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We consider the production of ultrarelativistic positronium~Ps! in gA→Ps1A andeA→Ps1eA processes,
where A is an atom or a nucleus with chargeZe. For the photoproduction of para-and ortho-Ps and the
electroproduction of para-Ps we obtain the most complete description compared to previous works. It includes
high-orderZa corrections and polarization effects. The accuracy of the obtained cross sections is determined
by omitted terms of the order of the inverse Ps Lorentz factor. The high-order multi-photon electroproduction
of ortho-Ps studied dominates for the collision of electrons with heavy atoms over the bremsstrahlung produc-
tion from the electron via a virtual photon proposed by Holvik and Olsen@Phys. Rev. D35, 2124~1987!#. Our
results complete and correct the studies of those authors.@S1050-2947~98!03112-6#

PACS number~s!: 36.10.Dr, 13.60.2r, 13.85.Qk, 12.20.2m
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I. INTRODUCTION

The production of relativistic positronium~Ps! opens an
attractive possibility to create intensive beams of elemen
atoms. It is known thate1e2 elementary atoms exist in tw
spin states: parapositronium~para-Ps, singlet state! 1S0 with
lifetime at restt050.123 ns and orthopositronium~ortho-Ps,
triplet state! 3S1 with t050.14ms. The relativistic Ps with
lifetime t5gPst0 ~where gPs is its Lorentz factor! can be
detected far from its creation point, which is quite use
from the experimental point of view.

The main motivations to study the positronium producti
can be summarized as follows.~i! It is the simplest hydro-
genlike atom that is very convenient for testing fundamen
properties of nature such as theCPT theorem~see Ref.@1#!.
~ii ! There is an essential difference between experime
measurements and theoretical calculations of the ortho
width @2#. ~iii ! Finally, the relativistic Ps has an unusual lar
transparency in thin layers~see Ref. @3# and references
therein!; in QCD a similar property is called color transpa
ency.

In this paper we consider the Ps production in the co
sion of high-energy photons and electrons with nuclei
atomsA of chargeZe ~Figs. 1 and 2!:

gA→Ps1A, eA→Ps1eA. ~1.1!

Due to charge parity conservation, the number of phot
exchanged between the projectile photon and the ta
nucleus has to be odd or even for the production of para
or ortho-Ps, respectively.
PRA 581050-2947/98/58~6!/4556~9!/$15.00
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Let us briefly summarize the present status of calculat
the photo- and electroproduction of relativistic positroniu
The photoproduction of para-Ps was calculated in the m
logarithmic approximation in@4# and more precisely in@5#.
In both papers the effects of high-order corrections in
parametern,

n5Za5Z
e2

4p
'Z/137, ~1.2!

were not taken into account. In Eq.~1.2! Ze denotes the
nucleus charge. However, the parametern is of the order of
1 for heavy nuclei and therefore the whole series inn has to
be summed. Thesen effects were considered for para- an
ortho-Ps photoproduction in@6#, but only for total cross sec
tions with complete screening. Polarization effects of t
photon projectile and azimuthal asymmetries in the Ps dis
bution have not been studied. The electroproduction
para-Ps was calculated in@4,7,8# without high-ordern cor-

FIG. 1. Photoproduction of Ps on the nucleus with an odd~even!
numberj of exchanged photons for para-Ps~ortho-Ps!.
4556 © 1998 The American Physical Society
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rections. The corresponding ortho-Ps was considered
@7,8#, where only the bremsstrahlung production of Fig.
was examined.

The outline of our paper is as follows. In Sec. II we obta
the most complete description of the para- and ortho-Ps p
toproduction on nuclei and atoms taking into account po
ization, high-order corrections inn, and screening effects o
target atoms. First the general matrix elements for the
production in virtual photon nucleus scattering is presen
Differential and total cross sections for para- and ortho
photoproduction are calculated in the following subsectio
Section III is devoted to the electroproduction of relativis
positronium. Our exact results for the para-Ps production
compared with calculations using the equivalent photon
proximation and neglecting high-ordern contributions. In
Sec. III C we present an additional mechanism for elec
production of ortho-Ps, namely, the multiphoton product
~summed over two, four, six, etc. exchanged photons! of Fig.
2. We show that it may be more important than the brem
strahlung mechanism of Fig. 3 and even dominates for he
atoms. In Sec. IV we summarize our results.

