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Elliptical ion traps and trap arrays for quantum computation
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The properties of a rf quadrupole trap, the elliptical ion trap, are derived. Elliptical traps can confine large
numbers of ions in the Lamb-Dicke regime due to a hitherto unrecognized mechanism unique to one-
dimensional Coulomb crystals, implicit in the theories of Dubin and Schiffer. This follows from a linear crystal
stability condition, which uniquely relates the crystal size to ellipticity, and a micromotion relation, which
reveals a 1/5-root dependence on the number of trapped ions. Elliptical traps offer several advantages over
linear traps in the Cirac-Zoller model of quantum computing, both for initial tests and as a potential method of
creating a full-scale quantum computer. Numerical solutions of a one-electrode structure show that micro-
scopic elliptical traps, each containirg100 ions, can be constructed at a density of 100 trags/omaking
possible arrays containing 10° ions in the Lamb-Dicke regime for precision spectroscopy or quantum com-
putation.[S1050-294{©8)08008-1

PACS numbg(s): 03.67.Lx, 32.80.Pj

Radio frequency ion traps based on the Mathieu equatiosonfined along the axis of the trap and laser cooled to the
confinement mechanism of Pgul] have been important in ground vibrational state. The lowest center-of-méssn)
several areas of physics, including laser cooli@g8], ion  vibrational phonon of the ion array couples to the internal
crystallization [4,5], precision spectroscopy and standardsatomic stategthe quantum bits or qubitvia Doppler shifted
[6], and most recently quantum computat[@a-9]. lon traps  laser excitation. This phonon is used as a quantum commu-
have so far been developed in two contrasting geometriesiication channel to transmit superposition states between the
the circular trap[1] (Paul trap and the linear tra10,11.  atoms and carry out quantum logic. The Cirac-Zoller model
The former has rotational symmetry and the latter translatioontains all the interactions required for an evaluation of
symmetry as shown in Fig. 1. Linear traps were developed t&hor's algorithm[19] and has been studied in such detail
overcome micromotion, which is inherent in Mathieu equa-[20] that it is often treated as a paradigm for the practicality
tion solutions for circular traps for more than one ion. Mi- ¢ guantum computing in general. Grover has developed a
cromotion can prevent trapping in the Lamb-Dicke regime.q,antum database algorithi1] that searches! unordered

which requires confinement /27, whereh is the wave- memory elements in/N steps. Both Shor's and Grover's

length of cooling laser radiation, and is often assumed f0g,qyithms require large numbers of qubits to gain an advan-

;tudies of quantum ion motjon and computgtiqn. This IOapefage over classical methods. Factorization of a 400 bit num-
introduces a third type of on trap, the eIhpqcaI lon rap, per has been estimat¢d0] to require>2000 ions without

: : . ! uantum error correctiofQEC) and from 16 to 1¢ ions
but which can confine large numbers of ions in the Lamb-éj (QEQ

Dicke limit. Note that slightly elliptical traps have been used
by experimenterf12-14,9 for many years to define an axis

ROTATIONAL
of crystallization; Dehmelt used elliptical ring electrodes in a (@ SYMMETRY
Paul-Straubel trap as early as 1989. However, the general O
case of arbitrary ellipticity has not previously been dis- > o o2
cussed. Our analysis yields two unexpected results: first, that VXNZ) = X4 Y72
large linear crystals can be stored in traps of moderate ellip-
ticity [Eq. (7)], and secpnd that micromotion amphtudes_ de- "0 IRANSLATIONAL
pend weakly on the size of the crysfdq. (8)], approxi- ©) ‘ﬂ SYMMETRY
mately as the 1/5 root of the number of ions. This follows ) &

from the recently understood properties of Coulomb crystals, 2
expressed in the theorigd5-18 of Dubin and Schiffer.
Taken together, these results show that a single elliptical trap
can confine as many as®lns in the Lamb-Dicke regime.
Elliptical traps can be constructed from a single flat electrode © <d %? NEITHER
yielding a device that is simpler, smaller, and stronger than a Q/ SYMMETRY
linear trap and is suitable for microfabrication in large arrays. =
In this way, it is possible in principle to trap 4@r more ions VXYZ) -~ ox2 4 By2e Y72
in the Lamb-Dicke regime, to increase the signal-to-noise o+B+Y=0
ratio in precision spectroscopy or for quantum computation.

