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Detecting the effects of linear acceleration on the optical response of matter

Richard Neutze
Institut für Angewandte Physik, Universitat Tu¨bingen, Auf der Morgenstelle 12, D-72074 Tu¨bingen, Germany

G. E. Stedman
Department of Physics and Astronomy, University of Canterbury, Private Bag 4800, Christchurch, New Zealand
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We propose two feasible experimental studies of the interaction of light with linearly accelerating media.
First, sidebands are induced in the output spectrum of a Mach-Zehnder interferometer when a dielectric in one
arm is oscillated parallel to the beam. Second, linear acceleration of a dielectric in a ring cavity will induce
asymmetry in the near-resonant optical response profile. Both experiments probe the interaction of photons
with inertia by testing the covariant formulation of Maxwell’s equations used here and so the related assump-
tion that the local optical properties of a medium are unaffected by acceleration. The second experiment is
explicitly sensitive to a Doppler shift induced when light propagates through linearly accelerating media,
predicted by Tanaka@Phys. Rev. A25, 385 ~1982!#. Observation of this Doppler shift would confirm a
manifestation of the coupling between radiation and matter in a noninertial context.@S1050-2947~98!00807-5#

PACS number~s!: 03.65.Pm, 06.30.Gv, 04.80.Cc
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I. RELATIVISTIC TESTS OF
MAXWELL’S EQUATIONS

The propagation of light through moving media has lo
held fascination for both the experimentalist and theor
cian. Its history dates from the proposals of Boscovich@1# to
measure the angular aberration of light within a telesc
filled with water. These~unperformed! experiments were
predicted to distinguish between the emission theo
~widely accepted at the time! and wave theories of light@2#.
With this old controversy decided in favor of the wav
theory by the work of Young and Fresnel, the latter ag
considered the propagation of light through moving med
From a primitive first-order form of the principle of relativ
ity, that aberration ought not to be influenced by the prese
of a medium between the source and detector, otherwise
absolute velocity of the earth would be observable@2#,
Fresnel@3# derived the velocity of light through moving me
dia asc1kv, where the light drag coefficientk5121/n2.
Experimental verification was provided by Fizeau@4# by
passing two beams of an optical interferometer through m
ing water.

When the medium through which light propagates is m
ing inertially in flat space-time, the original formulation o
Maxwell’s equations@5# will fully describe Fresnel drag
When this medium has a finite proper acceleration, howe
the problem cannot be analyzed within Maxwell’s origin
theory, as Maxwell’s equations do not maintain their sta
dard form under arbitrary coordinate transformations. Fo
consistent description of light propagating through accele
ing media a covariant formulation of Maxwell’s equatio
must be employed.

There have been several high precision light drag exp
ments in which dielectric samples were accelerating. Bil
and Zavodny@6# and Bilger and Stowell@7# placed a rotating
fused-silica disk along one arm of a ring laser. Fresnel d
in the rotating dielectric induced a nonreciprocal change
the optical path of the laser beams which, in turn, produce
581050-2947/98/58~1!/82~9!/$15.00
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beat frequency between the opposite beams. In the later
periment, where the drag coefficient was determined
0.04% accuracy, theory and experiment differed by two st
dard deviations, which was considered too small to claim
discrepancy. In the experiment of Sanders and Ezekiel@8#
glass samples were oscillated along one arm of their opt
cavity, a phase shift resulting in a shift in the resonan
frequency of the cavity observed through optical feedba
Corrections to their theoretical analysis were given
Neutzeet al. @9#, showing this experiment to have simila
accuracy to the earlier work of Bilger and Stowell. Neut
et al. @9# also give a review of recent drag experiments w
moving matter. The observed beats between the oppo
beams of a ring laser in the experiment of Kowalskiet al.
@10#, while presented as a test of the propagation of lig
through accelerating matter, can in fact be satisfactorily
terpreted as Laub drag~see, for example, Ref.@9#! at the
instantaneous velocity of the sample. As an observation
Laub drag, this experiment was approximately one orde
magnitude less sensitive than the similar experiment
Sanders and Ezekiel.

While all these experiments used dielectric samples m
ing with linear or centripetal acceleration, their design a
sensitivity enabled satisfactory analyses to proceed thro
the assumption that the influence of acceleration on the
served phase shift was negligible. Thus the influence of li
drag at the instantaneous velocity of the sample alone co
yield a correct experimental fit for all recorded data. As su
these experimentsdid not test Maxwell’s equations beyon
the realm of Maxwell’s original formulation, which fully de-
scribes the propagation of light through bodies moving in
tially.