Our main notations are given in Figs. 1 and 2: a pho
with four-momentumq and energyv or an electron with
four-momentumpe and energyEe collides with a nucleus of
four-momentumP, massM and chargeZe and produces Ps
described by four-momentump, energyE and polarization
four-vectore. We denote byme the electron mass. The mas
of the e1e2 bound state and a convenient abbreviation a

mPs'2me , s05pn2
a4

me
2 . ~1.3!

In the electroproduction of Ps~Fig. 2! we deal with a virtual
photon generated by the electron. For this photon we use
notation

FIG. 2. Electroproduction of Ps on the nucleus.

FIG. 3. Bremsstrahlung production of ortho-Ps on the nucleu
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Q252q2.0, y5
Q2

4me
2

, m5meA11y. ~1.4!

Throughout the paper we consider the production of rela
istic Ps, which means that we consider the energy region

v'E@2me for gA→Ps1A,
~1.5!

Ee.v'E@2me for eA→Ps1eA.

II. PHOTOPRODUCTION OF POSITRONIUM

A. General matrix element for the reaction g* A˜Ps1A

In this subsection we assume that the photonq is virtual,
q252Q2,0, and obtain formulas that will be useful fo
both photo- and electroproduction of Ps. Choosing thez axis
along the photon momentum, the polarization vector for
transverse photon (T photongT* with helicity lg561) is

eg5~0,egx ,egy,0!.

Taking into account gauge invariance, the polarization vec
for the scalar photon (S photongS* with helicity lg50) can
be chosen in the form

eS5
2AQ2

s
p2 , p25P2

M2

s
q, s52qP52vM .

In what follows we calculate all distributions to an accura
neglecting only pieces of the order of

2me

v
,

up'u
v

,
AQ2

v
. ~2.1!

Here p' is the transverse component of the Ps thr
momentum. To this accuracy the momentum trans
squared to the nucleus is given by

t5~p2q!2524m2~t1e2!, t5
p'

2

4m2
, e5

m

v
.

~2.2!

The amplitudes of theg* A→Ps1A process are obvi-
ously closely related to those of thee1e2 pair production in
the field of a heavy nucleus~for equal electron and positro
momenta (p15p25p/2). For the latter amplitudes we us
the convenient form that was recently obtained in@9#1

1Compare Eqs.~29!, ~30! and~40!, ~41! of @9#, taking into account
the equal momenta fore6. Note that in the paper of Ivanov an

Melnikov an unusual notation forâ has been used, which we woul

like to mention here:â5â, where â5amgm. In @9# it was also
noticed that for the lepton pair production by a real incident phot
their expression for the amplitude~29! coincides with the known
result in the literature@10,11#.
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M ~gT* A→e1e2A!

52
Z~4pa!3/2

m3
ūp̂2F ~neg1n̂êg!Fs1 in

2me

m
êgF tGv,

~2.3!

M ~gS* A→e1e2A!5
Z~4pa!3/2

m3
inAQ2

m
F tūp̂2v.

~2.4!

Hereu andv are the spinors of the produced pair of electr
and positron. Furthermore, the four-unit vectorn is defined
as

n5~0,n,0!, n5
p'

up'u
.

The functionsFs and F t are given with the help of the
Gauss hypergeometric functionF(a,b;c;z),

Fs[Fs~t,n,e!5
At

~t1e2!~11t!
F~ in,2 in;1;z!

pn

sinhpn
,

~2.5!

F t[F t~t,n!5
12t

~11t!3 F~11 in,12 in;2;z!
pn

sinhpn
,

~2.6!

z5S 12t

11t D 2

. ~2.7!

