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Binary Bose-Einstein condensate mixtures in weakly and strongly segregated phases
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We perform a mean-field study of the binary Bose-Einstein condensate mixtures as a function of the mutual
repulsive interaction strength. In the phase segregated regime, we find that there are two distinct phases: the
weakly segregated phase characterized by a “penetration depth” and the strongly segregated phase character-
ized by a healing length. In the weakly segregated phase the symmetry of the shape of each condensate will not
take that of the trap because of the finite surface tension, but its total density profile still does. In the strongly
segregated phase even the total density profile takes a different symmetry from that of the trap because of the
mutual exclusion of the condensates. The lower critical condensate-atom number to observe the complete
phase segregation is discussed. A comparison to recent experimental data suggests that the weakly segregated
phase has been observg81050-294{®8)07312-0

PACS numbes): 03.75.Fi

I. INTRODUCTION Here ¢, with i=1,2, is the effective wave function of the

Shortly after its first theoretical studi], the binary mix- ith condensate, with the masg and the trapping potential
ture of Bose-Einstein condensatBEC’S) of alkali-metal Y- T_he interaction between thigh condensate atoms is
atoms in a trap has been realized experimenf2lyand the ~ specified byG;;, and that between 1 and 2 1&;,. In the
development of this field is now bloomiig§—7]. The binary ~ present paper alb’s will be taken to be positive. The cor-
mixture idea has been extended to trapped boson-fermioi¢sponding time-independent equation of motion is the well-
and fermion-fermion system@gt]. This opens the door to known nonlinear Schidinger equatiori8], obtained here by
studying the rich physics in new parameter regimes. Thereninimization of the energy, Eq1), with fixed condensate-
have been several theoretical studi®s7]; most of them are atom numbers:
numerical in nature or are from the atomic physics point of
view. In the present paper, we perform a mean-field-type

w2 _ 2
study based on the nonlinear Satlirger equation, and ob- 2m1V a(X) +[U1(X) = e ]p1(X) + Ga Y1 (X)[“9p1(%)
tain a qualitative and in many cases a quantitative analytical )
understanding of a variety of properties of the binary BEC + G h2(X)[“2(x) =0, (2

mixtures. Along with results from the competition between

the healing length and the “penetration depth,” as well as 2 2

from the finite trap effect, we have summarized previously — 2_mZV Pa(X) +[U(X) = o] h2(X) + Gogl ha(X)[ “ (%)

known results in the manner of simplified mean-field solu-

tions. In this way, we provide a convenient framework for +G gl th1(X)[*hp(x) = 0. (€)
classifying various excitations in the system, and pave thq_ _ . . .

way for further study of the properties of binary BEC's, such he Lagrangian multipliers, the Chemlgal poter12t|,aj§ an_d
as the time evolution of the two condensates during a phagé2. are determined by the relationfal®x|y;(x)| '

segregating process. =1,2, with N; the number of théth condensate atoms
We start from the Hamiltonian formulation of the binary Expe_nmentally, the trapping potentia{t);} are simple
BEC's at zero temperature: harmonic in nature. For the sake of simplicity and to illus-

trate the physics we shall consider a square-well tapping po-
tentialU;=U: zero inside and largénfinite) outside, unless
otherwise explicitly specified.

h2y2
st ‘//1()()( )Wl(x)+¢1(x)u (X) 1(X)
o]

Su f AP () i (X) 0 (X) g (X)

Il. CRITERIA AND SYMMETRIES IN SEGREGATED
PHASES

ﬁ2V2
lﬂz(X)( )lﬂz(X)Jﬂﬂz(X)U (X) P2(x)

A. Simplified mean-field solutions

With the square-well trapping potential specified in Sec. |,
G the coupled nonlinear Schiimger equations have an obvi-
22 ion: insi
+ =22 | A3 (X) o(X) 1 (X) ra(X) ous homogeneous solution: inside the trap the condensate
2 f V200920092 ()12 densitiesp;=|¢i|2, pi=N;/V, with V the volume of the
square-well potential trap and the chemical potentials
+(312J d3x T (X) h1 () P75 (X) tha(X). (1) w1=Gup1+Gipy and up=Goypr+Gipy. The corre-
sponding total energy of the system is
: - Lo N2 N3 N;N
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For a small enougfs,,, any variation on top of this solution B. Interface profile

