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Amplifying an atomic wave signal using a Bose-Einstein condensate
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We investigate a matter wave amplifier model which is capable of enhancing an external input atomic wave
signal. This amplifier makes use of a cavity QED interaction with a trapped Bose-Einstein condensate. We
examine the atomic wave equations and describe the gain perforni8i€&60-29478)04412-9

PACS numbg(s): 03.75.Fi

Bose-Einstein condensatigBEC) of dilute atomic gases and emitting a photon into the optical cavit9]. Using the

[1-3] has become an important source of macroscopicallgecond quantized annihilation atomic field operatbrsfor

coherent matter. Exploring new applications of matter waves, . Bec and‘ifb for the input wave, the Hamiltonian of the

is a t|mely topic _for current rese_arch. In_thls_ paper we ad'system is given by
dress an interesting question: If information is embedded in

the number of atoms in a weak atomic wave, how do we o o %2
make an amplifier to enhance the signal? The concept of an H=HBEC+ﬁwCCTC+J \Ifg(x) — mvz}
amplifier can generally be defined by the relation

XWp(X) ¥+ Hin, 2

Nou=GNin+Np, 1
where Hgec denotes theébare Hamiltonian of the conden-
whereN;, andN,, are the atom numbers of input and output sate in the absence of the optical fields. In writing &y, C

waves. The paffﬁ‘met@_'s the gain <_:oeff|0|ent, antll, de- andC' are annihilation and creation operators of the cavity
scribes the possible noise contributions. Although there havﬁeld and we have assumed that there is only one cavity
been many investigations of matter wave amplificafidr y

6], most of these studies focus on the buildup of atomicmOde resonantly involved in the Raman interaction. The ki-

X . netic energy of the input wave is given by the third term of
waves In a Frag[S] and the output propertle_{ﬁ]. The pr_o_b- Eq. (2) whereM is the atomic mass. The matter fields are
lems of achieving Eq(1) in the context of signal amplifica-

tion have not been fully exploreid]. coupled by the photon-atom interactiéf,,

In this paper we report an interaction in which a BEC R
coupled with an optical cavity field can realize Ed) as a Him=hge"“’"CTJ \Pg(x)\lfa(x)u(x)e'kl'xd3x+ H.c.,
matter wave amplifier. Given an input atomic wave as a sig- 3
nal, the amplifier can produce an output atomic wave propor-
tional to the input numberapart from the noise The  whereg is the coupling parameter controlled by the ampli-

scheme of our model is shown in Fig. 1. We consider &,qe of the external laséwith wave vectork,), andu(x) is
Bose-Einstein condensate trapped in an optical cavity. Each

atom in the condensate has the same internal $atee-

sponsible for the trapping. An input atomic wave with a dif- (0/ o,

ferent internal stat¢b) propagates through the condensate.

We assume that the stdte) does not interact with the trap. la) ——1p

The condensate and the input wave are Raman coupled by an

external laser with a frequency,, and an optical cavity

field with a frequencyw. [8]. We assume that the external

laser field is well described by a classical field in the form of

a plane wave with a constant amplitude, and we treat the

cavity field as a fully quantized field. We note that the quan-

tization of the cavity field is not crucial to our treatment.

However, a quantized description allows for a more com- 1

plete analysis in that the effects of quantum noise can be o ﬁm M

naturally included. In this paper we also assume that the !

condensate is sufficiently dilute so that effects of collisions & Q’Zé’,ljfs

between the input atoms and condensate atoms can be ig-

nored. FIG. 1. A scheme of the matter wave amplifier. The input atoms
As shown in Fig. 1, an atom in the condensate can changgre prepared in stai®), and the BEC atoms are in stg&. The

its internal state fronfa) to |b) by absorbing a laser photon atomic transitions are shown at the top of the figure.