Let us briefly mention some main properties of the
functions:

Fs→
At

~t1e2!~11t!
, F t→

1

12t2 ln
~11t!2

4t
at n→0;

Fs→
At

~t1e2!
, F t→ ln

1

4t
22 f ~n! at t→0;

~2.8!

Fs→
1

2

pn

sinhpn
, F t→

1

8
~12t!

pn

sinhpn
at t→1;

Fs→
1

t3/2
, F t→2

1

t2F ln
t

4
22 f ~n!G at t→`.

The functionf (n) is well known @see Eq.~95,19! in @11##,

f ~n!5n2(
n51

`
1

n~n21n2!
. ~2.9!

For smalln values it behaves asf (n)'z(3)n2 with the Rie-
mann zeta function

z~3!5 (
n51

`
1

n3 51.2021. ~2.10!
e

As the next step the spinors of the electron and posit
are substituted by the wave function of positronium in qua
tum staten at the originc(0)5(mea)3/2/A8pn3 according
to the rule~see, for example,@12#!:

ū, . . . ,v→
mea

3/2

A4pn3

1

4
Tr@•••~ p̂1mPs!G#. ~2.11!

Here G is a projection operator to be chosen asG5 ig5 for
the para-Ps andG5ê* for the ortho-Ps state.

Now the amplitudes of Ps production byT or S photons
can be obtained using Eqs.~2.3!, ~2.4!, and ~2.11!. The
para-Ps is produced only by transverse photons

M ~gT* A→n1S01A!5
2pZa3

n3/2

s

me
2~11y!3/2

~eg3n!•
q

v
Fs ,

~2.12!

M ~gS* A→n1S01A!50. ~2.13!

For the ortho-Ps production there are two possibiliti
The transversely polarized ortho-Ps~with helicity l561)
arises from transverse photons only

M ~gT* A→n3S11A!52 i
4pZ2a4

n3/2

s

me
2~11y!2 ~eg•e* !F t ,

~2.14!

while the longitudinally polarized ortho-Ps~with helicity l
50) is produced by scalar photons

M ~gS* A→n3S11A!5 i
AQ2

2me

4pZ2a4

n3/2

s

me
2~11y!2 F t .

~2.15!

From Eqs.~2.14! and~2.15! we observe that helicity is con
served in theg→ortho-Ps transition, i.e.,lg5l. We also
notice that both amplitudes~2.14! and ~2.15! do not depend
on the azimuthal angle of ortho-Ps.

In the following subsections we study the production
positronium by real photons. Therefore, in all expressions
choose@see Eq.~1.4!# Q250 andy50.

B. Photoproduction of para-Ps

The differential cross section of para-Ps production
nuclei can be obtained using the amplitude~2.12! at Q2

50,

dssinglet5
s0

n3
ueg3nu2Fs

2dt
dw

2p
, ~2.16!

wherew is the azimuthal angle of Ps. To describe the pol
ization degree of the initial photon in general, it is conv
nient to use Stokes parametersj1,2,3, In that case Eq.~2.16!
transforms to

dssinglet5
s0

2n3
@11j1sin 2w2j3cos 2w#Fs

2dt
dw

2p
.

~2.17!
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We see that this cross section does not depend onj2 , i.e., on
the circular polarization of photon. Furthermore, the scat
ing plane is mainly orthogonal to the direction of the line
polarization of the photon. Forj i→0 and n→0 the result
~2.17! coincides with that obtained in@5#.

The dependence of cross section~2.17! on the Ps polar
angleu is completely described by the functionFs

2(t,n,e)
since in our case

t5S vu

2me
D 2

. ~2.18!

According to Eq.~2.8!, the functionFs(t,n,e) depends onn
only in the regiont;1, whereas fort!1 and t@1 the
angular behavior of cross section~2.17! has a universal~in-
dependent ofn) character. In particular, in the region of ve
small angles

me
2

v2
!u!

me

v
~2.19!

the differential cross section has a very simple form

dssinglet5
s0

n3

du

u
.