There have, however, been several observations of l
propagating in a gravitational field which cannot be e
plained in terms of the original formulation of Maxwell’
equations@11#. Dyson, Eddington, and Davidson@12# ob-
served the bending of light as it passed near the sun in
solar eclipse of May 29, 1919. This experiment provid
82 © 1998 The American Physical Society
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PRA 58 83DETECTING THE EFFECTS OF LINEAR . . .
early verification of a prediction of general relativity an
marks a milestone in its wider acceptance within the sci
tific community. Using radio waves emitted from a quasar
it was eclipsed by the sun, Fomalont and Sramek@13# were
able to improve the accuracy of light bending experiments
;1%. Reasenberget al. @14#, by tracking a spacecraft emit
ting an electromagnetic signal, were able to confirm the p
dictions of Schwarzschild geometry to 0.2%. However, in
of these experiments light propagated through vacu
While providing excellent verification of the covariant fo
mulation of Maxwell’s vacuum equations in Schwarzsch
geometry, they did not empirically test the propagation
light through media in a gravitational context.

Similarly, Pound and Rebka’s@15# experimental verifica-
tion, using Mössbauer spectroscopy, of the frequency s
induced by the Earth’s gravitational field, and the clos
related experiment of Hayet al. @16#, using a Mössbauer
source and receiver mounted upon a rotating disk, did
test the influence of matter on the propagation of lig
through non-Minkowskian space-time. Had these exp
ments been performed with material media located betw
source and receiver all experimental results would have b
unaffected, since gravitational redshift may be explain
purely in terms of time dilation between separated clocks

Experiments sensitive to the propagation of light throu
accelerating media have, however, been provided by the
gnac effect@17#. Presenting a covariant analysis, Post@18#
demonstrated that the observable fringe shift resulting fr
rotation of an optical interferometer is dependent on whet
the optical medium is held stationary in the laboratory
rotates with the interferometer. This dependence, howeve
merely a consequence of the Doppler effect due to the r
tive motion of source and medium, similar to the distincti
between Lorentz and Laub light drag coefficients for me
moving with constant velocity@9#. Despite the unrivaled pre
cision of the state-of-the-art rotation-sensitive ring las
@19#, the Sagnac effect has only been verified to first orde
the rotation rate,V, at least one order below that at whic
any influence of centripetal acceleration may be expecte
arise.

Also within a rotational context, Mashhoon@20# has sug-
gested that the intrinsic spin of any particle will couple
rotation. As a consequence, it becomes impossible to eq
the measurement of frequency by an observerO, who moves
with constant rotation, with the same measurement p
formed by an inertially moving observer instantaneously
moving with O. This discrepancy was considered to cons
tute an extension of the standard measurement hypoth
underpinning relativity theory~that accelerated clocks tick a
the rate of a comoving unaccelerated clock! @21#. Experi-
mental support for spin-rotation coupling has been repo
as the apparent coupling of the nuclear spin of mercury w
the rotation of the Earth@22,23#.

In a number of related experiments@24# it has been ob-
served that circularly polarized light passing through a ro
ing half-wave retardation plate~HWP! both has its circular
polarization reversedand becomes shifted in frequency
twice the rotation rate of theHWP: downshifted when this
rotates with the same sense as the optical electric field
upshifted when these are opposite. Pippard@25# has pre-
sented a consistent analysis of these observations. Their
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nificance lies in the fact that the extension of Maxwel
equations to noninertial systems alone providesa mechanism
through which energy may be donated to the electromagn
field due to matter’s inertial resistance to acceleration. Fur-
thermore, observation of this ‘‘angular Doppler effect’’ e
perimentally confirms Mashhoon’s spin-rotation coupling f
photons, although this was not previously recognized
such. This connection may be seen by considering an op
Mach-Zehnder interferometer with two HWP’s located alo
one arm, the entire interferometer being set in rotation ab
this arm. From spin-rotation coupling Mashhoon@26# pre-
dicted a phase shift would result if circularly polarized lig
were injected into this interferometer. Viewed from an ine
tial frame of reference this phase shift may also be deri
from the Doppler shift in frequency suffered by circular
polarized light upon passing through each rotating HWP.

A linear analog of the angular Doppler effect arises fro
Tanaka’s @27# prediction that linearly polarized light will
suffer a change of frequency when propagating through
early accelerating media, where both the acceleration
wave vector were assumed to be parallel. In this article
present two experimental proposals, falling within the sco
of current technology, which will test the influence of line
acceleration on Fresnel drag. The latter of these proposal
particular, is considered of fundamental interest, because
explicitly sensitive to the consequence that a covariant
tension of Maxwell’s equations provides a mechani
through whichphotons can exchange energy with linear
accelerating matter.

II. COVARIANT FORMULATION
OF MAXWELL’S EQUATIONS

A simple prescription for obtaining Maxwell’s equation
under an arbitrary coordinate transformation is to replace
partial derivatives~commas! in the special relativistic tenso
rial description with covariant derivatives~semicolons!, and
further let hmn→gmn , the metric tensor of an arbitrar
space-time. As presented in detail by Schleich and Sc
@11#, this prescription enables the covariant form of Ma
well’s equations to be written

Fmn5Am,n2An,m ,

Fmn,r1Fnr,m1Frm,n50, ~1!