The linear ion trap is the basis for the Cirac-Zoller model FIG. 1. (a) Original circular ion trap of Paulb) the linear ion
of quantum computatiofi7,8]. In this model a row of ions is trap assumed by the Cirac-Zoller model, gajithe elliptical trap.

VIXYZ)~X2 + ¥
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The axes are named in agreement with the linear trap con-
vention rather than the Paul trap convention. This is the most
general quadratic potential satisfyifg?V=0, which re-
quires 1x3+ 1/z3=1/y . Such a potential can be created by
hyperboloidal electrodes that form ellipses in the plane,
wherex, andz, are the minor and major axes of the ellipse
aty=0, while y, is the distance to the endcap electrode at
x=z=0. Solution of Newton’s law for the above potential
leads to three Mathieu equatiof8,29 for the trapped ion’s
coordinatesi=x,y, z,
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wherea,=1 foru=x,z ande,= —1 for u=y, the normal-
ized time 7=Qt/2, the Mathieu parameté¢a dimensionless
trap strengthis

FIG. 2. Ideal elliptical ion trap, consisting of three elliptical
hyperboloids. It generates the potential of Ef) throughout the

interior volume, since the electrodes lie on equipotential surfaces. 4eV,
The ellipticity e=zq/xq. In practice the simpler electrode of Fig. 5 QW=7 > ()
suffices. m“ug

_ ) ] ) m is the mass of the particl€)/2 the rf drive frequency,
with QEC[22]. A full-scale implementation of either algo- anduy=Xo,Y0,Zo. An identical equation holds fa, with V,
rithm is therfore not practical in a single trap, even ignoringyeplaced by ¥,.. V2V=0 implies the relatiorg,+g,=q
technical difficulties, for reasons discussed below. and a,+a,=a,. Define the ellipticitye=z,/x, to be the

The elliptical trap offers several advantages for use in thgtig of the major to minor axes of the ellipse, which yields
Cirac-Zoller model, both for intial experiments and for ex- 9,=0,/(+1) andq,=q,e?/(e2+1). In the lowq limit
tending the model to the full-scale regime. First, it acts like a(é<0>"2) where mos? tra);)s are operati2D,30 the trap

linear trap for more than £Oions, so that the c.m. phonon secular frequencies /22 and therefore obe
can be used for quantum logic as before. Second, the trap g w0222 y

requires only a single flat electrode of microscopic dimen-
sions so that trap arrays can in principle be microfabricated B 1
at a density of=10 traps/cm. Arrays of moderate size
could therefore confine the 4@ubits needed for a full-scale
device. Third, the size and geometry of the trap permit theiand
use in testing recently proposed quantum optical intercon-
nects[23-26, since the trap is small enough to be enclosed 2
by ar_1_opt|cal cavity that can satisfy the stro_ng-coupllng Wx= 0y
condition of cavity quantum electrodynamic&CQED). e+1
Long-term confinement to the Lamb-Dicke regime is impor- ) ]
tant for tests of quantum optical interconnects and of CQEDIhe Paul trap is a special case ef1 where w,=w,
in general. Current experiments have been limited to beams @wy/2, while the linear trap is a limiting case @f—
of neutral atoms that transit the cavity in milliseconds towherew,—0 andwy— wy . Although it is well known that
microsecond$27]_ lon traps have SO far not been used de_the Iinear trap iS a I|m|t|ng case Of a Stretched Cil’CUlaI’ trap
spite their unlimited confinement time in part because thd10], and although the general form of H3) was discussed
mirror spacing for a strong-coupled cavity is substantiallyPy Paul[28] many years ago, the regime<le<c has not
smaller than the smallest linear ion trap. The two-Previously been considered in detail.
dimensional structure of elliptical traps overcomes this prob- To play the role of a linear trap in the Cirac-Zoller model,
lem, as discussed in more detail below. Fourth, trap arraydn elliptical trap must first confine the ions on thexis so
provide a specific physical model of the “nodes” of a dis- that the c.m. phonon can act as a quantum communications
tributed quantum networ23,24), in which each micro- channel, and second have sufficiently small micromotion so
scopic elliptical trap represents a separate Cirac-Zoller prothat the resulting Doppler shifts do not decouple the ions
cessor. from the lasers. Schiffell7,18, Dubin [15,16, and others
The e|||pt|ca| ion trap, shown in F|g 2,is a genera”zed have shown through analytic and numerical studies of ion

