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Probability of photoassociation from a quasicontinuum approach

Juha Javanainen and Matt Mackie
Department of Physics, University of Connecticut, Storrs, Connecticut 06269-3046

~Received 4 March 1998!

We examine photoassociation by using a quasicontinuum to describe the colliding atoms. The quasicon-
tinuum system is analyzed using methods adapted from the theory of laser spectroscopy and quantum optics,
and a continuum limit is then taken. In a degenerate gas the equilibrium probability of photoassociation may
be close to unity. In the continuum limit, for a thermal atomic sample, the stimulated Raman adiabatic passage
~STIRAP! mechanism cannot be employed to eliminate unwanted spontaneous transitions.
@S1050-2947~98!50108-4#
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At the lowest temperatures reached by laser cooling
evaporative cooling, the range of thermal energies of ato
translates into a range of frequencies that is narrower th
typical atomic linewidth. An optical transition that combine
two thermal atoms into a molecule, i.e., a laser-induced tr
sition from the continuum of the relative motion of two a
oms to a bound vibrational state of a molecule, may there
exhibit a narrow resonance. In photoassociation~PA! spec-
troscopy these resonances are utilized to measure posi
of vibrational levels of diatomic molecules@1#. The results
include improved determinations of molecular potential s
faces @2#, s-wave scattering lengths@3#, and dipole matrix
elements foratomic transitions@4#. PA is also a potentia
method to create cold molecules in a predetermined inte
state@5–7#.

In addition to its utility, PA is also an interesting theore
ical challenge, in that it is a case offree-boundtransitions.
As is appropriate for free initial states, past analyses of
are often based on collision theory@1,6,8,9#. Other theoreti-
cal approaches include direct integration of the Schro¨dinger
equation for the colliding atomic wave packets@7# and a
perturbative treatment within the density-matrix formalis
@10#. In this paper, we take yet another tack. We assume
the colliding atoms are confined to a finite volume. Th
converts the continuum of the dissociated states of the m
ecule into a quasicontinuum~QC!. We analyze the QC sys
tem, and finally take the continuum limit by letting the qua
tization volume go to infinity@11#. We first study PA,
including a simple model for rethermalizing collisions b
tween the atoms. The result surprisingly suggests that
equilibrium yield of PA may approach unity in systems ne
or at quantum degeneracy, such as in Bose-Einstein con
sates in alkali-metal vapors@12#. Second, we put forth that
unlike in discrete-level atomic systems, in PA the stimula
Raman adiabatic passage~STIRAP! process@13# is unlikely
to provide relief to the problem of unwanted spontaneo
emissions.

The QC consists of discrete energy eigenstates. Muc
the understanding of, and insights into, few-level syste
that has evolved in laser spectroscopy and quantum op
@14# may thus be transferred to problems of PA. One co
achieve a similar discretization by utilizing normalizab
wave packets along the lines of Ref.@7#. However, to com-
plete an analysis of this type, one has to construct an
semble of wave packets to represent a thermal gas and
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average over the ensemble. Within our QC method the
quired average follows trivially from statistical mechanics

We first model the case in which PA takes place direc
to a stable bound state of the molecule. The applied ligh
then the only mechanism for transitions to and from t
bound state. The bound stateub&, whose energy we set equa
to zero, is coupled with a QC of statesun& with evenly
spaced eigenfrequenciesvn5ne. For the time being the QC
is assumed to be flat; i.e., the coupling matrix element
tween ub& and un& kn[k is taken to be the same for alln
50,61,62, . . . . For photodissociation~PD! and PA the
coupling would normally be due to dipole interactions of t
atoms with a laser field. Within the rotating-wave appro
mation we havek5dE/2\, whereE is the amplitude of the
electric field andd is the~assumedly! constant dipole matrix
element between the bound state and the QC states.
choice of the QC staten50 is such that the transitionub&
→u0& is on optical resonance.

The Hamiltonian for this system is

H

\
5(

n
un&vn^nu2(

n
~kun&^bu1k* ub&^nu!. ~1!

Writing the state vector asuc&5bub&1(nanun&, we find the
time-dependent Schro¨dinger equation

ḃ5 ik* (
n

an , ȧn52 ivnan1 ikb. ~2!

