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Optical bistable response of an open linear Frenkel chain:
Exciton-exciton annihilation and boundary effects

V. A. Malyshev,* H. Glaeske, and K.-H. Feller
Fachhochschule Jena, Fachbereich Medizintechnik Physikalische Technik, Tatzendpromenade 1b, D-07745 Jena, Germa

~Received 21 November 1997!

A numerical study of the optical bistable response of an open linear Frenkel chain of three-level molecules
is carried out, making use of the one-molecule density-matrix approach. We analyze the joint effect of the
presence of boundaries and of the exciton-exciton annihilation on the bistable behavior of a chain. The former
is going to destroy such behavior due to the spatial inhomogeneity of the population growing with time. The
latter resists a preferable creation of the population at a certain segment of the chain stabilizing the system and,
thus, provides the conditions for bistability to be realized.@S1050-2947~98!03907-9#

PACS number~s!: 42.65.Pc, 36.40.Vz
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I. INTRODUCTION

During the 1990s, the interest of many scientific grou
addressed studies of quasi-one-dimensional structures m
festing features quite different from those of bulk materia
In particular,J aggregates of polymethine dyes as well
conjugated polymers, which can be approximately mode
by a linear Frenkel chain, display extraordinary peculiarit
of their photoresponse@1–4# ~see also Refs.@5,6#, and refer-
ences therein!, caused mainly by the collective~excitonic!
character of the excitations. Recently, possibilities of obse
ing a bistable behavior in the optical response of linear
gregates@7,8# and even of a dimer@7,9# were discussed. The
bistability effect originates from a dynamical resonance f
quency shift with the population of the system, and cons
of a sudden switching of the population from a low level
a higher one with increasing pump intensity. The shift me
tioned reflects, in fact, the fermionic character of the ex
tonic eigenstates@10–13# ~see also Refs.@5,6#! and is mani-
fested in spectroscopic data as a blue shift of the one-to-
exciton transitions with respect to the ground-state-to-o
exciton transitions@14,15#.

The bistability predicted, unfortunately, can be destroy
for several reasons. In particular, as shown in Ref.@8#, the
inhomogeneity resulting from the presence of two bou
aries in the chain acts in such a way that the bistable be
ior disappears for chains of size less than an emission w
length. The preliminary study showed@16# that even in the
opposite limit the lower branch of the population becom
unstable with time, due to growing spatial inhomogene
and the system finally passes to the upper stable branc
addition, the process of excitonic annihilation, which play
role with increasing pump intensity@15,17–19#, can also re-
sult in the impossibility of a bistable behavior of photor
sponse to be realized. In Ref.@20#, a study has been carrie
out concerning this influence. It has been found, making
of the mean-field approximation, that the bistability of
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chain can exist at quite large magnitudes of the annihilat
constant ~comparable to the dipole-dipole intermolecul
coupling! if the relaxation from a molecular level, which i
responsible for the annihilation process, is slower than
rate at which the annihilation occurs.

The main goal of the present contribution is to study t
mutual influence of both the inhomogeneity and the ex
tonic annihilation on the manifestation of a bistable behav
in a Frenkel chain. An idea we are going to prove is whet
the excitonic annihilation, which does not destroy bistabil
within a certain range of its rate and acts as a factor
homogenization, can suppress the effect of boundaries
face the problem, we apply the one-molecule density-ma
formalism as was done in Refs.@8,20#. The resulting system
of couplednonlinearequations for the one-molecular densi
matrix includes exactly the intermolecular retarded inter
tion whose real part is responsible for the dynamical shift
resonance frequency with an increasing level of excitati
which, in turn, results in the aggregate bistability@7,8#. The
imaginary part of the retarded interaction describes the
lective radiative damping. Such an approach was previou
used to treat Dicke superradiance@21–23#, and to show a
bistable response of a collection of two-level atoms dispo
in a volume with linear dimensions smaller than an emiss
wavelength@24#.

The paper is organized as follows. Section II presents
formalism of the one-molecule density-matrix approach.
Sec. III, we discuss in detail the influence of the exciton
annihilation on the bistability of a chain, making use of t
mean-field approximation. Section IV deals with numeric
simulations, based on the exact set of coupled nonlin
equations for the one-molecule density matrices. The res
of these simulations maintain our idea mentioned above
the excitonic annihilation acts as a stabilizing factor, prov
ing conditions for the bistability to be observed. In Sec.
we discuss the parameters of some real systems with res
to a realizability of the effect predicted. Finally, Sec. V
summarizes the paper.