will increase the system energy. This implies that the exci- | the apsence of the derivative terms in the determination
tations are stable. Therefore in this parameter regime thgs (e condensate wave functions studied above, the shape of
homogeneous state is the ground state. If the mutual repujpe houndary between the two condensates in the phase seg-
sive interactionG, is strong enough, however, this is N0 regated state will take any form. Now, we consider the effect
longer true. We show below in a mean-field manner thajy ihe derivative terms. Their inclusion will make the thick-
there is an inhomogeneous solution with a lower total systeMess of the interface finite and introduce a finite interface

energy. energy, the surface tension. The presence of the surface ten-

Let us consider the case of the inhomogeneous state igon will fix the shape of the interface between the two con-
which the two condensates mutually exclude each other. FQfensates by minimization of the total surface energy. First,
the moment we ignore the thickness of the interface and thg,e |0k for the condensate profiles at the interface with a
corresponding extra energy. In this way we temporarily ig-injte thickness. We rescale the effective wave functions by
nore the derivative terms in Eq&2) and(3) in determining  he values deep inside their own condensates:
the effective condensate wave functions. We call this situa-

tion the simplified mean-field approach, which is a useful o =f\pio.

one that has already given us a lot of physical insight

[1]. LetV; be the volume inside the trap occupied by theWe shall assume here that condensate 1 occupies the region

condensaté. We have|;|>=pio=N;/V; and the total en- in the trap specified bg>0 and condensate 2 occupies the

ergy of the inhomogeneous stalig,=3=,_, ,G;i(N/V;). region specified by<0. The interface plane iz8=0.

Minimizing E;, with respect td/; or V, under the constraint Deep inside the region of condensate 1, we hiyve 1

V,;+V,=V, we obtain the spatial volume occupied by eachandf,— 0. In this region, usingt; = G;; p;o and only keeping

condensate: the leading contributions, the coupled nonlinear Sdhrger
equations, Eq92) and(3), become

1
V]_: V, sz
1+ G,p/G11(Ny/N) ——2m1V25f1+2Gllp105fl+elzp20f§=0, 8
1 2
V2: V h 2
1+VG11/GyAN1/Ny) _Z_mZV f2=Goopaof 2+ G1ap10f2=0. 9

The corresponding condensate densities are Here f,=1+ 6f,. These equations may be written in the

G,oNo| Ny Gy following more suggestive form:
=\t \=x | v Po= \V= P (5
P10 G v G

11Nl

G
22 12 2
—¢&7Vest +26f 1+ ———15=0,
and the chemical potentialg;=G;pig. We note here & ! ! VG11Goo 2
M1p10= M2pP2o- The total energy for this inhomogeneous
state is

— &V ,+

G12
————1]f,=0,
GllGZZ

with the “healing lengths”¢; defined as

The energy difference from the homogeneous state is then \/W
i=\/z— . 10
N1N3 § 2m; Giipio (10

AE=Ej;—Epe= = (G12— VG11G2) VA (6)

1 NZ N2 NN,
Einzz [Guv + Gzzv +2VG11G2 VA

From Eq.(9) we find the density profile of condensate 2 in

This equation reveals that for a large enough mutual repuicondensate 1 is
sive interaction, that is, if

>
G127 VG11G2a D with the “penetration depth”

the inhomogeneous state has a lower total energy. Hence, the

fa(2)=f5(0)e "2, 1D

inhomogeneous state, the phase segregation state, will be Aom 1
favored for a large mutual repulsive interacti@,. We 2= \/ &2, (12
note that this criterion for the mutual repulsive interaction G12/VG11Gpo— 1

strength is independent of the condensate-atom numbers a%_ his the | h le f d 5 g into 1
well as of the trap size. We shall return to this point below.Wnich Is the length scale for condensate 2 penetrating into 1.

- : Similarly, for the penetration of condensate 1 into conden-
The critical value forG,,, Eq.(7), has been found using a S . _ JA
stability analysis from the excitation spectrum in the homo-S&t€ 2 in the regioz<0, we havef,(z) =f,(0)e”1, with
geneous statg6], while it is obtained here from a simple the .penetration depthAlz§1/\/612/\/G11622—1. The
energetic consideration. healing length scalé here
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describes the ability of a condensate to recover from a disThough Eq.(15) is a general expression for the surface ten-
turbance, similar to the same length scale in superfluid hesion, to gain a concrete understanding, we consider the case
lium 4. The newly introduced length scale here, the penetrain which the two condensates have an identical set of param-
tion depthA, describes the degree of the mixing between theeters:A;=A and = £. In the strongly segregated phase of
two condensates. Obviously, s,— VG11G,,, the penetra-  £>A/v2, Eq. (15) gives
tion depth goes to infinity, in coincidence with the disappear- ¢
ing of the phase segregation. -

gIt is alsg useful tg st?de the behavior of condensate 1 in ) CruGaaprobz0, (18
the regionz>0. Deep inside condensatedf,; is small. Iff%
approaches zero faster thaf,, that is,f§< o6f4, the last
term in Eq.(8) may be dropped, and we have

which is independent of the penetration depth and the mutual
repulsive interaction. In the weakly segregated phase of
E<AIV2, Eq.(15) gives