Output
B & atoms

1050-2947/98/58)/4791(5)/$15.00 PRA 58 4791 © 1998 The American Physical Society



4792 C. K. LAW AND N. P. BIGELOW PRA 58

the mode function of the optical cavity. Interacti(@) can be Given that the input atomic wave has an average momen-
derived by applying the usual adiabatic elimination procetym 7k, it is convenient to define the slowly varying vari-
dure commonly used in single-atom cavity QED systemsgples

[10]. In this work the frequencyor the ac Starkshifts terms

are omitted. l/,b(x t)= (x e, @)
We can identify the interaction HamiltonidB) as a form
of parametric down conversion: An atom in the BEGQI®svn o(t)=C(t)elwet 9)

convertednto a cavity photon, and an atom with the internal
state|b) [7]. In the language of nonlinear optics, the BEC where e =#k2/2M. By tuning the fields frequencies at the
acts as a pump, the input atomic wave acts as a signal, anghman resonance
the optical cavity field acts as an idler. We emphasize that it
is the coherence feature of BEC that makes such an analogy we—w+e—u=0, (10
feasible, as does the coherent pump field in photonic sys-
tems. However, there are some differences which arise fdrgs.(4) and(5) can be reduced to
atomic systems. The most apparent one is that atomic motion .
typically occurs on a much longer time scale than optical IP(X,t)
time scales. Since our system consists of both photons and '~ 5t~ | 2m te
atoms, there are well separated time scales. For example, the
storage time of cavity photons can be much shorter than the
atom?c transit time_. In the foIIO\_Ning we shall_ _derive the_ i_'[z_iKEH_g\/NJ %(;,t)n()z)dsx+]‘c(t)eiwct_
atomic wave equation and examine the possibility of ampli-
fication.
With Hamiltonian (2) and the commutation relations Here

[\If (x t), ¥ (x 1)1=0 and[\If (x t), \PT(X 1)]=4, 5(x o
—x'), the Heisenberg equations of motion fby, andC are 7(X)= (x)u(x) e’k (13
obtained:

do(x,t)+gYNCT7(x), (12)

(12

can be regarded as an effective mode function which is a
I (x,t) AvV2 o o product of the BEC wave function and the mode functions of
i =— \IIb(X,t)-|—gCT\Pa(X,t)u(X)e'kl‘Xe_'wlt, the optical fields.
at 2M The coupled operator equatiofitl) and (12) determine
@ the dynamics of the fields under the nondepleted assumption

(7). It is obvious that ifc can be treated as a constant number
(i.e., if the cavity field is also a constant classical fieltien
atoms can be added to the output mode according to the
. . - . solution of Eq.(11). However, this trival case does not meet
XWo(x, Hu(x)e s *d3x+f(t). (5  our goal of signal amplification. This is because in this case
the gain in the output does not depend on the input at all.
Here « is the decay rate of the optical cavity field, a?(d) Atoms are added to the output whether the input is present or
is the Langevin noise operator. In this paper we assume th&ot. In order to achieve signal amplification, the cavity field

the correlation functions of (t) are governed by a zero- has 0 be a dynamical variable. Here we consider a simple
temperature bath, so that situation where the cavity is initially in the vacuum state. We

assume that the cavity decay ratds the fastest time scale
of the system such tha:t>g\/ﬁ. In this “bad-cavity” limit,
the number of cavity photons is very small. By using the

adiabatic approximation, we have
Note that we have not shown the equation of motion for the PP

dC .- —iot | 3tie
—t:(wc—lx)CJrge H Wp(x,t)