II. MODEL AND FORMALISM

As previously, we model a Frenkel chain as an ensem
of N identical three-level molecules equally spaced alon

te
,
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straight line@8,20#. The states are assumed to have altern
inversion symmetry, so that all transitions are dipole
lowed. A possible absorption from the excited state 2 is
accounted for here, due to off-resonance conditions cho
for the optical transition 2→3. Contrary to that, the dipole
dipole interaction of two excited molecules~responsible for
the annihilation process! will be considered rather efficient t
populate the higher~third! molecular state, by means of sum
ming the energy of two excitations. Then, the system of d
ferential equations for the amplitude of the off-diagonal m
trix element Rk and populations of the levels of thekth
molecule in the chainr i i

(k) ( i 51,2,3), accounting for both
the intermolecular interaction and the annihilation of exci
tions, reads@20#

ṙ11
~k!5

1

4 (
l ~Þk!51

N

~g lk1 iD lk!RlRk* 2 i
V

4
Rk* 1c.c.

1ar22
~k!@r22

~k21!1r22
~k11!#1G1r33

~k! , ~1a!

ṙ22
~k!52

1

4 (
l ~Þk!51

N

~g lk1 iD lk!RlRk* 1 i
V

4
Rk* 1c.c.

22ar22
~k!@r22

~k21!1r22
~k11!#1G2r33

~k! , ~1b!

ṙ33
~k!52Gr33

~k!1ar22
~k!@r22

~k21!1r22
~k11!#, ~1c!

Ṙk52 iDRk1 (
l ~Þk!51

N

~g lk1 iD lk!Rl@r22
~k!2r11

~k!#

2 iV@r22
~k!2r11

~k!#2aRk@r22
~k21!1r22

~k11!#, ~1d!

whereD5v212v0 is the resonance detuning of the extern
field frequencyv0, and the molecular transition frequenc
v21; V5m«ext/\ is the Rabi frequency of the external fiel
The latter was assumed to be a plane wave traveling per
dicularly to the chain axis and polarized parallel to the dip
vector of molecules in the chain,m. MatricesD lk andg lk are
given by formulas@8#

D lk5
m2

\a3H Fcos~k0au l 2ku!
u l 2ku3

1k0a
sin~k0au l 2ku!

u l 2ku2 G
3~123 cos2 u!2~k0a!2

cos~k0au l 2ku!
u l 2ku

sin2 uJ ,

~2a!

g lk5
m2

\a3H Fk0a
cos~k0au l 2ku!

u l 2ku2
2

sin~k0au l 2ku!
u l 2ku3 G

3~123 cos2 u!1~k0a!2
sin~k0au l 2ku!

u l 2ku
sin2 uJ .

~2b!

Here a is the distance between adjacent molecules andk0
5v0 /c, andu is the angle between the dipole vectorm and
the chain axis. The matrixD lk2 ig lk may be identified with
the matrix of the intermolecular retarded interaction.
imaginary partg lk results from the molecular interactio
through the transverse field~see, for instance, Ref.@22#!. In
te
-
t

en

-
-

-

l

n-
e

the problem under consideration, it describes the collec
radiative damping. The real partD lk gives rise to phase
modulation in the optical response of the aggregate, an
responsible for the bistable behavior@8#. In the particular
case of a chain with a length small as compared with
emission wavelength (L5Na!l), g lk equals half the radia-
tive constant of an isolated moleculeg0/2, whereasD lk is
just the near-zone dipole-dipole interactionm2(1
23 cos2 u)/a3 @22#.

The parametera phenomenologically describes the co
tribution of the exciton-exciton annihilation, in which on
excitation passes to the ground state while another one
up to a third molecular level, due to the dipole-dipole inte
action. We assume that two excitations disappear when
are nearest neighbors. The annihilation rate is proportiona
the sum of nearest-neighbor population,r22

(k21)1r22
(k11) .