We use Fourier transforms to solve these differential eq
tions with constant coefficients. For the solution, a se
energy is needed. Here we resort to a continuum approxi
tion,

S~v!5uku2 (
n52`

`
1

v2vn1 ih

.uku2E dn
1

v2ne1 ih
5

puku2

e
, ~3!

with h501. The continuum approximation~3! is valid as
long as one considers times short enough that the disc
ness of the QC states is not resolved,t;v21&e21. We
have verified this with extensive numerical studies of t
Schrödinger equation.
R789 © 1998 The American Physical Society



ta

he

e

vi

ce
t

th
up
te

t-

P
o

tin

ur

s

ion
s
n

th

un

n

ta
of

in
t

-

m

el
s.

ial
mo-
nds
a

in
in

is
rre

ity,

ber

ally

ir

o-

lts

eri-
mol-
the
The

dis-

tom
n a
to

as-
ates
l-
di-

rob-

RAPID COMMUNICATIONS

R790 PRA 58JUHA JAVANAINEN AND MATT MACKIE
With the continuum approximation, Eqs.~2! are easy to
solve. We first model PD; the system starts in the bound s
and winds up in the QC. The initial conditions areb(0)51,
an(0)50. The result is a simple exponential decay of t
bound-state population to the QC at the PD rateG
52puku2/e.

Let us pause for a crucial mathematical remark. One s
from Eqs.~2! that the QC state amplitudesan respond to the
time evolution of the bound-state amplitudeb, and that the
changes inan then couple back tob. It may be easily shown
that, within the continuum approximation~3!, theonly effect
of such back action of the bound-state amplitude on itself
the QC is exponential damping,ḃ52gb1•••, with g
[G/2. A roughly equivalent way of stating this is that on
the system has made a transition from the bound state to
QC, it will not return to the bound state. This is because
phases of the amplitudes of the QC states are such that,
times of the ordert;e21, transitions back to the bound sta
interfere destructively.

The continuum limit of the QC model is effected by le
ting the spacing of QC levels go to zero,e→0. Obviously,
for a given laser tuning and intensity one should retain a
rate G that is in agreement with, say, measurements
molecular-structure calculations. We achieve this by set
e→0 anduku2→0 in such a way thatG52puku2/e remains
constant. With the continuum limit the time over which o
continuum approximation~3! is valid, .e21, automatically
tends to infinity@15#.

Of course, it is well known that exponential decay follow
when a discrete state is coupled to a true~and flat! con-
tinuum. Until now, the two main purposes of our discuss
have been to demonstrate that the same behavior emerge
a QC, and to derive the quantitative connection betwee
QC and a continuum.

We now move on to a model of PA. Suppose that
system starts out in the QC stateum&; b(0)50, an(0)
5dmn . Once the system has made a transition to the bo
state, subsequent interactions between the bound state
the QC states simply amount to a damping of the bou
state. Our key realization is that the statesub& and um& thus
behave as a two-level system with the Rabi frequencyk,
albeit not as a closed one; the population of the bound s
decays at the rateG to the QC states that for the purpose
the two-level system$ub&, um&% are unobservable.

This minor complication is easy to take into account
the familiar analysis of two-level systems. We find the ra
of transitionsum&→ub&, which we write, using the relation
G52puku2/e, as

Rm5
2uku2g

vm
2 1g2 5

gGe/p

vm
2 1g2 . ~4!

Over the relevant time scaleG21, the depletion of the initial
state is proportional toe. The balancing PD removes prob
ability out of the stateub& at the rateG, so that the population
of the bound stateP5Rm /G is also proportional toe. In the
continuum limit,e→0, the initial stateum& is not depleted at
all, and the population of the bound state tends tozero. We
have seemingly banished PA. The resolution of this dilem
is sought next.
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To begin with, we set up a link between our QC mod
and collision physics. First, we need a QC for two atom
Second, in collisions it is customary to consider part
waves one by one, so that our QC should have angular
mentuml as a good quantum number. We achieve both e
by quantizing the relative motion of two colliding atoms in
spherical potential well with radiusR, using reflecting
boundary conditions at the surface.

Finding and counting the eigenstates of a free particle
the well is a straightforward exercise, which we discuss
detail elsewhere@16#. The level spacinge indeed tends to
zero in the limit R→`, and so does the PA rate. At th
point, though, we may see why such a seemingly biza
behavior is as it should be. We are discussingexactly two
atoms. When the volume holding the atoms tends to infin
atom density tends to zero and collisions must cease.

To regain a finite PA rate with increasing radiusR of the
quantization volume, we evidently must increase the num
of colliders N in such a way that the densityr53pN/4R3

remains constant. We thus multiply the rateRm for the tran-
sition um&→ub& obtained for one collider, byN. Second, in
an isotropic ensemble only a fraction of the atoms is actu
in the given angular-momentum statel , so that we must ad-
just the density in a manner that depends on bothl and R.
All told, it turns out that in the continuum limit the one-pa
rateRm should be multiplied by the factor

Fl52p2~2l 11!
rv
k2 3

1

e
. ~5!

