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Nonlinear frequency conversion with short laser pulses and maximum atomic coherence
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A perturbation treatment for Raman generation with a combination of long, short, and delayed laser pulses
is presented. When the coupling and probe lasers are applied in a counterintuitive sequence, the fast oscillatory
contributions to populations and coherence are eliminated by robust adiabatic passage, allowing a much
simpler solution to the problem. Such counterintuitive and on-resonance operation allows effective electro-
magnetically induced transparency to evolve so that the probe laser photons will experience no absorption yet
still fully participate in the nonlinear frequency conversion. Consequently, better conversion efficiency should
be possible.@S1050-2947~98!08607-7#

PACS number~s!: 42.65.Ky
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INTRODUCTION

Electromagnetically induced transparency~EIT! @1–3# de-
scribes the phenomena whereby a medium that is norm
opaque to a probe laser tuned to a resonant transition ca
made transparent when a coupling laser is also applied
multaneously. In a resonant three-level system, such a
cess drives the atoms to a population trapped state, and
been observed both in continuous-wave and pulsed op
tions. When both lasers are pulsed, the EIT processes
particularly interesting, and conditions~such as pulse shape
timing, adiabaticity, etc.! for which the transparency is esta
lished have been widely studied@1–5#. Recently, it has been
shown @6# that EIT can also be used to prepare an atom
system for more efficient frequency conversion. This is
surprising, since the EIT process involves adiabatic cohe
population transfer, a process that is dependent upon
pulse shapes and delay. Careful manipulation of the p
shapes and sequence would allow one to control the a
batic passage process and optimize the nonlinear conve
efficiency. An added advantage is the elimination of t
probe absorption, which limits the effective interactio
length. In this communication we extend this concept to
short pulse regime and examine the validity of the appro
mations used in the previous study. Specifically, we see
avoid approximations adopted in a previous treatment of
man generation@6#, which are not always appropriate. W
show that when the width of the source pulse is not mu
less than that of the coupling and probe pulses, the Ra
coherence changes appreciably during the time when
source pulse is present, hence the previous assumptio@6#
that ur10u.0.5 is not always appropriate. Second, we sh
that even in the case of a nondepleted source pulse, pop
tions of the states must be included in the Maxwell equati
and the maximum Raman coherence doesnot always lead to
the maximum conversion efficiency. Moreover, we show t
when the source depletion cannot be neglected, as is us
the case for efficient frequency conversion process, the po
lations of the two lower states must be kept and the Maxw
equations for both the generated field and the depleted so
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field must be solved simultaneously withpopulationsand
Raman coherence. Based on the following adiabatic approx
mation with delayed pulses, we point out that these con
tions are much more satisfactory when the source puls
much shorter than the coupling and probe laser pulses.

THE MODEL AND THE EQUATIONS OF MOTION

Our objective is to examine conditions for efficient stim
lated Raman generation with short pulses and the dep
dency of such a frequency conversion process on the ato
coherence. Consider a three-state system in which a
intense coupling laser is tuned onto theu1&→u2& transition
~see Fig. 1!. We assume that all lasers are unfocused and
plane-wave approximation is applicable. When a probe la
is tuned to the line center of theu0&→u2& transition, it is
easily seen that the probe laser experiences no absor
due to the fact that the contributions to the index from t
members of the induced Autler-Townes doublet cancel e
other. We assume that these two lasers are of the same
profile ~Fig. 2! and have the same pulse duration of a few

FIG. 1. Energy-level diagram showing relevant laser coupl
schemes.vc , vp , vS , andvR are frequencies of coupling, probe
source, and Raman field, respectively.
707 © 1998 The American Physical Society
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We now introduce a short pulse~a few ps! that couples the
statesu1& and u2& with a detuning of about 1000 cm21. This
laser is usually weak, and we are interested in the Ram
generation from stateu2& to u0&. The situation presented her
is similar to the recent experimental arrangement descr
in Ref. @6#, except that the pulse duration for the source la
is much shorter than for the coupling and probe lasers,
the delay between the long pulsed lasers may be as long
few ns.

We first write the wave function of the system as

uC~ t !&5 (
n50

2

An~ t !e2 ivntun&, ~1!

whereAn is a slowly varying quantity. We now substitut
this wave function into the Schro¨dinger equation

i\
]uC~ t !&

]t
5ĤuC~ t !&5~Ĥ02DŴ •EŴ !uC~ t !&, ~2!

where

EW 5
1

2 (
a

EW a
~1 !~ t !eikaz2 ivat1c.c., ~3!

where a5c ~coupling!, p ~probe!, S ~source!, and R ~Ra-
man!. Equation~2! gives three coupled first-order differenti
equations:

]A0

]t r
5 i @V02

~p!e2 ikpz1V02
~R!e2 ikRz2 id~ tr1z/c!#A2 ,

]A1

]t r
5 i @V12

~c!e2 ikcz1V12
~S!e2 ikSz2 id~ tr1z/c!#A2 , ~4!