5f 1= 5f,(0)e~ V274, (13 &2
o=y G11G22p 10020, 17
Here it is the healing lengtly; of condensate 1, not the
penetration depth ,, that determines the profile of conden- which goes to zero a4 — . We note that this occurs when
sate 1. The validity of self-consistency for this solution re-G,,— \/G;,G,, in agreement with our above mean-field
quiresA,<v2¢;. In this parameter regime the mutual repul- analysis of the phase segregation. The existence of the finite
sive interaction is so strong that condensate 1 stays awayurface tension leads to another branch of gapless excita-

from 2, which is similar to the Meissner state where thetions, the interface or surface mode, which we are not going
magnetic field is completely excluded outside of a bulk su-to discuss here.

perconductor. We shall call this parameter regime the
strongly segregated phase. In the opposite limit, that is, D. Finite trap size effect I: Broken-symmetry ground state

A;>v2&,, 5fy will be determined byf; through Eq.(8): Now we consider the effects of finite surface tension and

the finite trap size. For a very large system, it is known that
Sf= — 1 Guo £2. A,>v3g,. (14) the minimization of surface energy leads to the minimum
Y 2(1-28IA)) GG, 2 C 1 surface area, whose shape is usually spherical in three di-
mensiong3D) and circular in 2D. For a finite-size trap, one
The only relevant length scale here is the penetration deptflight expect that the shape of the ground state of the binary
which is larger than the healing length. There is still a con-BEC mixture should take the same symmetry of the trap,
siderable mixing of the two condensates in this parametepartlcularly if it is cylindrically or spherically symmetric. We

regime, which we shall call the weakly segregated phase. Show here that this may not be true in a segregated phase,
and the condensates may break the cylindrical symmetry de-

fined by the trap. To demonstrate the essential physics, we
consider the case of two condensates in two spatial dimen-
With the inclusion of the gradient terms in the determina-sions with an identical set of parametefs=A, &= ¢, and
tion of the condensate wave functions, the presence of thg,;=p,. Let R be the radius of the square-well potential
interface will cost a finite amount of energy. The surfacetrap. Supposing that condensate 1 occupies a circular area
energy per unit area, the surface tension, may be defined &dth a radiusR’ =R/v2; the associated surface energy is the
o=AE/S. HereS is the interface area. The energy differ- length of the interface 2R’ times the surface tensian:
enceAE¢ may be calculated in the following manner: In the
presence of the interface a0 we first solve the full Egs. Es=v27Ro.
(2) and (3) with derivative terms for the condensate wave
functions ¢; , calculate the corresponding total energy from
Eqg. (1), then subtract from this total energy by the amount
given by Eq.(5), the total energy of the system in the seg-
regated phase without the effect of the derivative terms in E,=2Ro,
Egs.(2) and(3). Specifically, the energy differenckE, is

AES=J d3x[i_21‘2

C. Surface tension

On the other hand, supposing that each condensate occupies
a half circular shape of the trap, the corresponding surface
energy is

which is much lower than the circular shape with the same
—h2A? Gii 5.4 symmetry as the trap, because the interface length here is
piOfi(W) fi+ 7Piofi } shorter than that with the circular symmetry. Therefore, each
condensate will take a different shape than that of the sym-
- Gii metry of the trap. The broken cylindrical symmetry state
+ Gap10020f 172 —_212 — PioNi - occurs, discovered first numerically].
e Though the circular symmetry is broken for each conden-
sate, in the weakly segregated phase where/2 ¢, the total
densityp,+ p, still appears circularly symmetric, and it re-
tains the symmetry of the trap. In the strongly segregated
1 (= h2y2 phase whereA <v2¢, the two condensates tend to avoid
o=> f dz'Z Piofi(Z)( _ 2_) f.(2). (15) each_other. _In t.hIS regime the C|rcula_r symmetry qf the total
— =12 m density profile is broken. Here we give a heuristic demon-