Here, the wave numberk encodes the collision energyE
5\2k2/2m, with m being the reduced mass andv5\k/m the
collision velocity. The rate of PA for the given angular m
mentum is

Rm5Fl Rm5
gG

vm
2 1g2 32p~2l 11!

rv
k2 . ~6!

Our Eq. ~6! is in complete agreement with earlier resu
from collision theory. Equations~1! and ~3! of Ref. @8# pro-
vide a particularly transparent comparison.

For the sake of argument, we next introduce three exp
mental assumptions. First, we assume that atoms and
ecules alike are trapped. Under such conditions, PD of
bound state redistributes the atoms over the QC states.
molecules do not stay in the state doubletub&, um&, and one
might as well allow a probability distributionPm of colliding
atom pairs over the QC statesum& to begin with@17#. Sec-
ond, we take the trap to be big enough that the actual
creteness of the center-of-mass states may be ignored@18#.
Third, we assume that, whether as a result of atom-a
collisions or, say, laser cooling, the atoms rethermalize o
time scaletc that is short compared to the time it takes
cycle an atom through PA and PD.

Two significant consequences arise from the third
sumption. First, the coherent interaction between the st
um& and ub& is interrupted by collisions, which leads to co
lision broadening. The usual modeling in spectroscopy
rects us to replace the linewidthg in Eq. ~6! ~but not the
factor G) by a collision broadened linewidthgc.g1tc

21 .
Second, the system presents the same QC occupation p
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abilitiesPm with and without the laser field, except that, wi
the laser on, these probabilities should be reduced by
factor (12P) if a substantial fractionP of the atoms wind
up as molecules in the bound state. Overall, we model
evolution of the occupation probability of the bound stateP
with the simple rate equation

Ṗ5R~12P!2GP, ~7a!

R5(
m
RmPm . ~7b!

The time scale for a PA→ PD cycle is seen to be the longe
of R21 andG21. Our technical assumption about the col
sion time is valid if eitherRtc&1 or Gtc&1. This may
always be achieved by choosing a low enough laser in
sity.

It basically remains to clean up the notation. First, su
pose that the laser is tuned so that a bound state and a
with the energy\D above the continuum threshold are o
resonance. The PA rate depends on the resonant contin
state, so we have to use the appropriate value for the PD
G. Second, as in Eq.~7b!, we average over the distribution o
the relative energies of the colliding atoms. We adopt
Maxwell-Boltzmann distribution at temperatureT. We also
make the assumption thatgc!kBT/\. Then, a Lorentzian
resonance line with widthgc effectively acts as ad function
in energy in the sum~7b!. For thes wave (l 50) we find

R5rlD
3 e2\D/kBT G, ~8!

wherelD5(2p\2/mkBT)1/2 is the conventional thermal d
Broglie wavelength, albeit for the reduced massm5m/2 in-
stead of the atom massm. The steady-state occupation pro
ability of the bound state is

P5
rlD

3 e2\D/kBT

11rlD
3 e2\D/kBT

. ~9!

In a degenerate atomic sample withrlD
3 *1, the PA prob-

ability may approach unity. The results do not depend cr
cally on the technical assumption thatgc!kBT/\; except for
a factor of the order of unity, Eq.~8! remains valid all the
way to the optimal overlap between the velocity distributi
and the PA resonance that occurs with\D.\gc.kBT.

Of course, we have resorted to a classical counting
atomic states and to the Maxwell-Boltzmann velocity dis
bution, so that in the limit of a degenerate gas the functio
form of Eq. ~9! must be taken with a grain of salt. We b
lieve, though, that the qualitative features of our results s
vive a full quantum degenerate analysis. Generally speak
the PA rate scales with atom density asr2 and the competing
PD rate asr, so that the equilibrium PA yield must involve
dimensionless parameter made of atom density. In our
ample the density parameters for PA yield and atom deg
eracy are essentially the same. The degree of degenera
itself is unlikely to change this state of affairs.

In a practical experiment one usually photoassocia
ground-state atoms into electronically excited molecu
The latter decay spontaneously to both bound vibratio
states of lower-lying electronic manifolds and to a wide ba
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of energies in the continuum of the relative motion of tw
atoms. Next, we investigate within our QC model a sche
that has been suggested@7# as a means of keeping spontan
ous emission in check.