]A2

]t r
5 i @V20

~p!eikpz1V20
~R!eikRz1 id~ tr1z/c!#A0

1 i @V21
~c!eikcz1V21

~S!eikSz1 id~ tr1z/c!#A1 ,

where we have expressed time-dependent quantities in t
of the retarded timet r5t2z/c which will be used later in
solving Maxwell’s equations. We assume that initially t

FIG. 2. Coupling and probe laser field amplitude profiles
functions oft r /tL .
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r
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atom is in the ground stateu0& and the coupling and prob
lasers are applied in a counterintuitive sequence. That is,
coupling laser~for u1&→u2& transition! is applied first, and
the probe laser~for u0&→u2& transition! is applied at a de-
layed time. We will show that such a procedure elimina
the difficulty in the adiabatic-following treatment normal
encountered at an early stage of the pulse when the laser
tuned on resonance, hence enabling a reliable adiabatic s
tion to the problem in hand. Mathematically, we choose

V02
~p!5Vp~0!gp~ t2z/c!5Vgp~ t r !,

V12
~c!5Vc~0!gc~ t2z/c!5Vgc~ t r !,

V02
~R!5VR~ t r !,

V12
~S!5VS~ t2z/c!5VSgS~ t r !, ~5!

gp5gp~ t r !5sinS pt r

2tL
D ,

gc5gc~ t r !5cosS pt r

2tL
D ,

gS5gS~ t r !5e2~ tr2tr0!2/tS
2
.

In Eq. ~5!, we have usedVp(0)5Vc(0)5V for mathemati-
cal simplicity. We have also assumed that the half width
the long pulse istL , while the half width of the short pulse
with Gaussian profile is given bytSAln 2. In a typical ex-
periment,tL.10240 ns, andtSAln 2.1210ps so thattL

@tSAln 2. The delay time for the short pulse is denoted
t r0 , and we have chosen a fixed delay oft r0 /tL.0.5. Later,
we will see that the choice of delay depends on the system
hand. Using Eq.~5!, we can rewrite Eq.~4! as

]A0

]t r
5 i @Vgpe2 ikpz1VR~ t r !e

2 ikRz2 id~ tr1z/c!#A2 ,

]A1

]t r
5 i @Vgce

2 ikcz1VS~ t r !e
2 ikSz2 id~ tr1z/c!#A2 , ~6!

]A2

]t r
5 i @V* gpeikpz1VR* ~ t r !e

ikRz1 id~ tr1z/c!#A0

1 i @V* gce
ikcz1VS* ~ t r !e

ikSz1 id~ tr1z/c!#A1 .

In the above equations, we have suppressed thez parameter
in bothVR andVS . Our perturbation scheme proceeds w
the following steps. First, in Eq.~6! we neglect terms con
taining VS andVR , since the first two long-pulse lasers a
assumed to be very intense@in a typical operation,Vc(0)
5Vp(0).several cm21#. The solution of the simplified
equations is then used to solve Eq.~6! to first order inVS or
VR . Finally, the wave function is used to construct the no
linear polarization, which in turn will be used as the sour
term in Maxwell’s equation for the generated field. Such
small signal-gain method will permit a tractable solution
the problem and offer some insight into how to further r
duce the complexity of the problem.

s
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SOLUTIONS AND DISCUSSIONS

Following the above-described procedure, we first sol

]A0
~0!

]t
5 iVgp~ t r !e

2 ikpzA2
~0! ,

]A1
~0!

]t
5 iVgc~ t r !e

2 ikczA2
~0! , ~7!

]A2
~0!

]t
5 iV* gp~ t r !e

ikpzA0
~0!1 iV* gc~ t r !e

ikczA1
~0! .

This set of first-order differential equations with seve
pulse profiles including Eq.~5! and different adiabatic treat
ments have been widely studied@7#. The solutions to Eq.~7!
are

A0
~0!512

uVu2tL
2p

2b2 S cos~a1b!h21

2~a1b!
1

cos~a2b!h21

2~a2b!

2
cosah21

a D ,

A1
~0!5

uVu2tL
2p

2b2 ei ~kp2kc!zS sin~a1b!h

2~a1b!