ion trap that includes both the Paul trgp] and the linear ~crystals in asymmetric harmonic potentials that the ions will
trap[10] as special cases. It is defined by the potential ~ stay on thez axis providing
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FIG. 3. Plot of Eq(7), showingN(e), the maximum number of FIG. 4. Maximum micromotion amplitudg, in a linear crystal

ions that can be confined on thexis before the zig-zag transition, of N ions, Eq.(8). Note the weak dependence Npwhich approxi-
as a function of the ellipticitye. Note thatN(e) is independent of matesN*® at largeN, due to the confinement properties of one-
all other trap parameters. dimensional Coulomb crystals.

whered is the ion-ion separation at the center of the trap andHowever, a much lower value ofi, can be attained by

a=7¢(3)/2=4.207, wherg’ is the Riemanr function. For  matching the ellipticity toN. Consider a series of traps that

d<d, the ions undergo what is called the “zig-zag transi-are identical except for their ellipticity and assume that each

tion,” where alternate ions move off theaxis in opposite trap containsN(e) ions in accordance with Ed7). This

directions. Note that Eq6) does not depend directly on the minimizes micromotion for a givelN by using the weakest

axial trap strengthw,, but only on the transverse trap axial confinement, which will keep the ions on theaxis.

strengthw, . No exact analytic expression fdrexists for all  Using Eqgs.(4), (5), (6), and(7) yields

N but several accurate approximatioonss7 have been derived.

Equating Steane’88] resultd=2.0s,N™"~"to dg in Eq. (6),

Wﬂere tﬁe scale Eg tf = e?/mw? ’ ields the Orelatic?n( ) - 1.985N—1)"%
9 20 Y pz(N) = py(2)

N0.569( 1+ 0.733\|0.8515 13’

®

— 2.34
N(e)=1.44¢"", @) where u,(2) is the micromotion of two ions in a trap with

. . _ _ _ .. e=1.1In the largeN(N=20) limit u,(N)—2.20N%%%.,(2),
which determines the capacity of a trap of glven-elllptlcaty that is, it depends approximately on the fifth roothaf This
to hold a numbeN(e) of ions on thez axis. See Fig. 3. FOr \yeak dependence is shown in Fig. 4 and permits trap param-

N>N(e), the ions assume the zig-zag structure while forgiers to he chosen so that micromotion is of little significance
N<N(e), the ions are farther apart than the minimum Valuethroughout the rangdl=2-1000, as shown in an example
do. Note that Eq.(7) is independent of all trap parameters pojow.

except the ellipticity. _ o _ This result is unexpected since in three dimensions the
The second requirement is that the elliptical trap confingnicromotion amplitude increases approximately\N&&, due
large crystals in the Lamb-Dicke regime, that is, that they, the constant ion densifit0]. Why does one-dimensional
micromotion amplitude is less thax/2s, where\ is the . onfinement result in a weaker power lawN¥5? The an-
wavelength of the laser light. It has been assumed previously,er is that in one dimension the density increases With

that only linear ion traps, which have no rf field along te 4,6 1o more effective cancellation of the Coulomb repulsion

axis, can provide small enough micromotion for quantumy neighboring ions. A related result is that traps filled ac-
computation. However, a detailed calculation of MICroMO-¢rding to Eq.(7) all have the same value df=d,, despite

tion a}m.plitgdes shpws thgt a .properly designed elliptical traQpe reduction of the axial trap force with increasiag
can limit micromotion oscillations to a few tens of nm, even An elliptical trap can be constructed from single flat elec-

for large ion crystals containing more than 1000 ions andyqqe for example, an elliptical aperture in a conducting sur-
even though rf fields are used for all confinement. Micromo+,.a as shown in Fig. 5, which is straightforward to micro-

tion [29,3] is the oscillatory motion of the ions at the rf drive
frequency Q) and in the lowq limit is given by w,(t)
=zq,cos2t)/2, wherez is the time-averagetseculay posi-
tion of the ion. The largest micromotion occurs at the ends

