physically equivalent to a modification of the r
fractive index and is similar in appearance to the ind
change known for two-level self-induced transparency~see
@23#, p. 96!, but heretL is not the pulse duration.

The V solutions differ in interesting small ways from th
L solutions, and we give the full solutions for the V-typ
media:

C1~z,t;D!5 i S Atp

2 D sech~KVz2t/tp!

11 iDtp
eiK V8 z, ~16a!

C2~z,t;D!5
tanh~KVz2t/tp!1 iDtp

11 iDtp
, ~16b!

C3~z,t;D!5 i S Btp

2 D sech~KVz2t/tp!

11 iDtp
eiK V8 z, ~16c!

Va~z,t!5A sech~KVz2t/tp!eiK V8 z, ~16d!

Vb~z,t!5B sech~KVz2t/tp!eiK V8 z, ~16e!

where

KV5
m

2tp
E g~D!

D21~1/tp!2 dD, ~17a!

KV85
m

2 E Dg~D!

D21~1/tp!2 dD. ~17b!

As in theL case, the solution is constrained by a relations
between the amplitude and width of the pulses, in this c
given by

A21B25
4

tp
2 . ~18!

When the pulses are detuned from line center and
line-shape function is not symmetric with respect toD50,
the integrals in Eqs.~14b! and~17b! give a nonzero value fo
K8, which in turn gives rise to the complex phase. To de
onstrate this effect, we have taken a medium with a Gaus
line-shape function:
or

x

p
e

e

-
an

g~D!5
T2*

A2p
e2[ ~D2D0!T2* ] 2/2, ~19!

where D0 is the detuning from line center andT2* is the
inhomogeneous lifetime. Figure 2 shows propagation
pulse ‘‘a’’ in a V-type medium with such Doppler broaden
ing. The spatial oscillations due to nonzeroK8 are evident
from the figure.

The time scale for which these solutions are valid can
recognized by noting that Eqs.~2! and ~3! are written in the
absence ofT1 andT2 terms~no homogeneous broadening!.
So the solutions must be regarded as short-pulse approx
tions, which are valid when the pulse widthtp of the sech
pulse is shorter thanT1 andT2 . There is no restriction ontp

with respect to the inhomogeneous broadening timeT2* , i.e.,
tp can be longer or shorter thanT2* .

Actually, the inhomogeneous broadening timeT2* only
affects the values ofK and K8, which determine the group
velocities@vg51/(Ktp) in the moving frame# and phase ve-
locities (vph5c1K8/v). Figure 3 shows the dependence
K andK8 on the ratio oftp /T2* . We see from the figure tha

FIG. 2. Plot of the real part of the pulse ‘‘a’’ @[Re(Va)T2* # as a
function of time T([t/T2* ) and spaceZ([mzT2* ) for a V-type
medium with Doppler broadening. The parameters used in this
are D051/T2* , tp5T2* , and A5&/T2* , which gives
Kz50.260Z andK8z50.144Z.

FIG. 3. Plot ofK and K8 ~in units of mT2* ! as a function of
tp /T2* for L- and V-type media. Parameters used areD051/T2* in
g(D) andB51/T2* in the L-type media.
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when the pulse width is ultrashort~shorter than the inhomo
geneous broadening timetp!T2* !, the values ofK and K8
increase with the increase oftp for both L-type and V-type
media. However, when the pulse width is merely ‘‘short
i.e., short enough to ignore homogeneous relaxation but
much longer than the inhomogeneous broadening t
(tp@T2* ), the values ofK andK8 decrease in the case of
L-type medium and increase in the case of a V-type medi
astp increases.

The reason for this behavior is that, for aL-type medium,
K andK8 depend ontp throughtL[tp /(11tp

2B2/4). For a
V-type medium the equivalent oftL is simply tp . So for
tp!T2* , we havetL;tp andK andK8 behave similarly for
both types of medium. But fortp@T2* , we havetL;1/tp

andK andK8 behave oppositely forL-type and V-type me-
dia.

Note that it is also possible~and it could sometimes b
more physical! to regard the pulse amplitudesA andB as the
primary independent parameters instead oftp . Then the re-
lation

2

tp
5AA26B2
A

t.
,

-

y-

tt.
ill
e

,

can be used to eliminatetp everywhere in either the V(1) or
the L(2) case. This leads to amplitude-dependent expr
sions for group and phase velocities in an obvious way.

As a final result, we point out that the constraints in E
~12! and~18! require that the areas of the input sech pulse
greater than 2p for L-type media and less than 2p for V-type
media. Also note that the solution pulses for theL-type me-
dium correspond to a ‘‘bright’’~sech! and ‘‘dark’’ ~tanh!
soliton, whereas both of the pulses~sech! in the V-type me-
dium correspond to a bright soliton. Note that these soluti
reduce to the well-known 2p sech pulse for self-induced
transparency in a two-level medium@22# if level 3 and pulse
‘‘ b’’ are eliminated~by puttingB50 andC350!.

In summary we have found formulas for the amplitudes
a solitonlike pulse pair for inhomogeneously broadenedL-
and V-type three-level media. Explicit expressions for bo
group and phase velocities, and for the detuning-depen
Schrödinger amplitudes have also been given. We have co
mented on the differences between the solutions for the
types of media.

This research was partially supported by NSF Grant N
PHY94-15583 and PHY97-22024.
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