1

A2g
~A2gFmn! ,n52m0Jm, ~2!

whereg[det gmn and only the contravariant field equatio
has been affected by the change to arbitrary coordinates
covariant derivatives of the covariant field equations simp
fying to contain only partial derivatives.

When there are no free charges but a material medium
present, current densities described byJm arise only from
electric and magnetic displacement currents. It theref
proves convenient to incorporate these displacement curr
and the influence of the metric tensor into a simplified co
travariant electromagnetic tensor density,Gmn @28#, and
thereby rewrite Eq.~2! as
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84 PRA 58RICHARD NEUTZE AND G. E. STEDMAN
G,n
mn50. ~3!

With the components ofGmn defined as

Gmn5S 0 cDx cDy cDz

2cDz 0 Hz 2Hy

2cDy 2Hz 0 Hx

2cDz Hy 2Hx 0

D ,

Eqs.~1! and~3! may be combined to yield Maxwell’s cova
riant equations in familiar vector notation:

¹3E52
]

]t
B, ~4!

¹•B50, ~5!

¹3H5
]

]t
D, ~6!

¹•D50. ~7!

While these equations have a form identical to Maxwe
equations in an inertial frame of reference, this similarity
misleading as the electricE and magneticB field vectors are
not simply proportional to the generalized electric displa
mentD and magnetic intensityH. Instead, in obtaining Eq
~3! from Eq. ~2! we require their constitutive relations to b
dependent on both the dispersive properties of the med
and the space-time metricwith a physically motivated pre
scription needing to be chosen to specify these relations

In an inertial frame with stationary, linear, and homog
neous media clearly

D5ee0E, ~8!

B5mm0H, ~9!

wheree0 andm0 are, respectively, the permittivity and pe
meability of the vacuum ande andm are the relative permit-
tivity and permeability of the medium. In generalizing th
result to include media with arbitrary acceleration, Heer@29#
imposed the physical assumption that the above constitu
relations hold in the inertial frame of reference instan
neously comoving with the accelerating media. This assu
tion is tantamount to assuming thatthe optical properties of
accelerating media are locally unaffected by acceleratio.
While one may expect this to be only approximate in con
tions of extreme acceleration, we accept this prescrip
throughout this work. This assumption enables us to exam
whether the natural covariant extrapolation of Maxwel
equations to linear accelerating systems generates new
experimentally testable effects, independent of the influe
acceleration may have at an atomic level.

Adopting the notation of Tanaka@30#, the constitutive re-
lations are found through use of the transformation prop
ties of Fmn andGmn. Under arbitrary coordinate transforma
tions xm→xm(xn8) these transform according to
-
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Fm8n85
]xa

]xm8

]xb

]xn8
Fab ,

UdetS ]xb

]xn8D UGm8n85
]xm8

]xa

]xn8

]xb
Gab.

Making a coordinate transformation from the inertial fram
instantaneously comoving with an accelerating dielectric i
the accelerating frame of the dielectric, Eqs.~8! and~9! may
be written in the accelerating coordinates as

G0k5A2ge0

m0
eF0k , ~10!

mGkl5A2ge0

m0
Fkl, ~11!

where spatial indicesk and l run from 1 to 3.
Several authors have studied the propagation of elec

magnetic waves in linearly accelerating media using
above formulation of Maxwell’s equations. Anderson a
Ryon @28,31# and Mo@32# both derived a wave equation fo
the propagation of light through a dispersionless dielec
with constant acceleration and obtained approximate s
tions. Tanaka@30# found an analytic solution using Ferm
coordinates, demonstrating that the relativistic energy
phase velocity addition laws are equivalent to the Einst
velocity addition laws for inertial media instantaneously c
moving with the accelerating sample. Similarly, at norm
incidence, light reflected from an accelerating dielectric s
face suffers the same Doppler perturbations as that reflec
from an identical inertial dielectric boundary instantaneou
comoving with this accelerating surface. In a later public
tion Tanaka @27# predicted that light, upon transmissio
through an accelerating dielectric, should be shifted in f
quency by an amount proportional to the acceleration of
glass sample, its thickness, and the difference of its refrac
index from unity. It is this conclusion, following directly
from the covariant formulations of Maxwell’s equations, th
we propose can be tested within current technology.

III. TRANSMISSION OF LIGHT THROUGH A LINEARLY
ACCELERATING SAMPLE

A linearly accelerating frame of referenceS with spatial
geometry identical to that of the instantaneously comov
inertial frame has the line element@33#

ds252S 11
ax

c2 D 2

c2dt21dx21dy21dz2. ~12!

