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Feshbach resonances in ultracold atom-diatom scattering

R. C. Forrey, N. Balakrishnan, V. Kharchenko, and A. Dalgarno
Institute for Theoretical Atomic and Molecular Physics, Harvard-Smithsonian Center for Astrophysics, 60 Garden Street,

Cambridge, Massachusetts 02138
~Received 17 June 1998!

Quantum-mechanical scattering calculations of Feshbach resonances arising from van der Waals molecule
formation are used to determine vibrational and rotational predissociation lifetimes. A multichannel effective
range theory is used to establish the relationship between predissociation and the zero-temperature limit of
collisional quenching for resonances lying close to the thresholds for dissociation. The elastic scattering
Feshbach resonances may be measurable in ultracold atom-molecule experiments.@S1050-2947~98!51510-7#

PACS number~s!: 34.50.2s
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I. INTRODUCTION

Predissociation of van der Waals molecules has been
area of considerable experimental@1–6# and theoretical@7–
9# interest. Predissociation may be an important relaxa
mechanism for vibrationally excited molecules if the dens
of surrounding atoms is high and the time scale for establ
ing equilibrium of van der Waals molecules is short co
pared to other relaxation processes@10#. The possibility of
ultracold molecule formation@11–15# has motivated recen
investigations of vibrational quenching of diatomic syste
due to collisions with ultracold atoms@16,17#. The range of
applicability of Wigner’s threshold law was determined f
exothermic rovibrational transitions in H2 collisions with H
and He. A multichannel effective range theory was int
duced@18# and it was argued that the imaginary part of t
scattering length is related to the lifetime for vibrational p
dissociation of van der Waals molecules. In the pres
work, we analyze Feshbach resonances for He1H2 scattering
that arise from van der Waals molecule formation, and
compare the positions and widths of the resonances obta
from exact numerical calculations with those predicted fr
effective range theory. Using the computed widths we ta
late vibrational and rotational predissociation lifetimes
the He-H2 van der Waals molecule.

II. THEORY

A numerically exact calculation of resonance parame
may be performed by computing the scatteringS matrix for a
range of energies. The eigenchannelsxpn and eigenphaseshn
are determined by diagonalizing theS matrix at each energy
yielding the formula

Spq5(
n

xpnxqnexp~2ihn!, ~1!

where the sum overn includes all open channels. In th
vicinity of a resonance, the eigenphase sum increases byp in
the same way as the usual phase shift for potential scatte
The position and width of the resonance may then be de
mined from the derivative of the eigenphase sum
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with the resonance lifetime given byt5\/G.
In our analysis of ultracold atom-molecule scattering@18#,

we pointed out that a complex scattering length could
used to predict predissociation lifetimes of those resonan
that lie close to thresholds for dissociation. In the pres
work, we extend this description to include the effecti
range. The derivation begins with the elastic scattering a
plitude

f n5
1

F2
1

an
1

1

2
r nkn

21¯ G2 ikn

, ~3!

wherekn is the momentum,an is the scattering length, an
r n is the effective range for the channeln. For smallkn , the
elastic scattering amplitude may be used to obtain a us
asymptotic expansion for the diagonalS-matrix element,

Snn5122iankn22an
2kn

21 i ~2an2r n!an
2kn

31O~kn
4!. ~4!

The singularities of the scattering amplitude~3! correspond
to energies of bound states or positions of resonances.
energy of the bound or quasibound state is estimated f
en52\2kn

2/2m, wherem is the reduced mass of the coll
sion system andkn is given by

kn5
1

r n
2A1

r n
2 2

2

anr n
. ~5!

By defining the scattering lengthan5an2 ibn , where the
imaginary part of the scattering lengthbn characterizes the
rate of total inelastic scattering from channeln, we can write
the energyen as

en5En2
i

2
Gn , ~6!

where for smallbn

En52
\2

mr n
2 H 12

anr n

uanu2 2A12
2anr n

uanu2 J , ~7!
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Gn5
2\2bn

mr nuanu2 H F12
2anr n

uanu2 G21/2

21J . ~8!

The lifetime for predissociation is given bytn5\/Gn . When
the effective range is small compared to the magnitude of
scattering length, the lifetime reduces to the form given
@18#.

In atom-diatom scattering, the channel indexn designates
the vibrational and rotational quantum numbers (v and j ) of
the diatom and the orbital angular-momentum quantum n
ber l of the atom. The total angular-momentum represen
tion of Arthurs and Dalgarno@19# may be used to express th
S matrix. The cross section is given by

sv j→v8 j 85
p

kv j
2 (

J50

` S 2J11

2 j 11 D
3 (

l 5uJ2 j u

uJ1 j u

(
l 85uJ2 j 8u

uJ1 j 8u

udvv8d j j 8d l l 82Sv j l ,v8 j 8 l 8
J u2,

~9!