1
sin~a2b!h

2~a2b!
2

sin ah

a D , ~8!

A2
~0!52 i

V* tLp

2b2 eikpz~cosbh21!,

where

a5
p

2
, b5Ap2

4
1uVu2tL

2, h5
t r

tL
.

When uVutL@1, these amplitudes are simplified to

A0
~0!.cosah, A1

~0!.2ei ~kp2kc!z sin ah, A2
~0!.0, ~9!

i.e., the rapid oscillatory terms become much less impor
because of the adiabatic following. In Fig. 3 we have plot
populationsr00, r11, r22 and coherencer10 constructed
from Eq.~8! for uVutL.1000. It is also seen that both pop
lations and coherences evolve slowly on the time scale of
long pulse, as expected from the adiabatic following theo
Next, we let

An5An
~0!1An

~1! , ~n50,1,2!. ~10!

Substituting Eq.~10! into Eq. ~6! and using Eq.~7!, we ob-
tain
l

nt
d

e
.

]A0
~1!

]t r
5 i @Vgpe2 ikpzA2

~1!1VR~ t r !e
2 ikRz2 id~ tr1z/c!A2

~0!#,

]A1
~1!

]t r
5 i @Vgce

2 ikczA2
~1!

1VS~ t r !e
2 ikSz2 id~ tr1z/c!A2

~0!#, ~11!

]A2
~1!

]t r
5 i @V* gpeikpzA0

~1!1V* gce
ikczA1

~1!#

1 i @VR* ~ t r !e
ikRzA0

~0!1VS* ~ t r !e
ikSzA1

~0!#eid~ tr1z/c!.

SincedtL , dtS@1, andA2
(0)!1, we have the following se

of adiabatic solutions:

A0
~1!.2

VR~ t r !e
2 ikRz2 id~ tr1z/c!

d
A2

~0! ,

A1
~1!.2

VS~ t r !e
2 ikSz2 id~ tr1z/c!

d
A2

~0! , ~12!

A2
~1!.

VR* ~ t r !e
ikRz1 id~ tr1z/c!

d
A0

~0!

1
VS* ~ t r !e

ikSz1 id~ tr1z/c!

d
A1

~0! .

We now calculate the polarizationP5N^CuD̂uC&, where

uC&5 (
n50

2

~An
~0!1An

~1!!e2 ivntun&. ~13!

The Raman polarization of positive frequency is given by

FIG. 3. Zeroth-order density-matrix elements as functions
t r /tL , wheretL is the pulse width of the coupling and probe lase
In the center, a short pulse of Gaussian profile~not to scale! is also
plotted for comparison of the time scale. Parameters used:Vp

5Vc510p cm21, tL.10 ns,tS.10 ps, andr22.0.
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P~1 !~vR!.ND02~A0
~0!* A2

~1!1A0
~1!* A2

~0!!eiv20t

.
ND02

d
e2 ivRtr@VR* ~ t r !uA0

~0!u2

1VS* ~ t r !e
i ~kS2kR!zA0

~0!* A1
~0!#. ~14!

Maxwell’s equation for the generated field in the retard
frame is given by

S ]VR*

]z D
tr

e2 ivRtr52
2ipD20

\cvR

]2P~1 !~vR!

]t r
2 , ~15!

where we have letVR* 5D20ER
(1)/2\. Using Eq.~14! we ob-

tain

S ]VR*

]z D
tr

. i
k20

d
@VR* ~ t r !r001eiDkzVS* ~ t r !r10#. ~16!

Similarly, for the source field we have

S ]VS*

]z D
tr

. i
k21

d
@e2 iDkzVR* ~ t r !r011VS* ~ t r !r11#, ~17!

whereVS* 5D21ES
(1)/2\. We have also introduced

Dk5kp2kc1kS2kR , k i j 5
2puDi j u2v i j

\c
,

~18!

r005uA0
~0!u2, r115uA1

~0!u2, r225uA2
~0!u2!1,

r105e2 i ~kp2kc!zA0
~0!* A1

~0! .