Frof)y=o0, FoFft))=2xst-t"). (6

condensate field operatdr,. This is because we shall re- f(t ) gl oct
strict the system to the weakly interacting regime where the C(t)% - I—f zpb x t) 77(x)d3 X—i——. (19
change of‘i’a can be neglected. In this regime, we may re-
placeV, by its mean-field value We can eliminatec andc’ and obtain a wave equation for
A > N . be()zrt):
Vo (x,t)~ VNp(x)e 1~
(1) ﬁV2
. . > [ +e | Pp(x,t)
HereN is the number of atoms in the condensatéx) is the ot 2M
condensate wave function determined by the mean-field 2N
theory, andh i is the mean-field energy of the condensate |9|

n(X)f Pp(X" 1) 7% (x')d3x’

including the energy of the internal level. Approximatig
is equivalent to the treatment of the pump field as a nonde- \/_
gilsaed classical coherent field in parametric down conver- +|9 fT(t "“’c‘n(i). (15)
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We point out that apart from the noise pétie third term,
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It can be shown that the rate of changerd? is always

the same equatiofl5) can also be derived for weak classical non-negative,

(but dynamical cavity fields. Our quantized field treatment
allows us to include quantum noises in the wave equation

naturally.

Equation(15) is the basic equation describing an atomic

2

dn®  2|g|2Nn{®(0
_ g b ( )‘ ~0, (22

n ‘f 7* (X)W(X,t)d3x

wave propagating through a BEC under the cavity-assisted aan o
Raman interaction. The integral term in the wave equatior-€-» amplification occurs. Hene((0)=(b.bs) is the initial
(15) indicates a “nonlocal” dependence. This is because wenumber of atoms and/(x,t) is the wave packet at the tinte
have assumed that there is only one cavity mode effectivelgefined by

involved in the interaction, and therefore the effects of light

propagation through the sample are neglected.

The general solution of the wave equatiitb) can be
obtained by solving the propagatr(x,t;x’,0), which is
defined by

U(X,tx,0) V2 ) s o
i |g|2N " * (o N ’ 3y
al 7(X) | 7" (X")U(X",t,x",00d°x",

(16)
and the conditiorl (x,0;x’,0)= 8(x—x’). Given an initial
field ,(x,0), thefield operatory,(x,t) at a later timet is
given by

o0 = P (X0 + gV (X, ), (17

where {9 (x,t) is the signal part ang{"(x,t) is the noise
part:

P, t)—f U(X,t;x",0) (X’ ,00d3x’, (18
SR N . o,
wgn)(xlt):%_fotdtrf‘f(tr)eIwct

xJd3x'U(>Z,t—t';>Z',0)n(>Z'). (19)

Such a separation allows us to distinguish the contribution of

noise which does not depend on the inﬁq(i,O).

Let us now consider that the input wave is initially in the

form of a wave packet. We write

Po(X,00=DbwW(x,0) + &(x,0), (20)

Wherew(f,O) is the initial wave-packet wave functiof)S is
the corresponding annihilation operator, é‘f@ﬂ,O) describes
the contributions of modes that are orthogonaIV\t()Z,O).

w(i,t)zf U(x,t;x",00w(x’,00d3x’ (23

The fact thatn®(t) is proportional ton{®(0) is indeed what
we demand for the amplififisee Eq.(1)]. The gain coeffi-
cient G is given by

2
G=1+

2|g|°N
~ (24

fdtf 7* (X)W(X,t)d3x

According to Eq.(18), those atoms generated in the signal
part propagate in the form @f(x,t). The integral in Eq(22)

can be interpreted as a Frank-Condon factor because it mea-
sures the effective overlap between the wave packet and the
condensate. Once the wave packet leaves the condensate, the
integral vanishes and the raté® becomes zero. For the
atoms created in the noise pHEqg. (19)], the number density

is given by

WX, P (x t)>—

(25
where
01 1 1 1
g
=
g .
> input
Z
S 005 | J
<
T noise
- I I AN U I
g b
= .
Z !
;
0 — VAR — :
200 -100 0 200
X (m)

Since input atoms are already assumed to be in the wave

packet, we have(Z(x,0)£(x,0))=0 and (blZ(x,0))=0.