Corresponding terms in the equations drivingr22
(k) and Rk

differ from one another by the factor of 2. Through the thi
level, the excitation relaxes to the ground and excited sta
with the ratesG1 andG2, respectively (G5G11G2). So we
include into our scheme both the ‘‘Auger’’ kind@17,19,15#
~described byG2) and the fusion model@18# ~associated with
G1) of excitonic annihilation~Fig. 1!. The magnitudes ofG
vary in several papers from 0.1 ps21 @18# to 5 ps21 @19#. We
do not include in our scheme anyT1 and T2 processes, as
suming the exciton-exciton annihilation to be dominant u
der the conditions we are going to consider.

III. ANALYTICAL RESULTS: MEAN-FIELD APPROACH

In order to gain insight into how the exciton-exciton a
nihilation influences the bistable behavior of a chain, we
strict our study in this section to the simplest model in whi
all functions in Eqs.~1! are assumed to be independent of t
site number. This gives us the great advantage of the ana
cal treatment of the problem. The system of equations~1!
then transforms into

ṙ115
gR

2
uRu21 i

V

4
~R2R!!12ar22

2 1G1r33, ~3a!

ṙ2252
gR

2
uRu22 i

V

4
~R2R!!24ar22

2 1G2r33, ~3b!

FIG. 1. Scheme of the exciton-exciton annihilation proce
through a third molecular level. In the first step, the moleculea
goes to the ground state while the moleculeb passes to the third
level. The second step is the radiationless relaxation of the t
level to the ground and excited states of the transition of inter
Dashed arrows indicate the cross-processes.
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ṙ3352Gr3312ar22
2 , ~3c!

Ṙ5$2 i @D2DL~r222r11!#1gR~r222r11!%R

2 iV~r222r11!22aRr22, ~3d!

whereDL52( l 2k51
N/2 D lk and gR52( l 2k51

N/2 g lk . As in Refs.
@8,20#, we will assume both thatDL is negative~the case of
J aggregates, see Refs.@5,6#! and thatuDLu@gR .

In order to display clearly the peculiarities of the bistab
ity effect in the presence of excitonic annihilation, o
should fulfill a stationary analysis of Eq.~3!, substituting the
time derivatives in Eqs.~3! by zero. Then an algebraic equ
tion of the fifth order appears, for the population of the s
ond level

4r22S 12
G2

2G D H F12r3322S 12
a

gR
D r22G2

1FD2uDLu~12r33!

gR
1

2uDLu
gR

r22G2J
5@12r3322r22#S V

gR
D 2

. ~4!

Herer335(2a/G)r22
2 .

First, let us recall the physical origin of the bistabili
effect in the absence of the exciton-exciton annihilatio
Making use in Eq.~4! of the substitutionG2→0, a→0, 1
2r33→1, we pass to the equation of Ref.@8#,

4r22F11S D8

gR
1

2uDLu
gR

r22D 2G5S V

gR
D 2

, ~5!

whereD85D2uDLu is the resonance detuning renormaliz
by the dipole-dipole interaction. Equation~5! has three rea
roots~and, consequently, demonstrates a bistable behavio! if
D8,2A3gR@8#. This means that, in order to observe t
effect, one should excite the system slightly above the ren
malized resonancev212uDLu. As the current detuning o
resonance, according to Eq.~3d!, depends on the populatio
differencer222r11 then the system, when excited by an e
ternal field, tends to improve the resonance conditions.
radiative damping, represented bygR , competes with this
tendency, stabilizing the population at some level. Howev
at a certain threshold value of the incident field amplitu
the radiative damping can no longer resist the pumping,
the system experiences an abrupt jump to another leve
population.

From recent experimental data related toJ aggregates
@19,15#, it follows that usually an inequalitya.G.gR is
satisfied. Nevertheless, to obtain a whole picture of how
excitonic annihilation affects the bistable behavior of
chain, we, first, consider a case of a very high relaxation
from the third levelG, so that one can neglect its populatio
Then, omitting everywhere in Eq.~4! the termr33, we ob-
tain
-

.

r-

-
e

r,
,
d
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e

te

4r22S 12
G2

2G D F S 11
2a

gR
r22D 2

1S D8

gR
1

2uDLu
gR

r22D 2G
5S V

gR
D 2

. ~6!