That this line element represents a frame of reference w
linear acceleration follows from the coordinate transform
tion relating the~upper case! coordinates of the inertial labo
ratory frameI to the ~lower case! coordinates ofS:
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PRA 58 85DETECTING THE EFFECTS OF LINEAR . . .
T5
c

aS 11
ax

c2 D sinhS at

c D ,

X5
c2

a S 11
ax

c2 D coshS at

c D2
c2

a
,

Y5y,

Z5z,

with each point ofS following hyperbolic motion inI .
We suppose that the proper length of a dielectric sam

with index of refractionn, is unaffected by acceleration
Taking the sample’s parallel faces as lying on the planex
50 andx5h in S we assume, for simplicity of analysis, th
electromagnetic waves incident upon the dielectric surf
propagate parallel to the direction of acceleration,ki x̂. Thus
Ex50; we choose the electric field to be linearly polarize
and theŷ axis to be parallel to the electric field. From th
covariant constitutive relations, Eqs.~10! and ~11!, and the
metric components of Eq.~12!, the nonzero components o
the vectorsD andH are necessarily

Dy5ee0EyS 11
ax

c2 D 21

,

Hz5
1

mm0
BzS 11

ax

c2 D .

Taking the curl of Eq.~4! and using Eqs.~4!–~7! and the
expressions above to eliminateDy ,Hz ,Bz , the wave equa-
tion †Eq. ~14! of Tanaka@27#‡

S 11
ax

c2 D 2
]2Ey

]x2
1

a

c2S 11
ax

c2 D ]Ey

]x
2

n2

c2

]2Ey

]t2
50

~13!

is recovered, wheree0m051/c2 andem5n2.
In I a y-polarized electromagnetic wave in vacuum m

most generally be described by the electric fieldE Y
vac

5 f (Fvac) and magnetic fieldB Z
vac5E Y

vac/c, wheref (Fvac) is
an arbitrary complex wave function satisfying Maxwell
vacuum wave equation, and the vacuum phaseFvac5
2v0(T2X/c). From the properties ofFmn under a change
of coordinates,

E y
vac5S 11

ax

c2 D expS 2
at

c D f ~Fvac! ~14!

represents the general solution to the vacuum wave equa
in S, Eq. ~13! in the limit n→1, where the invariant phase

Fvac5
v0c

a H S 11
ax

c2 D expS 2
at

c D21J . ~15!

A general analytical solution of Eq.~13! within the dielec-
tric may be obtained by notingn appears only as a facto
e,

e

,

on

scaling the temporal partial derivative ofEy . Therefore re-
placing t by t/n in Eqs.~14! and ~15! gives

E y
d5S 11

ax

c2 D expS 2
at

ncD f ~Fd!, ~16!

with the complex phase becoming

Fd5
v0c

a H S 11
ax

c2 D expS 2
at

ncD21J . ~17!

Consider now a harmonic and monochromatic incid
light source:EY

in5E0 exp iv0(T2X/c). We assume that the
amplitude of light transmitted at the interfaces of the medi
is reduced by a factorr (,1); this may be maximized (1
2r;100 ppm! by, for example, the use of faces cut at t
Brewster angle and polished tol/100.@7# However, for sim-
plicity of analysis in this paper we assume that the angles
incidence are 0° at the media boundaries; multilayer ant
flection coatings can in principle achieve a comparable tra
mission.

The electric field within the dielectric is found by match
ing the general solution inS, Eq. ~16!, and its phase, Eq
~17!, to the electric field incident upon the dielectric face
x50 when expressed in the lower case coordinates oS.
With the transmitted electric field amplitude reduced by
factor of r we find within the dielectric

Ey
d5E0r S 11

ax

c2 D n

expS 2
at

c D
3expF i H v0c

a S 11
ax

c2 D n

expS 2
at

c D2
v0c

a J G .

~18!

In S this wave emerges from the dielectric atx5h. Again
matching the general solution in vacuum, Eq.~14!, and its
phase, Eq.~15!, to Eq. ~18! at the second dielectric-vacuum
interface yields

Ey
out5E0r 2S 11

ah

c2 D n21S 11
ax

c2 D expS 2
at

c D
3expF i H v0c

a S 11
ah

c2 D n21S 11
ax

c2 D
3expS 2

at

c D2
v0c

a J G .

Upon a coordinate transformation fromS back to the labo-
ratory frameI ,

EY
out5E0r 2S 11

ah

c2 D n21

exp@ i $2v8~T2X/c!1Df%#,

~19!

where the emerging beam is shifted in frequency:
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86 PRA 58RICHARD NEUTZE AND G. E. STEDMAN
v85v0S 11
ah

c2 D n21

'v0S 11~n21!
ah

c2 D , ~20!

and the phase is perturbed by

Df5
c

a
~v82v0!. ~21!

Equation~20!, derived by Tanaka@27#, shows that even
with the assumption that the local optical properties of ma
are unaffected by acceleration, light propagating throug
linearly accelerating dielectric will suffer a shift in frequenc
dependent on the acceleration and refractive index of
sample but independent of its velocity. Therefore, the m
mal covariant extension of Maxwell’s equations to linea
accelerating systems predictslight will couple to inertia
through mass-energy exchange with linearly accelerat
matter: photons propagating parallel to the direction of a
celeration are raised in frequency upon their transit.