FIG. 2. An illustration of the amplification of wave packets in a
one-dimensional system. The condensate is locatee=& which

Hence£(x,0) does not make contributions for normally or- has a width of 1Qum. The input atomic wave packet is initially
dered observables. To show the amplifying action, we 100Kocated atc= — 100 wm, with a width 10um. We show the shape

at the number of atoms in the signal part:

0= [ PO I, (@D

of the wave packet when it reaches +100 um. The dotted line

is the number density due to the noise part. The average velocity of
the input atom is 1.6 cmg, and we use sodium atomic mass for
this calculation.
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FIG. 3. The number of signal atoms as a function of time. Same (k=ko)/ ko

parameters and initial conditions as in Fig. 2. FIG. 4. Momentum distribution of the output wave pacigalid

line) and input wave packeddotted ling. The parameters are the
- - - = 430 same as in Fig. 2, except that the input wave packet has a width of
n(x,t)= [ U(x,t;x",007(x")d>x (260 2 um. The areas under the curves represent the numbers of atoms.

represents a wave function propagated from the effectiveer- We point out that the amplifier is not limited to single-
mode 7]()2,) through the propagatcw(i,t;i’ 0). atom input, coherent sources such as atom lasers can be used.

The positive increasing raf&q. (22)] can be understood In fact a much better signal-to-noise ratio can be achieved
by the fact that the number of photons in the optical cavity ismgennggg number of atoms in the input; wave packet is more
always very small. It is unlikely that an input atom can be :

: As indicated in Eq(22), the gain of atoms is governed b
absorbed by the condensate, because that requires an absorqfrank-Condon faci(()r )There%ore amplificatio% can onl )E)e
tion of a cavity photon. On the other hand, the condensat ' ' y

can always convert its atoms into the output mode becaus%gmﬂcam for those input waves that maich the momentum

photons are emednsead of beng absorbpdurng e orsenalon. Shce e condensale conaiered here s o
atomic transition. This explains why we have a positive gain ' 9 P

and also why a cavity with a large leaking rate is useful herei.rT the momentum of input wave packet. This is more pre-

We remark that the similar gain effect should also be exCisely measured by the Fourier spectrumigk):

pected in the free space. However, the use of an optical cav-

ity provides control of the mode function, the instrinsic . e

atom-field coupling strength, and the leaking rate. For ex- n(p)Ef n(x)e’P ¥hd3x, (27

ample, a strong atom-field coupling can be achieved as in

cavity QED systemdg11]. In addition, since photons are

emitted into the cavity mode, one can efficiently monitor theThe width of 7(p) determines the range of input momentum

presence of input atoms by detecting the transmitted photonghat can be amplified efficiently. We illustrate this by looking
To illustrate the dynamics we solve EG.5) numerically  at the case when the input wave packet consists of a broad-

for the number density{(x,t) ¥ip(x,t)). Since the propa- band momentum spectruiiie., a narrow wave packet in

gation of the input and output atomic waves is essentiallyoosition space In Fig. 4 we show the momentum distribu-

one dimensional, we consider a one-dimensional systeriions of the input and output wave packets. We see that two
in which the function 7(x) is modeled by #(x) distributions are basically the same except for a finite range

= g U4y~ 12g— (%1207 sinkx, wherek, is wave number as- of momentum where the output shows a sharp peak signifi-

sociated with the standing-wave cavity mode. We choose thgantly above the input distribution. WE n9te that the width of
width =10 um, g=1 KHz, k=100 MHz, and the num- the peak is the same as the width fp), which is not

ber of atoms in the condensate ix 20*. The incident signal  surprising given that the areas under the curves represent the
is a single atom Gaussian wave packet witky=7k, numbers of atoms. In other words, Fig. 3 demonstrates that
+#k, which matches the momentum conservation. In Fig. 2only those input momenta within the width @f(p) (which

we show the wave packet before and after passing througtan be interpreted as the bandwidth of the amplifigteract

the BEC. The amplification is apparent because of the largewith the condensate and are amplified.

size of the output wavepacket. The number density of the In conclusion, we have described a matter wave amplifier
noise part is also show(dotted ling. We see that the wave which makes use of cavity-assisted Raman interaction with a
packet can be significantly higher than the noise level. Iftrapped Bose-Einstein condensate. We have derived a wave
there are no input atoms, the noise part is the only contribuequation in the bad cavity limit, and discussed the basic rate
tion. The total number of atoms in the signal part is plotted inequations. In particular, we have considered the case of an
Fig. 3 as a function of time. In this example the final numberinput wave packet, and have shown that the input and output
of atoms is about 1.8, which is about twice the initial num-numbers follow a linear gain relationship. The question
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about the coherence properties of the output field is an im-

AMPLIFYING AN ATOMIC WAVE SIGNAL USING A ...