FIG. 1. Cusp in thev50, j 50 elastic-scattering cross sectio
at thev50, j 52 threshold. The zero of energy corresponds to
v50, j 52 threshold.
e
n

-
-

where J is the total angular-momentum quantum numb
The rate coefficient for a given transition is obtained by a
eraging the appropriate cross section over a Boltzmann
tribution of velocities of the incoming atom

Rv j→v8 j 8~T!5
~8kBT/pm!1/2

~kBT!2 E
0

`

sv j→v8 j 8

3exp~2E/kBT!EdE, ~10!

where E is the center-of-mass collision energy,kB is
the Boltzmann constant, andT is the temperature. In the
ultracold limit, the orbital angular momentum of the atom
zero and the total angular momentum is equal to the ro
tional angular momentum of the diatom. The elastic and
elastic cross sections are given by

sv j
el;4p~av j

2 1bv j
2 !, ~11!

sv j
in5 (

v8 j 8
sv j→v8 j 8;

4pbv j

k
, ~12!

consistent with Wigner’s threshold law@20#. Equations~10!
and ~12! may be used to obtain the imaginary part of t
complex scattering length

bv j5
m

4p\
lim
T→0

Rv j~T!, ~13!

where

Rv j~T!5 (
v8 j 8

Rv j→v8 j 8~T!. ~14!

III. RESULTS

The close-coupling equations describing collisions of
with H2 have been set up and solved@17# both above and
below threshold. As a test of our numerical procedures,
show in Fig. 1 the Wigner cusp that occurs in thes-wave
elastic-scattering cross section at thev50, j 52 threshold.
When higher partial waves are added to the cross section

e

given
iatomic
TABLE I. Resonance parameters for He-H2(v, j ). The real and imaginary parts of the scattering length and the effective range are
in angstroms, the energies and widths in cm21, and the lifetimes in seconds. The resonant energies are defined with respect to the d
energy levels.

v j av j bv j r v j Ev j
a Gv j

a tv j
a Ev j

b Gv j
b tv j

b

0 0 24.70 0 7.3 20.0306 0 ` 20.02979 0 `

0 2 24.60 3.4531022 7.8 20.0323 2.431024 2.231028 20.03034 2.031024 2.631028

0 4 24.41 3.6531023 7.2 20.0314 2.431025 2.231027 20.03093 2.231025 2.431027

0 6 24.12 3.9231024 7.2 20.0322 2.731026 2.031026 20.03185 2.531026 2.131026

0 8 23.77 5.7531025 7.5 20.0345 4.431027 1.231025 20.03303 4.331027 1.231025

1 0 25.30 1.3031028 7.4 20.0291 7.6310211 6.931022 20.02820 0 `

1 2 25.19 4.7631022 8.5 20.0323 3.431024 1.631028 20.02878 2.631024 2.031028

1 4 24.99 5.6131023 7.9 20.0312 3.731025 1.431027 20.02937 3.231025 1.731027

1 6 24.67 6.6031024 7.4 20.0309 4.331026 1.231026 20.03033 4.631026 1.131026

1 8 24.27 1.0731024 7.7 20.0331 7.731027 6.931026 20.03158 7.431027 7.231026

aFrom effective range theory.
bFrom exact numerical calculation.
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cusp is not detectable. For resonant scattering, theS matrix is
computed and diagonalized below threshold for a large n
ber of closely spaced energies. The eigenphase sum is d
entiated with respect to energy to obtain the numerically
act resonance parameters. For scattering above threshol
effective range parametersav j andr v j are obtained from the
series expansion~4! of the S matrix, and the value ofbv j
from Eq. ~13!. Using Eqs.~8! and ~13! we may relate the
lifetime for predissociation to the zero-temperature limit
the collisional quenching rate,

tv j
215

1

2pr v j uav j u2 H F12
2av j r v j

uav j u2 G21/2

21J lim
T→0

Rv j~T!.

~15!

In Table I we present the effective range parameters al
with the energies, widths, and lifetimes for predissociati

FIG. 2. Feshbach resonances in the elastic-scattering cross
tion below thev50, j 52 and v51, j 52 thresholds. The solid
curve is the elastic scattering in thev50, j 50 channel and the
dashed curve is in thev51, j 50 channel. The zero of energ
corresponds to thev50, j 52 threshold for the solid curve and th
v51, j 52 threshold for the dashed curve.
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The resonances corresponding to pure vibrational transit
are extremely narrow and were not resolved numerica
The positions and widths of the resonances predicted by
fective range theory are in good agreement with those
tained from exact numerical calculations. The effective ran
parameters are particularly useful for characterizing lo
lived resonances where the exact numerical approach
difficulty achieving sufficient resolution. The scatterin
length approximation can be obtained from Eq.~15! by set-
ting r v j50. For He-H2 the lifetimes estimated from the sca
tering length approximation@17# differ from their exact val-
ues by about a factor of 2.

The s-wave scattering resonances described above
sufficiently strong that they do not get washed out by hig
partial waves. Figure 2 shows the elastic-scattering Feshb
resonances that occur just below thej 52 thresholds forv
50 andv51. Although theJ52 contribution~or equiva-
lently thes-wave contribution! to the cross section is respon
sible for the resonances, a maximum total angular mom
tum J of 30 was needed to secure convergence of
background contribution. Experiments on trapped ultrac
molecules may be able to resolve these resonances.

IV. CONCLUSION

We have studied in detail the spectral features of ultrac
atom-diatom collisions in the vicinity of thresholds and pr
sented a general procedure for predicting lifetimes for vib
tional and rotational predissociation. The experimental re
ization of trapped ultracold molecules should provide
unique opportunity to study the threshold behavior of co
sions between atoms and molecules. Measurement of s
tral features of the kind discussed in the present work sho
provide a stringent test for atom-diatom potential energy s
faces.
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