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Impact of spontaneous spatial symmetry breaking on the critical atom number
for two-component Bose-Einstein condensates
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The consequences of spatial symmetry breaking in two-component Bose-Einstein condensates are explored
for the ®Rb+8'Rb system. It is shown that the mean-field critical numbei®Bb atoms depends strongly on
whether the single-particle wave function is symmetry preserving or symmetry breaking. This system thus
provides a uniquely straightforward experimental means of observing spatial symmetry breaking.
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Two-component atomic Bose-Einstein condensates dispositive, and a positive interspecies scattering lengtii
play a wide variety of interesting ground-state structures. Ipresumably be a candidate for experimentally observing spa-
large part, the sheer number of parameters available—thra&l symmetry breaking.
trapping frequencies for each species, three scattering Spontaneous spatial symmetry breaking occurs only for
lengths, and the number of atoms of each species—rendepsrticular combinations of the parameters listed above and is
this multiplicity possible. Add to this list the effects of ex- characterized by the fact that the solutions of the mean-field
ternal fields, including gravity, and the possible combina-(or Hartree-Fock equations do not possess the spatial sym-
tions are virtually endless. The description of the system bymetries of the original many-body Hamiltonian. The exact
mean fields plays a large role also, since the reduction of thground state of the system must, of course, retain these spa-
linear many-body Schainger equation to a system of effec- tial symmetries and so a symmetry-restored wave function
tive single-particle equations yields nonlinear equationsshould be constructed from the symmetry-broken mean-field
Nonlinear equations can display a quite complicated depersolution in order to calculate physical observables. In an iso-
dence on the parameters involved. tropic trap or a pancakelike cylindrically symmetric trap,

Only a few small regions of this parameter space havesymmetry breaking means that the rotational symmetry is
been explored either theoretically or experimentally, how-broken. In a cigarlike cylindrically symmetric trap or a com-
ever. Nevertheless, interesting phenomena such as gravitpletely anisotropic trap, the parity in the weakest trap direc-
tional separatiofl], phase separatidi2,3], and spontaneous tion is broken. By forcing the trap symmetry onto the
spatial symmetry breakinf4—6] have been predicted. Of Hartree-Fock solution, a symmetry-preserving solution can
these, only the first—the effect of gravity—has been ob-also be found. In symmetry-breaking regimes, however, it
served experimentalll7]. The second is merely a matter of has a higher total energy than the symmetry-breaking solu-
finding and condensing a system with appropriate scatteringon, and is rejected in favor of the latter in accord with the
lengths. But, the third effect, spontaneous spatial symmetryariational principle.
breaking, generally requires a somewhat subtle measurement The trap considered in this paper is the cigarlike trap from
in order to be seef6]. | present in this paper a special casethe experiment of Myatet al. [7] and thus will display a
for which the consequences of spontaneous spatial symmetbroken parity symmetry. Since the mean-field critical num-
breaking can be experimentally observed by relativelyber for a single condensate with a negative scattering length
straightforward means. increases with decreasing (N.> %2 in an isotropic trap