4795

The authors would like to thank Professor J. H. Eberly

portant subject for further investigations. This work appliesand H. Pu for discussions. This research was supported by
cavity QED technique to BEC systems, and more intriguingNSF Grant Nos. PHY-9415583 and PHY-9457897, and the

ideas should be expected in this interesting §feq13.

David and Lucile Packard Foundation.

[1] M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E. Wieman,
and E. A. Cornell, Scienc269, 198(1995.

[2] K. B. Davis, M. O. Mewes, M. R. Andrews, N. J. van Druten,
D. M. Kurn, and W. Ketterle, Phys. Rev. Let?5 3969
(1995; M. O. Mewes, M. R. Andrews, N. J. van Druten, D. M.
Kurn, D. S. Durfee, and W. Ketterléyid. 77, 416 (1996.

[3] C. C. Bardley, C. A. Sackett, J. J. Tollett, and R. G. Hulet,
Phys. Rev. Lett75, 1687(1995; C. C. Bardley, C. A. Sackett,
and R. G. Huletjbid. 78, 985(1997).

[4] M. R. Andrews, C. G. Townsend, H. J. Miesner, D. S. Durfee,
D. M. Kurn, and W. Ketterle, Sciencg75, 637 (1997.

[5] H. M. Wiseman and M. J. Collett, Phys. Lett. 202 246
(1995; R. J. C. Spreeuw, T. Pfau, U. Janicke, and M. Wilkens,
Europhys. Lett.32, 469 (1995; M. Holland, K. Burnett, C.
Gardiner, J. I. Cirac, and P. Zoller, Phys. Rev5A R1757
(1996; A. M. Guzman, M. Moore, and P. Meystrihid. 53,
977(1996; G. M. Moy, J. J. Hope, and C. M. Savadieid. 55,
3631(1997.

G. M. Moy and C. M. Savagebid. 56, R1087(1997; J. J.
Hope,ibid. 55, R2351(1997.

[7] For an early study of amplifying an input matter wave, see Ch.
J. Borde, Ann. Phyg(Pari9 20, 477 (1995.

[8] Raman interaction has been widely used in manipulating inter-
nal and external states of BEC. See, for example, C. M. Sav-
age, Janne Ruostekoski, and D. F. Walls, Phys. Re®7A
3805 (1998, and references therein. See also K. P. Marzlin,
W. Zheng, and E. M. Wright, Phys. Rev. Leff9, 4728
(1999.

[9] If input atoms are in the stata), and the BEC is in the state
|b)), Hope and Savage found that the input atoms are stimu-
lated absorbed by the BEC in the free space. See J. J. Hope and
C. M. Savage, Phys. Rev. B4, 3177(1996.

[10] Liwei Wang, R. R. Puri, and J. H. Eberly, Phys. Rev.48,

7192(1992.

[11] C. J. Hood, M. S. Chapman, T. W. Lynn, and H. J. Kimble,

Phys. Rev. Lett80, 4157(1998.

[6] H. Steck, M. Naraschewski, and H. Wallis, Phys. Rev. Lett.[12] E. V. Goldstein, E. M. Wright, and P. Meystre, Phys. Rev. A

80, 1(1998; O. Zobay and P. Meystre, Phys. Rev5& 4710
(1998; W. Ketterle and H. J. Miesneibid. 56, 3219(1997;

57, 1223(1998.

[13] M. G. Moore and P. Meystre, e-print quant-ph/9807088.