Intuitive understanding of this result follows as, quantu
mechanically, the refractive index of any material diffe
from that of the vacuum due to photons being absorbed
virtual atomic states and later reemitted~e.g., @34#!. If the
material is accelerated during the lifetime of a virtual sta
energy and momentum conservation results in a shift in
ergy of the emitted photon relative to that absorbed, aris
from the changes to the velocity of an atom between th
two events. Algebraically this argument yields Eq.~20! ~at
first order in ah/c2). It is interesting to note that, fromE
5mc2, this transient population of higher energy virtu
atomic states increases the mass of the dielectric relativ
when no light propagates through it. As such its resistanc
acceleration~inertial mass! is increased and energy ma
thereby be imparted to light while in transit.

IV. A PASSIVE INTERFEROMETER CONTAINING
AN OSCILLATING GLASS SAMPLE

Several Laub-drag-type experiments have been perfor
to date using samples with varying degrees of accelerat
In the work of Zeemanet al. @35# and Sanders and Ezekie
@8# dielectric rods were oscillated in a direction parallel
the incident beam, but all data were recorded when
sample had maximum velocity and therefore vanishing
celeration. Kowalskiet al. @10#, who accelerated a dielectri
sample at;5 cm/s2 along one arm of a ring laser, were ab
to obtain good agreement with experiment by disregard
the influence of acceleration and simply calculating the
stantaneous Laub drag coefficient. Bilger and Stowell@7#, in
rotating a fused-silica disk, studied the light drag under c
ditions of high acceleration~albeit using an experimenta
configuration different from that discussed below!. With ro-
tation rates up to;60 Hz and the counterpropagating bea
of their ring laser passing through the disk up to;1.6 cm off
the rotation axis, the local centripetal acceleration of the
oms interacting with light ranged up to;2000 m/s2. Their
analysis, based purely on the local instantaneous velocit
their sample, proved sufficient to obtain close agreem
with their observations. As such their work validated t
assumption that the optical properties of media are loc
unaffected by acceleration, made in recovering Eqs.~10! and
r
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~11! from Eqs.~8! and~9! and consequently the wave equ
tion ~13!, over a wide range of acceleration.

In imparting velocity to their optical samples relative
their interferometer-ring laser, the novel effect observ
within all these experiments was that the phase velocity
light was increased~or decreased! due to this motion: follow-
ing almost trivially from optics in the rest frame of th
sample and special relativity. In making the step to linea
accelerated motion the experimental feature we aim to
serve is thatthe energy of a photon will be increased (o
decreased) upon interaction with linearly accelerating m
dia, Eq.~20!: this energy coupling following simply from the
natural extension of Maxwell’s equations to the linearly a
celerating frame of the sample.

A gain in frequency of one beam relative to another
most easily resolved by recombining the two beams and
serving a beat frequency. Consider the passive Ma
Zehnder optical interferometer illustrated in Fig. 1. An i
jected beam is split, one part traversing a linea
accelerating dielectric before its recombination with t
other prior to detection. Expansion of the phase of Eq.~19!
to first order inah/c2 gives the measurable~time-dependent!
phase perturbation as

DF~T!5
v0h

c
~n21!H 12

aT

c
1

a

c2S B1
1

2
~n22!hD J ,

~22!

whereB represents the proper distance along the optical p
from the origin~location of the first glass face whenT50)
to the point of beam recombination. Physically, the first te
arises from the presence of a stationary dielectric and
second term is exactly the Laub drag phase shift@9#, where
aT is equated with the instantaneous velocity of the diel
tric sample, accelerated from rest whenT50. The final term,
an additional perturbation to the phase stemming from
Doppler shift Eq.~20!, is insignificant in comparison with
the Laub drag term and has not been observed to date. K
alski has suggested that a number of related phase shifts
be experimentally observable using light@36# or neutron
@37,38# interferometry, the latter two articles predicting vio
lations of the principle of equivalence. Comparing Eq.~20!
with Eq. ~16! of Ref. @40# we note Kowalski’s transit time
analysis with the approximation Eq.~11! of @37# led him to
falsely conclude that this frequency shift was dependent
the sample’s velocity~the opposite sign being a typograph
cal error!. Had his formalism been valid it would hold
equally well for photons as for neutrons: however, our co

FIG. 1. A dielectric sample is linearly accelerated along one a
of an optical Mach-Zehnder interferometer and the output inten
recorded as a function of time.
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PRA 58 87DETECTING THE EFFECTS OF LINEAR . . .
riant analysis shows that the principle of equivalence ho
for such effects when photons are involved.