For background, first consider an ordinary discrete thr
level atom$um&,ub&,u f &%, with the Rabi frequenciesk(t) and
V(t) driving the respective transitionsum&→ub& and ub&
→u f &. The idea of STIRAP goes as follows@13#. Suppose
that the transitionum&→u f & is on exact two-photon reso
nance, upon which one can always make one atom-fi
dressed state as a linear combination of the statesum& andu f &
without involving the stateub&. If one adjusts the time evo
lution of the Rabi frequencies in such a way that firstV(t)
@k(t) and at later timesk(t)@V(t) ~‘‘counterintuitive
pulse order’’!, for t→2` this dressed state coincides wi
the atomic stateum& and fort→` it coincides with the state
u f &. If the dressed state evolves fromum& to u f & adiabatically,
an atom starting in the stateum& will end up in the stateu f &
without ever visiting the intermediate stateub&.

In the case of a molecule, one picks a stable vibratio
stateu f & from the electronic ground state and sets up a
herent, two-photon resonant processum&→ub&→u f & by add-
ing another laser with Rabi frequencyV between the state
ub& and u f &. The suggestion in Ref.@7# is to utilize STIRAP
in such free-bound-bound processes to bypass the interm
ate state troubled by spontaneous decay.

Within our QC method, we may similarly discuss the sy
tem of two discrete statesu f & andub& and a QC of statesum&.
As before, from the point of view of the three-level syste
that ensues for each fixedum&, the sole effect of the QC is to
make a sink for the population of the intermediate stateub&.
Spontaneous transitions to states that are not included in
QC model simply add to the rate at which the system le
out of the three active states via the intermediate state.

The problem with free-bound-bound STIRAP is now o
vious. In the continuum limit the Rabi frequency of theub&
→um& transition tends to zero,k}Ae→0. It is therefore
impossible to effect the reversal of the relative sizes ofV
andk required for STIRAP. Though STIRAP clearly occu
with properly timed atomic wave packets and laser pulse
in Ref. @7#, we believe that, in a gas whose density opera
is diagonal in the energy representation~such as a therma
gas!, it is washed away by the requisite average over
ensemble of colliding wave packets. The trademark sig
tures of STIRAP, such as optimal population transfer w
counterintuitive pulse order, will probably be absent in P
@18#.

Even though the three-level schemeum&→ub&→u f & can-
not directly draw from STIRAP, it may be beneficial fo
other reasons@16#. For instance, the molecules are guid
into a selected stable stateu f &. Overall, though, we wonder if
eventually a direct two-level transitiondown in energyfrom
the continuum to a vibrational state of the ground-state e
tronic manifold might be a viable option for creating co
molecules in a specific state. Such schemes may require
convenient wavelengths and suffer from unfavorable tran
tion matrix elements. However, once cold molecules can
trapped, spurious spontaneous branching may be a mor
rious problem than a low PA rate.

The one general caveat about the relation between
lecular processes and QC models has to do with our assu
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tion that the QC is flat. In reality the rate of PD varies d
pending on where in the PD continuum the laser deposits
atoms. As long as the detuning-dependent rateG(D) is much
smaller than its scale of variation with the detuningD, the
same kind of exponential damping of the bound state a
the case of a flat continuum may be expected@19#. However,
along with the PA rate come frequency shifts of the Q
relative to the discrete states coherently coupled to it. S
shifts are proportional to laser intensity, by rule of thumb
the order ofG, but their precise values depend on the sha
of the entire continuum@19#. The shifts are difficult to cal-
culate, and difficult to measure. One should always bea
mind that in PA both transition ratesand level energies de-
pend on laser intensity.

As it comes to the fundamentals, such as PA rate in
free-bound scheme, our model agrees with the earlier c
sion work. However, the density parameterrlD

3 does not
seem to have been unveiled before. Besides, we can e
go, and have gone, further than collision theory analyses
We have incorporated a transfer of atoms to andfrom the
bound state, plus a simple model of rethermalizing collisio
e
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between the atoms, and thus obtained anequilibrium prob-
ability of PA ~9!. We may also treat@16# coherent transien
schemes@7# without conceptual difficulty.

Whether our observations are helpful in eventual exp
ments remains to be seen, but we hope to have made a m
odological point anyway: We have developed a framew
for PA that enables one to draw from all of the understand
and insights that have accumulated over decades of l
spectroscopy and quantum optics. The results suggest th
atom densities approaching quantum degeneracy, near
PA efficiencies may be reached. Detailed many-body an
ses with proper inclusion of photon recoil, propagation
light through the sample, etc., remain to be carried o
Nonetheless, we speculate that even in steady state, PA
convert a Bose-Einstein condensate of cold atoms int
Bose-Einstein condensate of diatomic molecules.
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William Stwalley are gratefully acknowledged.
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