wherez=1,/2, wherel, is the total length of the ion chain.
The theories of Dubin and Schiffer assume a static harmonic
potential(the pseudopotential approximatjathhat yields ac-
curate values of, but gives no information about micromo-
tion. These results may be summarized by the approximation
,=d(N—1)"%S which agrees within 10% with numerical  FiG, 5. “Aperture trap” consisting of an elliptical hole in a
results[15,31. The micromotion may then be estimated us-conducting surface that generates the potential of Bopear thez

ing Steane’s approximation fat yielding u,(N)=0,So(N  axis. For the case considered in the text, trap arrays can be gener-
—1)19592N%57 which approximates),syVN/2 as N—o.  ated at a density of 100 traps/cri




PRA 58 ELLIPTICAL ION TRAPS AND TRAP ARRAYS FOR ... 913

fabricate in arrays by photolithography. This is in contrast tosuch an array is also nominal, since recent experiments have
a linear trap, which consists of a three-dimensional array oaturated single ions witk-10~ " W of resonant light. This
four segmented rodd 1]. The elliptical aperture generates a array could be used to increase the signal-to-noise ratio of a
potential that reduces to E¢l) on thez axis, where the ion single atom frequency standaf@2] by a factor of YN
crystal resides. The theory of such “aperture traps” has beerr 2000.

discussed in deta(l13] for the circular case and they have  To be useful for quantum computing, the trap array must
a|ready been used in quantum Op'[ﬁﬁg] and quantum |OgiC have a method of Sharing entanglement between Separate
experimentg9]. In the circular case the trap parameters carfraps. Quantum optical interconnects that have been pro-
be derived as coefficients in the Legendre expansion of thBosed for parallel and distributed computifB—2§ could
potential[13], but for e>1 the corresponding power series IN Principle serve this purpose. These methods typically as-
contains ellipsoidal harmonics, which are rarely used. ASUMe that the atoms are at rest in an optical cavity that obeys

three-dimensional numerical routine has therefore been usefl® st'ron[g27cjoupk:|.ng conQ|t|o?hoI tc;lvny q'E[Janturcl; ele<|:tro—
to estimate the three relevant parameters of the potential: t n?[;,néci/ <,VW @hgfg\l; |r_es c/aI‘ isetrf:\gtgrrr:g r: d\i/;)til\J/r;e
efficiency, the ellipticity, and the anharmonic terms. Poten-" ™ YVm= Ve, r—90

tials have been computed for apertures with ellipticities of 1volume,00=3)\2/2w, [ is the atom’s spontaneous emission
p : i i 3
3, 5, and 10, corresponding N(e) of 2, 18, 60, and 300 in decay rate, and c is the speed of light. Singe- (100 xm)

- : : N : for ions of interest, cavity lengthrs 1 mm. No such method
Eq. (7). Th_e eff|C|e_ncy Is defined ﬁ_.volv" whereV is ._has yet been tested. Elliptical aperture traps are consistent
the potential applied to the conducting surface. The routing;i, ‘quantum optical interconnects since their flat structure