Should it be possible to maintain constant linear accele
tion of the sample, one would expect, from the time dep
dence of the above phase shift, to observe the intensity v
ing sinusoidally with its frequency given by the perturbati
to Eq. ~20!. Experimental constraints, however, would for
one to oscillate a glass rod with angular frequencyV along
one arm using a stabilized laser, say the Newport NL-1
the input beam. Sinusoidal acceleration would modulate
frequency of the beam traversing the sample through
~20!. This experimental configuration is extremely similar
that of Zeemanet al. @35# and resembles Sanders and Eze
iel’s @8# arrangement, but rather than window the detec
response or convert this phase shift to a beating using
optical feedback mechanism, we propose to record the p
ton intensity transmitted through our beam recombiner a
function of time. This transmission will vary due to the tim
dependence of the relative phase of opposite beams. In
ducing a constant phase differencef by, for example,
mounting one mirror on a piezoelectric crystal, the record
signal can be expected as

VB~T!5V0uexp2 iv0T1a exp2 i $v0T1b cosVT1f%u2

5V0$11a212a cos~b cosVT1f!%,

where

b5
Dv

V
5

VA0

c

v0h

c
~n21!

is the amplitude~in radians! of the phase excursion induce
by the frequency modulation,A0 is the amplitude of sample
oscillation, anda is the relative amplitude of opposite beam
when recombined.

Fourier analysis of the time-dependent output, as is n
standard in ring-laser spectroscopy@39#, provides a simple
method of signal analysis. Sideband satellites on either
of zero frequency~in the absence of a carrier! with separa-
tion V will appear in the Fourier transformed frequen
spectrum. A resolvable signal requires only that the sh
term longitudinal light-phase coherence is maintained o
the difference in time of transit between the opposite bea
;(n21)h/c;2 ns, which would easily be achieved using
Newport NL-1 laser with its long term frequency drift stab
lized to within 6300 kHz. When combining two indepen
dent lasing modes of a ring laser, a noise floor some 65
below the Sagnac signal has been recorded with the Ca
bury ring laser@19#. As such it is reasonable to anticipate th
this noise floor can, at least, be matched in the propo
experiment.

In measuring the Laub drag coefficient with a pass
interferometer, Zeemanet al. @35# oscillated samples o
quartz and flint glass (n;1.5) of lengths up to 1.4 m impart
ing a maximal velocity;10 m/s. With these experimenta
parameters andl5633 nm, the maximal phase excursionb
ranges up to;0.25. Figure 2 gives a numerical simulation
the frequency spectrum thereby predicted with the sam
oscillating at 9.8 Hz andf5p/4. Sideband structure i
clearly visible. By simultaneously increasing the frequen
and decreasing the amplitude of oscillation, one may holb
s
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~and therefore the sample’s velocity domain! constant yet
scan a range of maximal sample accelerations. Should
local optical properties of the dielectric medium be affect
by acceleration, the time-dependent frequency modula
would become anharmonic, with variations in the heights
each sideband relative to the carrier thereby arising u
changing the sample’s frequency of oscillation. We note t
this approach naturally calibrates for the influence of disp
sion within the sample, which was not included in the abo
analysis.

Care should be taken to avoid optical feedback from lig
scattered from the moving dielectric surface, modulated
frequency via the Doppler effect. Tilting the sample relati
to the optical axis should suffice@8#. Mechanical feedback
when oscillating the sample could also cause spurious st
ture in the Fourier resolved spectra, although this was n
limiting factor in the work of Zeemanet al.

It is tempting to regard a successful observation of si
band structure in the above experiment as verification of
acceleration-induced Doppler shift, Eq.~20!. However, an
analysis based upon Laub drag within the sample assum
at each instant, to be moving inertially would also recov
sideband structure in the Fourier-transformed interferogr
arising from the velocity dependence of the Laub drag ph
shift. Therefore, as with the experiments of Bilger and Sto
ell @7# and Kowalskiet al. @10#, the above apparatus woul
test the assumption that the optical properties of matter
unaffected by acceleration but could not verify any nov
consequences of Maxwell’s equations for linearly acce
ated systems beyond this assumption.

V. RESONANT CAVITY CONTAINING A LINEARLY
ACCELERATING GLASS SAMPLE

Optical ringing may occur whenever the optical perime
of a cavity, or the frequency of the injected light, are fun
tions of time. The phenomenon itself results from beat

FIG. 2. Numerical simulation of the Fourier-transformed inte
ferogram resulting from oscillating a sample along one arm of
interferometer of Fig. 1. The sample refractive indexn51.5, length
h51.4 m, and its maximum velocity is 10 m s21 ~parameters real-
ized in the experiments of Zeemanet al.!. Sideband satellites sepa
rated by the oscillation frequency (V/2p59.8 Hz in this example!
are clearly visible.
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between the energy stored within a cavity and that be
injected and it may be used as a very sensitive techniqu
detect perturbations to the frequency of light. Ioannidiset al.
@40# observed ringing in an optical fiber ring resonator,
variable optical path length being obtained through wrapp
a length of optical fiber around a piezoelectric cylinder. A
analogous observation was made by Liet al. @41# who, upon
exciting a high finesse ring cavity with a frequenc
modulated external laser, determined the finesse of this
ity through the observed ringing profile. An asymmetric r
sponse profile was also observed by Li and Stedman@42#
when the scanning rate of a scanning Fabry-Pe´rot interfer-
ometer multiplied by the decay time of the interferome
squared was the order of unity. Further studies of opt
ringing within a Fabry-Pe´rot cavity have recently been pre
sented by Poirsonet al. @43#, and Neutze@44# has predicted
that ringing again will arise when an optical ring interferom
eter with angular acceleration is excited by an exter
monochromatic signal.