Hereafter, we assume thatD8,2A3gR ; i.e., as regards the
detuning of resonance, we are above the threshold of b
bility established in the absence of excitonic annihilation.

In the case of an algebraic equation of third order~6!, the
conditions of bistability can be derived from examining z
ros of the derivativedV2/dr22. The appearance of two zero
of dV2/dr22 is equivalent to Eq.~6! having three real roots
This takes place when

4S D8

gR
1

a

uDLu D
2

>3F11S a

DL
D 2GF11S D8

gR
D 2G , ~7!

where the equality means the threshold for bistability to
present. From this, one can find the critical value of the
nihilation constanta:

ac

uDLu
5

4~D8/gR!1A3@~D8/gR!211#

3~D8/gR!221
. ~8!

If a.ac , inequality~7! is never satisfied and consequent
r22 monotonically depends onV. In the opposite case,a
,ac , a three-valued real solution of Eq.~6! appears, which
results in a bistable behavior.

Note thatac , as a function ofD8, has an upper limit at
uD8u/gR@1. Taking large values ofuD8u/gR , from Eq. ~8!
one then obtains max$ac%5uDLu/A3.

In Fig. 2, we have drawn a few examples of the numeri
solution of Eq.~6!, displaying the disappearence of the cha
bistability with increasinga. Figure 3 presents the depen
dence of the critical annihilation constantac on the initial
detuning of resonanceD8. The bistability effect exists where
a,ac ~at a fixedD8): the shaded part in Fig. 3 shows th
region.

FIG. 2. Results of numerical calculations of Eq.~6! demonstrat-
ing the disappearance of the three-valued solution with the ann
lation constanta. Bistability exists ata,ac544 in full correspon-
dence with Eq.~8!. The other parameters areG/G252 (G1 ,G2

@1), D85210, anduDLu5100. All numbers are in units ofgR .
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Now let us discuss a realistic case of the relationship
tween the annihilation constanta and the relaxation rateG:
G!a. In order to demonstrate the effect of a finite mag
tude of G upon the realizability of the bistable behavior,
Fig. 4 we plot a family of solutions of the original Eq.~4!
obtained at a fixed magnitude ofa but varyingG. From these
calculations, it follows that, atG!a, the critical value of the
annihilation constant increases, providing more favora
conditions for displaying bistability.

Such behavior can be easily explained by the third le
population that just takes place at finite magnitudes ofG.
Indeed, comparing Eq.~6! with Eq. ~4!, one can see that th
initial detuning of resonance,D85D2uDLu in Eq. ~6!, is
renormalized due to population of the third level, turning
D2uDLu(12r33)5D81uDLur33 in Eq. ~4!. This means a
better resonance between the pump and the system freq

FIG. 3. Dependence of the critical value of the annihilation co
stantac on the initial resonance detuningD8. The shaded part cor
responds to the existence of aggregate bistability@a,ac(D8)#.

FIG. 4. Results of numerical calculations of Eq.~4! for the
populationr22 at a fixed value of the annihilation constanta5120
showing the disappearance of the three-valued solution wit
growing relaxation rate of the third levelG. As can be seen, at
relatively slow relaxation rate of the third level~in the sense tha
G!a), the critical value of the annihilation constantac increases,
providing more suitable conditions for bistability to be present. F
the parameters used~D85210, uDLu5100, and G/G252), Gc

equals 2. All numbers are in units ofgR .
-

-

le

l

en-

cies and, as a result, more advantageous conditions for b
bility to be realized. Note that, the lower the relaxation ra
the higher the critical value of the annihilation consta
needed to destroy the effect at hand.

IV. NUMERICAL SOLUTION OF EXACT EQUATIONS

In reality, the presence of two boundaries in the ch
makes the conditions for molecules inside the chain differ
from those close to the boundaries, in the sense that both
local energy shiftD̄k5( lÞkDkl and the local constant o
collective radiative dampingḡk5( lÞkgkl now depend on
the molecule locationk. This naturally leads to a violation o
the spatial homogeneity of the one-molecule density-ma
elements, in spite of the fact that it was present at the ini
instant of time. As shown in Ref.@8#, the spatial inhomoge-
neity can influence the manifestation of bistable behavior
the linear-chain optical response in such a way that this
fect disappears for aggregates of length less than an emis
wavelength.