A single condensate with a negative scattering lengttof frequencyw), | will use frequencies near the lowest pos-
whose number exceeds a critical value is unstable with resible ones in that experimef®], »,=12 Hz andv,=6 Hz.
spect to recombination processes that eject atoms from theven for these frequencies, the critical number for a single
trap [8]. The same instability persists for two-componentcondensate of°Rb atoms is only about 90 because ffigb
condensates when one of the intraspecies scattering lengtbsattering length is large and negative. Reliably and accu-
is negative. The combination d®Rb and 8Rb in their  rately measuring the number of atoms in such a small sample
|[F=3, Mg=3) and|2,2 hyperfine states, respectively, is one is a nontrivial technical task that would only be exacerbated
such system. | will show below that the critical number of by reducing the critical number. It might even be hoped that
8Rb atoms depends strongly on whether or not the mearthe critical number could be increased under the stabilizing
field solution is symmetry preserving. Thus, an experimentainfluence of the second species in a double condensate. This
measurement of the critical number BRb atoms will be a is not the case, however, as will be shown below.
clear indicator of spatial symmetry breaking. The caveat is The|3,3) and|2,2) spin states have been chosen for two
that a condensate 6fRb and®’Rb has yet to be successfully reasons{i) the spin-flip decay rate is sufficiently small for
created experimentally. On the other hand, any two-speciemixed species collisions, arid) the magnetic moment is the
system that shares the same characteristics d5Rie-8’Rb ~ same for both species so that gravity does not break the
system(one negative intraspecies scattering length, the othesymmetry of the trap. | have used 109-1400, and 210 a.u.
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FIG. 1. ®Rb orbital energy:, as a function of the numbét; of
8Rb atoms. Various values of the number®Rb atomsN, are
shown—500, 1000-5000 in steps of 1000, and 10000—50000 in
steps of 5000—a few of which are labeled for clarity. The solid
lines denote the mean-field ground-state solution; and the dashed
lines, the symmetry-preserving solution. The circles mark the point
at which the energies for the two types of solutions begin to deviate.
Also, each curve terminates at the critical numbeNgf

for the 8’Rb intraspecies scattering length, th&b intraspe-
cies scattering length, and the interspecies scattering length,
respectively[10,11. Two parameters remain—the numbers
of atomsN; andN, (here and below, the label 1 refers to
8Rb and 2 to®'Rby).

Figure 1 shows the orbital energy of ®Rb as a function
of N for various values ofN,. The solid lines are for the
ground-state solution of the Hartree-Fock equations whether
they are symmetry preserving or symmetry breaking. The
dashed lines indicate the orbital energy for solutions forced
to maintain thez-parity symmetry. Thus, where the solid and
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FIG. 2. ®Rb number densitiesn;(x,y=0,2) for (a) the

dashed curves overlap, the Hartree-Fock ground state is Syngymmetry-restored wave function @), (b) the symmetry-broken
metry preserving, but is otherwise symmetry breaking, SGyojution, and (c) the symmetry-preserving solution foN,
that the transition from symmetry preserving to symmetry=go #Rp atoms and,=50 000 8’Rb atoms. Sincél,>N;, the
breaking as a function d¥; can also be seen in the figure. 8’Rb number density forms a relatively imperturbable cloud near
This transition point is indicated in the figure by circles, andz=0. In (a) and(c), for instance, it fills the region between tFRRb

the error bars simply indicate the coarseness of the grid ipeaks.
N;. It is interesting to note that foN;=1 the mean-field

ground state is symmetry preserving in all cases. the 8°Rb orbital energy does indeed repeat the single conden-
For reference, the Hartree-Fock equations for the Orbita$ate behavior near the critical value. Since numerically solv-

wave functionsy; are[1-5]|

[hy+ (Ny= 1)U 912+ NoU 1l o] *1epy = 81441,

ing Eq. (1) is increasingly resource intensive as the critical
value is approached, | have only extended the lowest curve
(N,=500) to values near the critical value. This curve illus-

trates the general behavior each curve would display if it
[ho+ NqyUoq 1?4+ (No— 1)Ul | ?1e,=€,10,. (1)  Were continued to its respective critical number. In all cases,

the critical value occurs within ten atoms of the final point

The one-body operators; in these equations include the shown.

kinetic energy and trapping potential contributions. The The main result of this paper is embodied by Fig. 1,
atom-atom interaction potentials have been approximated inamely, that the critical number for the symmetry-broken

these equations by a Diratfunction pseudopotentidll2].
The coefficientU;; of the & function is 27rh2aij / wij , where
pij=mym;/(m;+m;) is the reduced mass of atomandj,
with a;; their swave scattering length.