When a glass sample accelerates within an optical cav
its optical perimeter varies and energy is donated to the e
tromagnetic field via Eq.~20!. Our analysis below of the
experimental arrangement illustrated in Fig. 3, where an
jected beam is repeatedly reflected through a dielec
sample accelerating along one arm of a high quality opt
ring cavity, also predicts an asymmetry in the recorded
sponse profile. Using a stabilized laser~again, for example,
the Newport NL-1! we inject monochromatic light into the
cavity through the first mirror,M1. Behind the second mir
ror, M2, we place a detector atX5B which records, as a
function of time, the light intensity transmitted throughM2.
A third mirror, M3, serves only to close the optical cavit
having an optical perimeterP in the absence of the glas
sample. As this cavity is planar its resonant modes will
linearly polarized@45#, the direction of polarization again
fixing ŷ.

At the detector the electric field consists of an infinite su
of partial contributions,El(T,B), each having traversed th
ring perimeterl times and therefore having passed throu
the accelerating glass samplel 11 times. Upon each trans
of the sample the electric field suffers a drop in amplitude
r 2; and each transit of the ring perimeter further decrea
the amplitude bys3, arising from reflection from three mir
rors. Finally, transmission losses throughM1 andM2 reduce
the amplitude by (12s2). Thus, atB,

FIG. 3. Along one arm of a triangular resonance cavity a diel
tric sample is linearly accelerated. The intensity of light transmit
through the second mirror is recorded as a function of time. T
light consists of an infinite sum of contributions from waves hav
completedl circuits of the optical cavity; see Eq.~24!.
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El~T,B!5E0~12s2!r 2~s3r 2! lexp„i $v0@2T1B/c#

1DF~T!1F l%…,

where DF(T) is defined by Eq.~22! and F l is the phase
contribution due to the electric field componentEl(T,B)
having traversed the ring perimeter a furtherl times before
reaching the detector. Whenj passes through the accelera
ing sample light has frequencyv j5v0@11 jah(n21)/c2#
due to the cumulative effect of the Doppler shift, Eq.~20!.
If we take a snapshot at timeT we find light of fre-
quency v j produces a phase changef j5v j P8/c1@v0(n
21!ah/c2] @2T1(M22h1nh/2)/c] upon completing one
full circuit of the optical cavity and returning toM2, where
P8[P1(n21)h is the optical perimeter of the cavity with
the sample enclosed. Summing overl transits of the optical
perimeter, and including the influence of this light havin
frequencyv l in propagating fromM2 to B before reaching
the detector, we find

F l5(
j 51

l

f j1~v l2v0!~B2M2!/c

5
v0

c H l S P81
ah

c2
~n21!~2cT1B8!D

1 l 2
ah

2c2
~n21!P8J , ~23!

where B8[B1P/223h/2. The final term, quadratic inl ,
arises directly from the cumulative influence on the phase
the Doppler shift, Eq.~20!, for light having madel complete
transits of the ring perimeter. Mathematically this quadra
term is central to our prediction that optical ringing will oc
cur. The electric field reaching the detector is therefore

Eout~T,B!5~12s2!r 2E0 exp„i $v0@2T1B/c#

1DF~T!%…(
l 50

`

~s3r 2! lexp$ iF l%. ~24!

The summation within Eq.~24! is of the same form as tha
which arises in the analysis of the optical response of a sc
ning Fabry-Pe´rot interferometer@42#, an analytic expression
for the output intensity being obtained through its algebr
equivalence with the intensity profile of a Fabry-Pe´rot inter-
ferometer with a frequency-modulated input signal. If optic
resonance is assumed to occur when the dielectric is sta
ary, then, by analogy with the expressions of Appendix C
Li and Stedman@42#, the output intensity of this resonan
cavity containing a linearly accelerating dielectric slab is

I out

I 0
5

uAoutu2

uA0u2
5S 12s2

12s3r 2D 2
p

8h
uw~z!u2, ~25!

where@46#

w~z!5
i

pE2`

`

dn
exp~2n2!

z2n
5exp~2z2!erfc

3~2 i z!~ Imz.0!,
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erfc(2 i z) being the complex error function. The asymme
parameterh[g/G2, whereg[2v0(n21)ah/cP8 and ugu
is the change in frequency from each traversal of the r
perimeter divided by the duration of each traversal andG
52c(12s3r 2)/(P8s3r 2) is the power rate of decay of th
cavity. The variable z[6exp(2ip/4)$2 iG12ugu(T
2B8/c)%/A8ugu, the sign being positive whenugu(T
2B8/c).G, and was chosen so as to keep the imagin
part of z positive. The factor (12s2)2/~12s3r 2)2'@2~1
2s)/$3~12s)12(12r )%] 2 in Eq. ~25! expresses the fact tha
this cavity has transmission losses from three mirrors
two surfaces of the dielectric, whereas a Fabry-Pe´rot inter-
ferometer@44# suffers losses from only two mirrors.