In order to study the joint effects of spatial inhomogene

FIG. 5. Kinetics of the average population differenceZ(t) for a
linear chain of 50 molecules withk0a50.1 calculated with the ex-
act equations~1!: annihilation constantsa50 ~a! and a525 ~b!.
(D85210 anduDLu597.! Insets show the values of the Rabi fre
quencyV. All numbers are in units ofgR .
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674 PRA 58V. A. MALYSHEV, H. GLAESKE, AND K.-H. FELLER
and excitonic annihilation upon the bistable response of
open Frenkel chain, we have carried out numerical calc
tions of the exact system of equations~1!. In our numerical
experiments, we calculated the time dependence of the a
age population differenceZ(t)5N21(k@r22(t)2r11(t)#, at
fixed values of both the resonance detuning (D8) and the
annihilation constant (a), but varying the amplitude of the
external field (V). In all calculations, a sudden switching o
of the field was used. It is also seen in Fig. 6~a! that the
inhomogeneity is not created instantaneously. Two sets
calculations have been done, for chains ofN550 and 100
molecules at a fixed magnitude ofk0a50.1.

For real systems, magnitudes of the parameterk0a usually
have an order of 0.01. Our choicek0a50.1 is simply to
reduce the computation time to a reasonable limit. The c
of matter is that, first, two noticeably different time scal
exist in the problem under study, given by the matricesDkl
and gkl . The former describes the phase modulation of
electric polarization as well as the redistribution of the pop
lation along the chain, while the latter is responsible for
relaxation of the system to a stationary state, which we

FIG. 6. Spatial distribution of the population difference at se
eral instants in time evolution~shown in the insets!. The Rabi fre-
quency is equal to 0.645~a! and 0.861~b!. The other parameters ar
the same as in Fig. 5.
n
a-

er-

of

se

e
-
e
re

interested in. AsDkl@gkl and, moreover, as this inequalit
becomes stronger with decreasingk0a, one should wait a
longer and longer time for a stationary state, carefully co
puting processes occurring within the shorter time scale. S
ond, as was shown previously@8#, a linear chain of length
less than an emission wavelength did not manifest
bistable behavior. From this it follows that the parame
k0aN5k0L, whereL is the chain length, should be chosen
be of the order of 2p or more. At a real value ofk0a
(;0.01), this pushes values of the molecule numberN up to
1000. IncreasingN also leads to a drastic growth of the com
putation time, so that finally we have to restrict the numb
of moleculesN to a value of the order of 100. On the oth
hand, it should be pointed out that the crucial quantities
the problemDkl andgkl scale withk0auk2 l u. Thus the mag-
nitude of k0a is of no importance at a fixed value of th
chain lengthL: bothDkl andgkl look like universal curves in
term of the scaling coordinatej5k0auk2 l u. The same pecu-
liarity can be attributed to the solutions of Eq.~1!. Actually,
the magnitude ofk0a affects only the relationship betwee
Dkl and gkl, as mentioned above, lowering as a result
critical value of the external field amplitude necessary fo
sudden switching of the population from the lower branch
the upper one~see Ref.@8#!. In this sense, conclusions ob
tained for k0a50.1 can be extended to the more realis
case ofk0a50.01.

The results of numerical simulations are presented
Figs. 5–7 and 11 forN550, and in Figs. 8 and 9 forN
5100. Observing Figs. 5~a! and 8~a!, we come to the first
conclusion that the pure bistability~in the absence of exci
tonic annihilation,a50), in fact, does not exist, at least fo
the parameters used. The system cannot be stabilized o
lower branch of the population and finally experiences
jump to the upper branch, which is really stable. Such
behavior was not recognized in Ref.@8#, since the calculation
time in Ref.@8# was within the limits of stability of the lower
branch.

As in the frame of the mean-field approach (D̄k5DL and

-

FIG. 7. Spatial distribution of the population difference, corr
sponding to the lower branch of the possible states of the system
several instants in time evolution~shown in the insets!. The Rabi
frequency V50.807, and the annihilation constanta525. The
other parameters are the same as in Fig. 5.
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PRA 58 675OPTICAL BISTABLE RESPONSE OF AN OPEN LINEAR . . .
ḡk5gR), the lower branch is stable~see Ref.@8#!; an obvi-
ous reason for the instability found is the spatial inhomo
neity of the population of the molecules in the chain.
follows from Figs. 6~a! and 9~a!, two symmetrically placed
regions with a higher level of population arise, close to
boundaries rather than to the center of the chain, which
responsible for the instability of the lower branch foun
Evolving in time toward an increasing population, they
nally provoke the transition of the system to the stable up
branch.