solution is approximately half that of the symmetry-
preserving solution for any given value Nf,. The origin of
this difference is relatively straightforward to understand, as
can be seen in Fig. 2. THERb number densities are shown

For single condensates with a negative scattering lengthipr both symmetry-preserving and symmetry-breaking cases,
the orbital energy acquires an infinite slope at the criticawith the numbers of atoms fixed aN,;=80 and N,

value of the number of atoni8]. Beyond this critical value,

=50 000. SinceN,>N,, the ®Rb in all cases forms an es-

the system is said to be unstable against collapse. It can Isentially inert cloud around=0 and is thus not shown.
expected that the Hartree-Fock equations for a double conWhen Eq.(1) is scaled by the harmonic-oscillator length and
densate show a similar behavior. It can be seen in Fig. 1 thatnergy for®’Rb, the effective trapping frequency f&iRb is
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a factor ofm;/m, smaller. Combined with the repulsive in- 12000
terspecies interaction this weaker trap explains why?thé

rests at the edge of tH€Rb. The®Rb lies at the ends be-
cause the trap frequency in taalirection is smaller. In the
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symmetry-preserving solution, tHéRb is seen to separate T 11900 1 i
the ®Rb into essentially two condensates, each of which can =
sustain approximately the single condensate critical number o 1180 1

of atoms. For the symmetry-breaking solution &b at-

oms cluster at one end of the trap, behaving roughly as 11800 i
would a single condensate &1Rb atoms in the sense that it 10— .

can only sustain about the single condensate critical number 1750 5 50 100 150 200 250
of atoms. a, (au.)

The variation in the critical number of atoms in Fig. 1 as
a function ofN, is due to the variation in the effective fre-
quency “seen” by the®®Rb atoms. That is, th&°Rb atoms
lie at the minima of an effective potential comprised of the
trap plus®’Rb mean field. Near these minima, the effective
potential is approximately harmonic with some effective fre-

quency. As the number 6fRb atoms increases, the effective servables likely remain non-negligible for a larger range of

fr.eq?encyc;n thetz d|r$pt|(l)n alstc)) |qcreases.t.AngJ;l§||?2c¢t the atom number. Nevertheless, for either discrete or continuous
?Iﬂg N C?r? te{;]sa e.g” |?:a nugn e(; 'S proportion f ,t! Broken symmetries, the degenerate symmetry-broken states
ollows that the critical number decreases as a function o ecouple completely in the limit of large atom number. Of

Na. . . : . . course, these degenerate states can still be combined to form
A physical wave function possessing definiteparity symmetry eigenstates

symmetry can now be constructed from the symmetry- A more suitable observable for studying the impact of

broken Hartree-Fock SO“.Jt'OnS' Although the general metho(rjestoring the symmetry is the number density. Assuming real
of constructing symmetric wave functions from symmetry-

brok or aith i discret i .orbital wave functions, thé®Rb number density for the
roken ones for either continuous or discrete symmetries igy 1, o try.restored wave function is

well known [13], this procedure is greatly simplified by the
fact that the symmetry-broken one is a discrete symmetry. n=(x)= N A2 24 249

Writing the many-body Hartree-Fock wave function as 1 (=N |y (072 24100 matha ()

FIG. 3. Total energy as a function af, for 5000 %’Rb atoms
and different numbers d®Rb atoms as indicated. The solid lines
denote the mean-field ground-state solution; and the dashed lines,
the symmetry-preserving solution. The circles mark the critical
value ofa;, for symmetry breaking.

Xy | )N K iy ) V2]

B (The 8Rb number density can be written similajlyThe
= Y1(Xa) (X ) o (Xny 1) (X oy, cross term remains negligibly small, but as Figa)Zhows,
the density is symmetric with respect to reflections through
the z=0 plane unlike the symmetry-broken number density

D pp(Xg .- XN, +N,)

the symmetry-restored wave function is

O = N[O TLD . 2) shown in Fig. 2b). For_ compar!son_, the num_ber_density for
the symmetry-preserving solution is shown in Fi¢c)2The
The normalization constaot’. is given by symmetry-broken number density also differs from the
symmetry-preserving and symmetry-restored densities by be-
N 2=2[1+ (T D e D) ], ing localized at one end of the trap rather than at both ends.