Plots of I out/I 0 versus the normalized timet5GT for
h50.01, 0.10, and 0.50 are given in Fig. 4. Withh;0.10 the
asymmetry becomes easy to resolve experimentally.

A triangular ring cavity constructed from~commercially
available! mirrors with 12s;10 ppm and each arm 2 m in
length will have G;2.4 kHz. Placing a dielectric sampl
with 12r;100 ppm ~transmission maximized usin
multilayer antireflection coatings or cutting and polishing t
faces at the Brewster angle! within this cavity, however,
causes the ring-downtc51/G to be dramatically reduced
with G becoming;20 kHz. As in the preceding section, w
note that Zeemanet al. mechanically accelerated 1.4 m lon
glass rods (n;1.5) to velocities of;10 m/s. Using these
experimental parameters and assuming these samples m
oscillated at;10 Hz, an acceleration-induced frequen
shift of ;2 Hz is predicted from Eq.~20! when the sample is
at its turning points. This givesugu5cDv/P8;108 and
henceuhu5ugu/G2;0.2 with the resulting asymmetry in th
measured optical output, as illustrated in Fig. 4, clearly
servable.

FIG. 4. Predicted intensity profiles for the resonant cavity c
taining a linearly accelerating dielectric sample illustrated in Fig
calculated by numerical evaluation of Eq.~25! at various values of
the asymmetry parameterh: ~a! h50.5, ~b! h50.1, and ~c! h
50.01. The normalized timet[GT. With h>0.1, asymmetry in
the optical output is clearly visible.
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With the required acceleration approximately proportion
to the minimum of (12s)3 or (12r )2, improvements in
transmission losses at the dielectric boundary~should
custom-antireflection coatings approach 1 ppm loss mirr
now commercially available! would considerably simplify
this experiment, although losses within the sample its
would then become significant. A successful experiment f
ther requires phase correlations are maintained on a
scale;1/G. Frequency drift of the input laser of the order
kilohertz could therefore induce experimentally significa
phase fluctuations, but could be calibrated by simultaneou
injecting the laser beam into a similar cavity, again usi
optical resonance to monitor such drift@41#. Similarly, it
would be relatively straightforward to calibrate experime
tally such velocity-dependent features as optical dispers
within the sample, Doppler-induced variations in the tran
mission through the multilayer antireflection coatings,
misalignment of the cavity. While these may also contribu
asymmetry in the observed resonance profile, all such
tures would appear in the low acceleration limit and could
accounted for by careful measurement of the resonance
file across a range of accelerations.

Unlike the experiment proposed in the preceding secti
an analysis based upon Laub drag at the instantaneous
locity of the sample would not predict any asymmetry in
optical response of this cavity.This is because such an anal
sis provides no mechanism for the Doppler shift, Eq.~20!,
which was central in deriving the term quadratic inl of Eq.
~23! from which the predicted asymmetry arose. Physica
optical ringing represents the beating of energy stored wit
a cavity against the input signal as the entire apparatus pa
through resonance. It is the sample’s linear accelera
which provides the energy to shift the frequency of lig
quanta upon each transit through the sample, thereby in
ing this beating. An analysis based upon the fully covari
formulation of Maxwell’s equations underpins this pote
tially observable phenomenon. In this manner the propo
experiment takes one step beyond the experiments of Z
manet al., Bilger et al., and others, being explicitly sensitiv
to the energy exchange induced by linear acceleration
mediaand thereby testing a prediction of the covariant fo
of Maxwell’s equations.

VI. CONCLUSION

It is intriguing that the energy of a photon propagati
parallel to the direction in which a transparent sample l
early accelerates will be increased due to this accelerat
Experimental verification of this prediction, as with the o
servation of energy coupling between circularly polariz
light and a rotating half-wave plate@24# would both extend
empirical support for Maxwell’s theory to include linearl
accelerated motion and challenge the search for similar p
nomena within a gravitational context. As the mathemati
formulation of a covariant theory of electrodynamics
closely related to the foundations of general relativity, e
pirical verification of any assumptions within this framewo
is of fundamental interest.

Had the experimental apparatus of Fig. 4 been align
vertically in the earth’s gravitational field and the dielectr
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allowed to freely fall, optical ringing would again have be
predicted@47#. However, our description of the propagatio
of light through the sample is quite different in this conte
the worldlines of the atoms within the dielectric themselv
define locally inertial frames of reference and it is the int
ferometer which suffers an apparent acceleration. As s
photons, although retarded in velocity, still follow spac
time geodesics through the dielectric. When an opti
sample accelerates relative to an inertial frame of refere
by contrast, a photon traversing this sample actually app
to have proper acceleration and its worldline can no lon
m

o

-
-

os

af

R.
:
s
-
ch
-
l
e,
rs
r

be described as a geodesic of the space-time.
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