We relate such preferable creation of population~rather
close to the boundaries! to the profile of the local energy
level shiftD̄k depicted in Fig. 10~a!. As can be seen from thi
figure, D̄k deviates from an analogous value for the me
field approach,DL5D̄k5N/2 , within the regions close to the
chain ends. This deviation changes the local detunings
resonanceDk85D2D̄k as compared to those at the center
the chain (D85D2DL). Definitely, two symmetrically lo-
cated regions can be found withuDk8u<ḡk @ ḡk is depicted in
Fig. 10~b!#. The latter means that monomers belonging
such a region are in resonance with the external field, su

FIG. 8. Same as in Fig. 5, only for a linear chain of 1
molecules; uDLu593, and the annihilation constantsa50 ~a!
and 15~b!.
-

e
re
.

r

-

of
f

o
e-

quently providing their efficient excitation, which in turn
gives rise to the instability mentioned. It is quite probab
that such an instability is present even for a very long cha
except that the time of quasistability may be large as co
pared to that for a shorter chain.

Note that for a short chain of size less than the emiss
wavelength@N510 in Fig. 10~a!#, D̄k changes quite steepl
with k, resulting subsequently in a high inhomogeneity of t
local detuning of resonanceDk8 . We consider this as a reaso
for the total absence of a bistable behavior for a short ch
@8#.

It is remarkable that the bistable behavior of a chain c
be revealed provided the presence of the exciton-exciton
nihilation. In Figs. 5~b! and 8~b!, we present the results o
numerical simulations at the same set of parametes a
Figs. 5~a! and 8~a!, except for a nonzero value of the ann
hilation constant (a525 and 15 for chains of 50 and 10
molecules, respectively!. As is clearly seen, the excitoni
annihilation is able to stabilize the system at the low
branch of population. In Figs. 6~b!, 7, and 9~b!, we plot the

FIG. 9. Same as in Fig. 6, only for a linear chain of 100 m
ecules.~a! V50.400.~b! V50.807 for the three lower curves, an
V50.861 for the two upper curves. The annihilation constanta
and all other parameters are the same as in Fig. 8.



k
th
c

d
la

i-

bl
sh

h
on
h
l-

a
f

ai
he
rn

of
near
e

The
of

s,
han

ell

f lo-

es.

mol-

ion

676 PRA 58V. A. MALYSHEV, H. GLAESKE, AND K.-H. FELLER
distributions of the molecule population over the chain, ta
ing time as parameter. It follows from these figures that
spatial ingomogeneity of the population at the lower bran
does not disappear; nevertheless, its profile is stabilize
time by the annihilation. Analogous distributions of popu
tion related to the upper branch behave more smoothly@see
Figs. 6~b! and 9~b!#. Nevertheless, with increasing the ann
hilation rate the bistable behavior disappears again~Fig. 11!,
in approximate conformity with the mean-field approach.

As in the absence of the excitonic annihilation the bista
behavior fails, it is clear that, in addition to the upper thre
old value of the annihilation constantac mentioned in Sec.
III, a lower one must also exist. In order to find this thres
old, a series of calculations was carried out varying the c
stanta. From these simulations, we obtained that, with t
other parameters (DL ,D8,G1 ,G2) fixed as above, these va
ues area52.5 and 10~in units of gR) for N550 and 100,
respectively.

Summarizing, one can see that the mean-field appro
discussed in Sec. III seems to be a very approximate one
describing the optical response of an open Frenkel ch
The spatial inhomogeneity plays a crucial role in forming t
behavior of a chain undergoing an on-resonance exte
field and, what is important, independently of its size.