yields 0.05<E<0.10 depending on the thickness of the elec-permits dielectric mirrors to be brought within several hun-
trodes. The ellipticity of the potential is found to be equal togred micrometers of the trap center. The effect of such mir-
the eIIIptICIty of the aperture within the accuracy of 20% andrors has been studied by inc|uding disks of quartz 1 mm
the anharmonic terms were found to be comparable to thgiam and 100um thickness in the numerical solutions for
circular case[13]. Specifically for a 100um by 300 um  the trap fields. A pair of disks spaced300 um from the
aperture, the axis fourth orderanharmonigterm was less  center of a 100um by 300 um radius elliptical trap pro-
than 1% of the second-order term along a central 280  duced only a 15% change in the trap fields while preserving
region of thez-axis. It is not apparent from numerical work their symmetry. The presence of these dielectrics will not
whether an elliptical aperture produces the most accurate apffect the ion crystal structure because of the relatively large
proximation to Eq.(1), since simpler apertures such as rect-spacing and small size of the image charges.
angles produce similar fields. The combination of quantum optical interconnects with
The practicality of elliptical traps can be demonstrated byion trap arrays provides a specific physical model of a scal-
considering an example based on recent experiments. Cogble quantum computer. The original Cirac-Zoller model, in
sider first ane=1 trap of 100um radius, similar to Refs. which all the ions are placed in one trap, cannot accommo-
[14,9]. To separately excite each ion for quantum logic, thedate the 18 ions needed for a full-scale quantum computa-
ion-ion spacingd, must be greater than. Choosingd,  tion, even in principle. One limit is that the c.m. phonon
=4 pum yields an axial oscillation frequency,/27~1  frequency w,>1/JN, so that a trap containing §0ions
MHz at an applied potentia¥,=1000 V rms(efficiencyE  would havew,<100 Hz. Evaluating the 16 operations re-
=0.08) for the ion Ba 137, currently under study in our quired for Shor's algorithm would therefore take over® 10
laboratory. The Mathieu parametey=2+2w,/Q = 0.01  sec(30 year$ without error correction. The trap array model
for /27 = 282 MHz. This yields a micromotiom,=10  proposed here contaird separate elliptical ion traps each
nm for a two-ion crystal. Now assume that for quantum com-containingN ions, withM or more quantum optical intercon-
puting we wish to confine 64 ions. Equati¢f) yields an  nects being used to transmit entanglement between the traps.
optimum ellipticity e=5.2 that determines|,=7.1x10 *.  This model remains highly speculative since such intercon-
The crystal lengthl,/2~32d,=128 um, which givesu, nects have not yet been realized in practice. However, the
=45 nm at the ends of the crystal and proportionately lessrap arrays themselves witid =64 000 and\ =64 are rela-
near the center. The Doppler sidebands will therefore havevely low risk, as discussed above. Since each trap contains
an intensity ofJ3(8)<0.06, where8=2mu,/\. This estab- <1000 ions, the phonon frequency remains large, in the
lishes that the Lamb-Dicke limit is reached for all ions in the above examplew,=125 KHz for N=64. This is 16 faster
trap. Note that a larget, has been used in a recent experi-than the single-trap model. Moreover, the array possesses
ment, which observed interference and superradiance of twoth classical as well as quantum-mechanical parallelism,
trapped iong14]. Such small micromotion amplitudes ap- since there aré/ independent Cirac-Zoller processors oper-
pear unrelated to phonon heating rates in circular microtrapating simultaneously, which can be placed in entangled states
[9], so that elliptical and linear traps should have similarwhen necessary by the interconnects. It is interesting to ask
rates. how much thisM-fold parallelism would reduce the execu-
The above 64-ion trap occupies an area f2  tion time and number of gate operations estimated in the
x 102 cn? and may be placed in an array at a density oforiginal Cirac-Zoller model for the modular exponentiation
~100 traps/crfy, yielding a density of 6400 ions/émA 30-  [20] in Shor’s algorithm.
cm-diam disk could therefore support 64 000 traps holding In conclusion, the elliptical ion trap presents a solution to
4% 10° ions, all in the Lamb-Dicke limit. Such a disk driven the problem of confining large numbers of ions in the Lamb-
at 1000 V rms at 282 MHz will dissipate only 3 W, assuming Dicke limit, as is required for precision spectroscopy,
Q=5000. The laser power required to excite every ion intrapped ion frequency standards, quantum computation, or
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other studies of quantum-mechanical ion motion. It was pred/5 root, so that 1000 ions have less than 10 times the mi-
viously thought that only linear traps, which use a dc axialcromotion of two ions. Proper choice of the Mathieu param-
field requiring a complex three-dimensional electrode struceterq can therefore put all ions in the Lamb-Dicke regime.
ture, could achieve this. The linear crystal stability condition,The simple one-conductor electrode structure permits ellipti-
Eq. (7), and the micromotion relation, E@8), are the two  cal traps to be smaller and stronger than linear ttapte the

main results that define the Lamb-Dicke confinement propy, —1 MHz derived above and to be microfabricated in
erties of elliptical traps. The former shows that traps of mOd‘Iarge arrays.

erate ellipticity can confine a useful number of ions; for ex-

ample,e=5 traps 60 ions, sufficient for all current tests of

quantum computing. The latter shows that micromotion | have benefitted from helpful comments on the manu-
grows very slowly with ion numbeN, approximately as the script from C. Kurtsiefer and D. DiVincenzo.
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