In deriving Eqs.~16! and ~17! we have taken the facto
ei (kp2kc)z out of density matrix elements in order to make t
phase mismatch factoreiDkz as seen. We have also neglect
r22, since it is always small in the present treatment. It
seen in Eqs.~16! and~17! that two types of contributions ar
involved in the generation of the Raman field. One is dep
dent upon the population differences between statesu0&, u1&,
and u2&, and the other is dependent upon the Raman co
encer10. In general, both contributions should be kept
order to treat the problem properly. The time-depend
terms in the populations and coherences will give rise to
usual ac-Stark-shifted resonance in the Raman spectrum
result of including these time-dependent terms is a pair
difference equations in the frequency domain that are d
cult to solve. However, an approximation that is valid in t
case where the source pulse is much shorter than that o
coupling and probe pulses, as assumed in the present s
would allow a great simplification of Eqs.~16! and ~17!
while still preserving the essential physics of the proble
This approximation is quite evident in Fig. 3. We see that
the center of the time domain where the Raman cohere
has reached its absolute maximum, both populationsr00, r11
and Raman coherencer10 are nearly constant during the tim
when the short source pulse is present. It is then reason
to replace these quantities in Eqs.~16! and ~17! with their
local values at the center of the time domain so that in
frequency domain we will have two coupled first-order d
d

s

-

r-

t
e
he
f
-

he
dy,

.

ce

ble

e

ferential equations for the Raman spectrum that are rea
solvable. It should, however, be pointed out that such
approximation is not appropriate if the pulse length of t
source pulse is not very short in comparison with the c
pling and probe pulses. For such a long source pulse
change of the populations and coherence will affect the g
erated field.

Case 1: The source„short… laser depletion is negligible

If the depletion of the source laser can be neglected,VS

may be treated asz independent, and we only need to de
with Eq. ~16!, which is immediately solvable. We obtain

VR* ~z,t r !5 i
k20

d
VS* ~0,t r !r10e

i ~k20 /d!r00z

3
ei @Dk2~k20 /d!r00#z21

Dk2~k20/d!r00
. ~19!

This result suggests that for phase-matched (Dk50) nonde-
pleted source operation, better conversion efficiency may
achieved by manipulating both Raman coherencer10 and
populationr00 while keeping (k20r00)/d small. ~Notice that
the maximum efficiencycannotbe achieved at the end of th
coupling pulse where bothr00 and r10→0.! In the case of
slight phase mismatch, the improved Raman conversio
also possible whenDk5(k20r00)/d, with (k20r00)/d being
kept small. In reality, when the conversion efficiency reach
a certain level, the depletion of the source pulse is inevita
Thus, one must include the second Maxwell equation for
source field. As we will show below, this will lead to differ
ent conditions for which the conversion efficiency may
optimized.

Equation~19! also indicates that the generated field ha
time profile similar to that of the source pulse~including the
delay for the source pulse!. This is because during the tim
when the short pulse is present, none of the atomic par
eters change appreciably. Numerical simulation indica
that when the time-dependent terms in the density ma
elements are included, the frequency spectrum of the ge
ated field will have sidebands corresponding to the ac S
shifts due to the intense coupling and probe lasers. Ano
feature that distinguishes the present configuration from
usual Raman generation is that Eq.~16! does not support
exponential gain as the usual Raman generation does.
may be explained in the following way. First, the couplin
laser is very intense and the Rabi frequency would be v
large so that spontaneous decay out of the stateu2& has been
neglected. Second, the EIT ensures that the probe lase
periences negligible or no absorption. Since the bandw
and dephasing effects are neglected, detuningd is real ~oth-
erwise an imaginary part would appear ind!. If these effects
are included, terms that are proportional to these depha
rates and laser bandwidths will appear on the right-hand
of Eq. ~6! and result in a complex detuning appearing in t
exponential factor on the right-hand side of Eq.~19!. Conse-
quently, an exponential Raman gain process could bec
dominant in the early stage@8,9#.
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Case 2: The source laser depletion is not negligible

Recent studies@6# of nonlinear frequency conversion i
the nanosecond regime have shown that significant impro
ment of the conversion efficiency may be achieved by ma
mizing the Raman coherence at the preparation stage o
process~i.e., before the source pulse!. Such high conversion
efficiencies inevitably deplete the source beam. Hence, b
Eqs.~16! and~17! must be solved simultaneously in order
correctly predict the generated Raman field.

Since we are mostly interested in the propagation eff
we will assume again that the time profile of the short pu
is described by Eq.~5!. From Eqs.~16! and ~17! we have

]VR*

]z
2 iP1VR* 5 iQ1VS* eiDkz, ~20!

]VS*

]z
2 iP2VS* 5 iQ2VR* eiDkz, ~21!

where

P15
k20

d
r00, P25

k21

d
r11, Q15

k20

d
r10,

Q25
k21

d
r01.

With boundary conditions

VR* ~z50,t r !50,
]VR*

]z
U

z50

5 iQ1VS* ~0,t r !, ~22!