FIG. 10. Dependence of the local energy-level shiftD(x)[D̄k

~a! and of the local constant of the collective radiative relaxat

g(x)[ḡk, ~b! on the position of the molecule in the chaink scaled
asx5k/N. Insets show the number of molecules in the chainN.
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V. DISCUSSION OF THE EXPERIMENTAL DATA

In this section, we would like to discuss parameters
some real systems, which can be modeled as an open li
chain. In this sense,J aggregates of pseudoisocyanin
present one of the most studied objects of such a kind.
value of a can be extracted from the experimental data
both the annihilation constantga'331023 cm3/s and a
typical size of the coherence length of an exciton~about six
at room temperatures! @17,18,15#. This gives a value ofa of
about 10 ps21. On the other hand,uDLu'650 cm21

'20 ps21 is accepted as a typical value forJ aggregates of
pseudoisocyanine@5,6#. Thus, for such kinds of aggregate
we have the magnitude of the annihilation constant less t
the maximal threshold value max$ac%5uDLu/A3, i.e., the case
of existence of a bistable behavior. Nevertheless, it is w
known that notwithstanding the fact thatJ aggregates can
incorporate thousands of molecules, only a subsystem o
calization domains consisting of a part of these~the so-called
coherently bound molecules! contribute to the optical re-
sponse. This is due to localization of the excitonic stat
From the experimental data@1,2,15,19#, it follows that this
number, even at low temperatures, does not exceed 100

FIG. 11. Kinetics of the average population differenceZ(t) for
a linear chain of 50 molecules withk0a50.1 calculated with the
exact equations~1!. Annihilation constantsa550 ~a! and a5100
~b!. Insets show the values of the Rabi FrequencyV. All numbers
are in units ofgR .
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ecules, which means that a typical size of a coherent dom
is less than the emission wavelength. Thus these objects
be considered as promising candidates for a realization o
bistability effect we are discussing, provided there is an
crease of the size of a localization domain.

It should be noted in this connection that one may sugg
another mechanism of bistable behavior of an ensembl
open Frenkel chains~shorter than the emission wavelengt!
based on the quasifermionic character of the 1D exc
states~see the discussion in Sec. I!. Indeed, as the transitio
from one-to-two exciton bands is blueshifted with respec
that from the ground state to the one-exciton band by so
energy gap (DE21), they can then be considered as deco
pled from one another, if the Rabi frequency of the exter
field fulfills the condition V,DE21. This allows one to
model an isolated linear Frenkel chain as a two-level m
ecule with a renormalized radiative constantgR5g0N de-
scribing the radiative relaxation from the one exciton ba
Further, it is known@25,26# that an ensemble of two-leve
molecules elaborated in the form of a thin slab with a thic
nessL less than an emission wavelength can demonstra
bistable behavior of both reflectivity and transmittivity r
sulting from the coupling of molecules via the emission fie
This concept seems to be acceptable to an ensembleJ
aggregates, taking into account the fact that they can be
ented by a vertical spin-coating method@27#. Another plan
for obtaining homogeneously oriented species that look
J aggregates gives us thin films of thiophen oligom
@28,29#, the lowest excitations in which are Frenkel excito
@30#. All this gives us hope that it is, in principle, possible
elaborate a thin slab consisting of homogeneously orien
aggregates. The model of such a type of bistability diff
from that we considered in our paper. Therefore, from
study, we cannot assert anything as regards the realizab
,
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in
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of this kind of bistability. A detailed description will be
given in a forthcoming paper.

VI. SUMMARY

The one-molecular density-matrix approach is used
analyze the nonlinear optical response of an open lin
Frenkel chain in the presence of exciton-exciton annihilati
The mean-field approximation predicts the possibility of o
taining a bistable behavior in the response, even in the c
of large magnitudes of the annihilation constant compara
to the dipole-dipole interaction of monomers composing
chain.

A numerical study based on the exact set of equations
the one-molecule density matrix shows that, in the abse
of the annihilation process, the bistable behavior predic
generally fails due to the spatial inhomogeneity of the d
sity matrices of monomers. Growing in time, this inhomog
neity finally provokes the transition of the system from t
lower branch of population~becoming thus unstable! to the
upper stable branch. Thus one can say that bistable beha
can be observable only over a certain interval of time a
the external field is switched on. Exciton-exciton annihi
tion, the rate of which rises with population, resists an
crease of the population at a certain region of the chain,
stabilizes it, in such a way providing conditions for bistab
ity to be revealed.
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