Because of the normalization conditigfd®x piofizzNi,
from Egs.(2) and(3), we obtain the surface tension as
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stration of such different behaviors of the total density profileThis implies that ;,5¢1/y/p1o. When the interface thickness is

in two segregated phases. We first show that there is a ditdarger than the trap sizé;,>R, we do not have a well-

in the total density profile at the interface in the stronglydefined phase segregated state. A conclusion inferred from
segregated phase. Following the analysis above, we zakethis is that, if the condensate atom number is too small, there
=0 as the interface position. Condensat&jloccupies the is no complete phase segregation in the trap even with a
z>0 (z<0) region of the trap. In the regiarr>0, the con-  strong mutual repulsive interaction between the condensates.
densate densities take the formg(z)=po(1—b,e™"2%¢) We should point out that the analyses in Secs. Il D and

and p,(2) = pob,e ??", consistent with Eqs(8) and (9). Il E are based on the assumption that the two condensates
Similarly, in the regionz<0, p;(z) = pob,e??*, and p,(z) have the same sets of healing length and penetration depth.
=po(1—b,e"??¢). Hereb, andb, are two numerical con- This implies that the surface energy contributions caused by
stants. To determinie; andb,, we make use of the fact that the edge of the square-well trap are the same for both con-
because Eqg2) and(3) are second-order differential equa- densates. Hence we have ignored their effect in the determi-
tions, the solutions and their first-order derivatives must benation of the symmetry of the ground state. In general, this

continuous. This immediately gives us two algebraic equamay not be true, and one has to consider the competition

tions at the interface=0: among four lengths: two healing lengths and two penetration
depths, as well as the surface energy from the trap edge. This
1-by=by, v2b;/&=2b,/A. will generate an even richer physics than what has been pre-

) sented above. We believe our above discussions have pro-
The numerical constants are then=v2¢/(v2é+A) and  \jged the framework for further explorations. One such ex-

b,=A/(vV2é+A). Evidently, the total densityp(z) ample will be discussed in Sec. IlI.
+ p,(2) has its minimum valugy2A/(v2£+ A) at the in-

terfacez=0, which goes to zero as— 0 or, equivalently, as

G,,—. The total density has a ditch at the interface, an Ill. NUMERICS AND DISCUSSIONS
indication of broken symmetry in the strongly segregated , .
phase. For the weakly segregated phase, repladiigby In terms of the atomic scattering lengths of condensate

2A and following the same procedure, we obtaip=b, ~ &lomsa;, the interactions arG;; =4mh’a; /m; . The typi-
—1/2 and find that the total density remains constant in thé&@l value ofa;; for ®'Rb is about 50 A. The typical density
trap, not affected by the phase segregation. There is no bréeal'zfd for the binary BEC mixture is aboupio
ken symmetry for the total density in the weakly segregated™ 10%cn?®.  Hence the healing length s ¢
phase. =\(h%2m)(1/G;; pio) = V1/(8mai pig) ~3000 A. For the
We note that in terms of interactions the weakly segredifferent hyperfine states of®Rb, we may take
gated phase is specified by<IG;,/VG11G,,<(1+1N2), G1,/VG11G,=1.04, whose precise value is uncertain and
and the strongly segregated phase ®y,/\G;;G,,>(1 may be smaller. Then the penetration depth As

+1V2). _ N o =§/\/612/\/G11622— 1~1.5 um. The length scale for the
Another interesting feature of the finite surface tension isharmonic trap potential determined by oscillator frequencies
the floating of the condensate droplet. This may be regardeghnges from 1.3 to 4um, and the condensate occupies a
as a special case of the symmetry broken state. Suppose ofgjion with a diameter of about 2@m for about 16 atoms,
condensate, say condensate 2, has a particle number mughich is comparable to or larger than the size of the interface
smaller than that of condensate 1, but still large enough tgnjckness. Hence it is reasonable in practice to apply the
have a well-defined interface and surface. Then the condemnean-field results obtained for a square well potential to the
sate 2 may form a droplet inside condensate 1 in a phasgse of a harmonic trapping potential, because on the scale of
segregated regime. Because of the finite surface tension, thigterface thickness the trapping potential appears smooth.
droplet may move to and stay at the edge of the trap torhe measurement of the penetration depth can be used to
reduce the common boundary length in 2ar area in 3D getermine the mutual repulsive interaction in tH&b sys-
between condensates 1 and 2, to minimize the surface efsm, which is in the weakly segregated phase, bec@ysés
ergy. This tendency may be called the floating of the CONpelieved[2] to be slightly larger tham.