Eqs.~20! and ~21! can be solved immediately and yield

VR* ~z,t r !5
k20VS* ~0,t r !r10e

i @~P11P21Dk!z/2#

2dS
~eiSz2e2 iSz!,

~23!

where

S5
1

2
A~P11P21Dk!214~Q1Q22P1P22P1Dk!.

~24!

Except for the population-dependent terms, Eq.~23! is iden-
tical to that given in Ref.@6#. We emphasize the importanc
of the population-dependent term since it is the interp
between populations and Raman coherence that dictate
optimized conversion efficiency. We again conclude fro
Eq. ~23! that the Raman field does not have an exponen
gain regime in the present treatment, as discussed a
~here,S is always real!. Nonetheless, it still supports high
efficiency nonlinear wave production. The conversion e
ciency is given by

h5
uVR* u2

uVS* u2 5
k20

2 ur10u2

d2S2 sin2~Sz!. ~25!

The maximum efficiency is obtained as
e-
i-
he

th

t,
e

y
the

al
ve

-

hmax5
4ur10u2

@r002~k21/k20!r11#
214~k21/k20!ur10u2

. ~26!

Equation ~26! predicts that the maximum conversion ef
ciency for the system studied here is achieved when the
term in the denominator becomes zero, which doesnot hap-
pen at the maximumr10, as pointed out earlier~see also Fig.
3!. However, if we taker00.1/2, r11.1/2, ur10u.

1
2 , and

k21/k2052 we obtainh>0.43. Experimentally, conversion
efficiency as high as 0.4 has been obtained@6#. The higher
conversion efficiency obtained in the present calculation
be attributed to the fact that dephasing and laser bandw
were not included. In Fig. 4 we show the conversion e
ciency of the present system at different delay times. O
interesting feature is immediately obvious: the maximu
conversion efficiency isnot always achieved at the max
mum Raman coherence. For the present system it is achi
shortly before the Raman coherence has reached its abs
maximum because of the contributions from populati
transferred. It is therefore preferable that one choose a s
able delay time for injecting the source pulse in order
optimize the conversion efficiency.

It should be pointed out that in the present treatment,
have assumed that the intensity distributions of the coup
and probe fields are of a sine-square shape, for mathema
simplicity. A Gaussian intensity distribution, which is wise
used in actual experiments, doesnot permit a clean treatmen
of the problem in hand, even for a zeroth-order perturbat
solution. Physically, we do not expect to see a qualitat
difference in the final result, due to the fact that the sou
pulse is much shorter, and the Raman field should hav
profile similar to that of the source pulse regardless of
intensity profile of the coupling and probe fields. This c
also be seen from Eq.~26! in the case of depleted sourc
pulse. Using

15r001r111r22,
~27!

r22.0,

we can recast Eq.~26! into

FIG. 4. Conversion efficiency as a function oft r /tL . The opti-
mized conversion efficiency for the system studied here is achie
near t r /tL50.4 instead of 0.5, where the absolute maximum R
man coherence is achieved.
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hmax5
1

„$r00@11~k21/k20!#2~k21/k20!%
2/4ur10u2…1k21/k20

. ~28!
et
ix
lita
c

en
c

tio
e
m
f

tio
It

i
s

th

all

-
ffi-
e
e

ng

ci-
T/

da-
d
g
l
d

he
As long as similar adiabatic following conditions are m
different field profiles should not modify the density matr
elements dramatically and the conclusion should qua
tively stay the same@7#. The exact behavior of a realisti
field profile may be obtained by numerically solving Eq.~6!,
since there is no analytical solution. In the case of differ
coupling and probe Rabi frequencies, no easy conclusion
be drawn without extensive numerics. IfuVcu@uVpu and the
probe saturation is negligible, however, a quick observa
can be made from Eq.~19!. Under this circumstance, th
ground-state population is nearly unchanged and the Ra
coherence should be small, leading to a low conversion e
ciency.

SUMMARY

In summary, we have examined the Raman genera
with short-pulse and near-maximum atomic coherence.
found that~1! adiabatic passage is very effective and atom
parameters evolve slowly on the scale of the long pulse
that during the time when the short pulse is present
density-matrix elements may be treated as constants~such an
tt.
,

e,

s.
.

v.
.

,

-

t
an

n

an
fi-

n
is
c
o
e

approximation is not quite appropriate for the case where
lasers have a similar pulse length!; ~2! very strong coupling
and electromagnetically induced transparency~within the
framework of the present treatment! have led to no exponen
tial gain of the generated field, yet higher conversion e
ciency is still possible;~3! the maximum Raman coherenc
does not always lead to the maximum efficiency and th
optimized efficiency can be achieved by tailoring the timi
of the delay of the source pulse.
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