. _ This configuration is representative of all choiced\gfand
andII, is the totalz-parity operator that changes alto N, consistent with Fig. 1, except for the smallest values of

—z. In terms of the orbitalsy; and their reflectionsr,¢i, N, for which the symmetry-preservirfRb number density
the remaining matrix element iV-. is given by remains localized near=0. The number density thus pro-
vides a means for distinguishing the symmetry-broken solu-
(TP el @) = (| ) N 3 ) N2, tion.

Because the overlap of each orbital with its reflected counE Smc_e tWO'Ct?mp onlent fk? Edensat;as \{[v[;h onet n§93t|ve d':};
terpart is raised to thél;th power, this matrix element ijs AaSPECIES Scatlering iength have not yet been studied and the

essentially zero except for small numbers of atoms. Thél'homas-Ferml approximation is not applicable, the depen-

same argument holds for the cross term arising in the expedence of their ground-state properties on the system’s param-

tation value of nearly any observable. For instance, whilters 1s essentially unknown. Some of this parameter space

toring th try i inciole lifts the d fwas explored above for the physical scattering lengths of the
restonng e Symmetry In prncipie s e degeneracy o 8Rb+8'Rb system. To gain additional insight for systems

the symmetry-broken state, in practice the splitting is negli- . h . . ina | hih d
gible since the cross term in the total energy, with one negative intraspecies scattering length, | have stud-

ied the®Rb+8Rb system treatin@,, as unknown. That is,
E.=2N2[Epet (ILO e H| )], | have solved the Hartree-Fock equations WitRb+8'Rb
parameters as a function af,. The total energies are shown
is vanishingly small. When a continuous symmetry is bro-in Fig. 3 for various values of N; and fixed
ken, however, the cross terms in expectation values of obN, (N,N, (N,=5000). The total energy of the ground
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Hartree-Fock solution is given by the solid lines; and theparity of the trapping potentials is perfect. The rotational
symmetry-preserving solution, by the dashed lines. As irsymmetry assumed in this paper need not be perfect. Indeed,
Fig. 1, where the solid and dashed curves overlap, the grouridneed not be present at all. But, if tagarity is broken(by
Hartree-Fock solution is symmetry preserving. The depenthe separation of the trap centers for each species, for in-
dence onN; of the critical value ofa;, above which the stance, the critical number fo®®Rb will again be roughly
Hartree-Fock solution is symmetry broken can thus be seefihat of an isolated condensate. Moreover, the number density
The circles again indicate the critical value, and the errokjil| closely resemble the symmetry-broken density shown in
bars reflect the coarseness of the grid used,in The gen-  Fig. 2(b). Test calculations show that this is already the case
eral trend of the critical value odi;,(N;)—large for small by the time the trap centers are separated by Qu#5
N; and decreasing with increasiny,—is in qualitative In the course of this study of th#Rb+8Rb system, |
agreement with previous studigs). have also mapped out the ground state properties for a two-
| have shown that a mixed isotope condensat®®b and  component condensate with a negative intraspecies scatter-
87Rb is an excellent candidate for experimentally observingng over a wide range of parameters. Such studies begin to
the effects of spontaneous spatial symmetry breaking. Usingrovide a framework for the qualitative understanding of the
the combination of a critical number measurement and @round-state properties of other similar systems.
number density measurement, the three possible ground-state
wave functions based on solutions of Hd)—symmetry This work is supported by the National Science Founda-
preserving, symmetry breaking, and symmetry restored—cation through the Institute for Theoretical Atomic and Mo-
be distinguished. This statement, however, assumes that thdecular Physics.
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