densate 2 droplet. Now we consider whether or not the ground-state symme-
try of the hyperfine stateé€Rb can be broken. As pointed out

E. Finite trap size effect Il: Lower critical condensate-atom at the end of Sec. Il E, there is a complication arising from

number for phase segregation the trap edge surface energy contribution, due to the differ-

In the above analysis, we have implicitly assumed that th&"C€ in healing lengths or interactions. In accordance with
thickness of the interface is much smaller than the trap sizé"® €xperimental situation and for the sake of simplicity of
such that we have a well-developed phase segregation. WA2!ysis, we take two condensates having a equal number of
examine the limitation of this assumption here. According toParticles. The differences in interactions are smafy
the above analysis, the penetration of condensate 2 into 1 i (Gii ~G12/G12, i=1,2 are close to zero, and their sum
determined by\, and the recovery of condensate 1 from theS1+ 92~0. A condensate near the edge of the square-well
presence of the interface lyor A in the strongly or weakly potential is identical to the strong segregated phase, because

segregated phase. As an estimation, we may have the intdhere is no penetration into the hard wall. The surface tension
face thickness,, as at the trap edge can be readily evaluated according to an

expression similar to Eq(1l5) in the strongly segregated
[~ &+A. (18 phase but with only one condensate. The difference in those
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surface tensions is then, up to the first ordegin Given the size of the trap to be on the order of /2@, the
interface thickness must be smaller than this length to have a
well-defined segregated phase. For the different hyperfine
states of®’Rb, this implies that, according to EL8), a
lower critical number N, of condensate atomsNc

Here we have used E), thatG,,0,0= VG11p10- If there  _ 1/(G /G 11Gpp— 1)V (874, ) ~ 4000. We should point

were no symmetry breaking in the ground state, the condens,+ that the precise value of the lower critical atom number

sate with the lower surface energy at the trap edge, say thg,hends on details of a realistic trapping potential, such as
condensate 2, would stay close to the trap edge. Condens I oscillator frequency and the anisotropy ratio. For a

1 stays inside. If there is a symmetry breaking such that each,jensate-atom number of less than this value, there is no
occupies half of the trap as discussed in Sec. I E, then cons

. : ; omplete phase segregation.
densate 1 will get in contact with half of the trap edge. There P P greg
is an increase in total energy as IV. CONCLUSION

1
AU:Ul_UzzﬁglGlﬂﬁox (8, 5y).

From the mean-field analysis, by tuning the strength of
the mutual repulsive interaction we have found that there are
two segregated phases: The interface profile is determined by
For the symmetry breaking to occur, this surface energy coshe penetration depth in the weakly segregated phase, and by
from the trap edge must be smaller than the interface energyie healing length in the strongly segregated phase. The bro-
gained, which is ken cylindrical symmetry state starts to appear in the weakly
T3 segregated phase for each condensate, and persists into the

R§1G11Pfo( 5,— 81). (20 strongly segregated phase. For the total condensate density,

2 the cylindrical symmetry is maintained in the weakly segre-

A — _ _ gated phase, and disappears in the strongly segregated phase.
gﬁ;e CV;?] ?:ggilysfhaééjlzInosltlfztﬁzgt(?ﬁdeit%i::,:i;z%edgg We have also found that a condensate droplet inside another

We note that in the case of the harmonic trapping potentialc,:Ondensate in a segregated phase tends to move to and to

the density of a condensate is smaller near the edge, Whicﬂaybat the trap"bour?dary, anq tf|1at Ilf the r::ondgnsate atl?m
gives an even smaller edge surface energy contributioUmPer s smaller than a critical value, there is no well-

Therefore the symmetry breaking will occur in the system Ofdeveloped phase segregation. A comparison between the
hyperfine states of’Rb according to the present analysis. present results and a recent experiment has suggested the

We believe this is precisely what was observed in a ver))Neakly segregated phase has been observéRin conden-

recent experimerf3]. Furthermore, since it is in the weakly Sates-
segregated phase, one should also expect that the symmetry
break occurs only for the density of each individual conden-

sate, not for the total density. Again, this is what was re- This work was supported in part by a grant from NASA

o
ABeuge TRAT= 55 REG1p1|( 5= 81). (19
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