The total cross section is obtained from Eq.~2.17! by
integrating overw and t and by summing over alln 1S0
quantum states:

ssinglet5s0z~3!F ln
v

me
212C~n!G , ~2.20!

C~n!5
1

2E0

` H 12FF~ in,2 in;1;z!
pn

sinhpn G2J dt

t~11t!2

5
1

4E0

1H 12FF~ in,2 in;1;z!
pn

sinhpn G2J ~11z!dz

~12z!Az
.

~2.21!

The functionC(n) is presented in Fig. 4. At smalln it is
approximated by

C~n!5F7

2
z~3!2414 ln 2Gn2'2.9798n2. ~2.22!

Note that the large logarithmic term ln(v/me) in the cross
section ~2.20! arises just from the region of small angle
~2.19!. Therefore, this region determines the characteri

polar angle of para-Ps productionuchar

1S0 .
Up to now we have considered the photoproduction

positronium on nuclei. Let us briefly discuss the photop
duction on atoms where a possible atomic screening ha
be taken into account. This can be done by inserting a fa
12F(t) in the amplitude~2.12! @and (12F(t))2 in the cross
sections~2.16! or ~2.17!#, where F(t) is the atomic form
factor andt is given in Eq.~2.2!. As a result, we obtain the
total cross section for photoproduction of para-Ps on ato
r-
r

ic

f
-
to
or

s:

ssinglet5s0z~3!@J2C~n!#, J5
1

2E0

` t@12F~ t !#2

~t1e2!2~11t!2
dt.

~2.23!

If we use a simplified Thomas-Fermi-Molie´re form factor

F~ t !5
1

12~ t/L2!
, L5

Z1/3

111
me , ~2.24!

we obtain to the accuracy of Eq.~2.1!

J52
1

2
lnF S me

v D 2

1S Z1/3

222D
2G21. ~2.25!

At not very high energies

2me!v!
2me

2

L
5

222

Z1/3
me ~2.26!

the screening effects are negligible inJ and the previous
result for the nucleus target~2.20! remains valid. For high
enough energies

v@
222

Z1/3
me , ~2.27!

there is complete screening and the total cross section t
the form

ssinglet5s0z~3!F ln
222

Z1/3
212C~n!G , ~2.28!

which coincides with the result obtained in@6#.

FIG. 4. FunctionC~n! @Eq. ~2.21!# vs the nucleus charge numbe
Z.
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C. Photoproduction of ortho-Ps

The differential cross section of ortho-Ps production
nuclei can be obtained using the amplitude~2.14!. For polar-
ized photons it is given by

ds triplet54n2
s0

n3
ueg•e* u2F t

2dt. ~2.29!

For unpolarized photons we have

ds triplet54n2
s0

n3
F t

2dt. ~2.30!

The dependence of this cross section ont @and therefore on
the polar angle of positroniumu; see Eq.~2.18!# is given by
the functionF t

2 ; it is presented in Fig. 5.ds triplet /dt van-
ishes for all values ofn as (12t)2 at t→1 @see Eq.~2.8!#.

Comparing Eqs.~2.17! and ~2.30!, we conclude that the
angular distributions of ortho-Ps production is considera
wider than that of para-Ps production. Indeed, the typ
value of t for ortho-Ps production is of the order of 0.1
which corresponds to a characteristic emission angle

uchar

3S1;
me

v
, ~2.31!

while for para-Ps production on nuclei the region of ve
small angles~2.19! gives the main contribution to the cros
section.

The total cross section, obtained from Eq.~2.30!, is inde-
pendent of the energy of the initial photon:

s triplet54~Za!2s0z~3!B~n!. ~2.32!

Here the functionB(n) is

B~n!5E
0

`

F t
2~t,n!dt5S pn

sinhpn D 2 1

8E0

1
Az~11z!

3@F~11 in,12 in;2;z!#2dz. ~2.33!

Its dependence onZ is shown in Fig. 6. At smalln!1 this
function behaves as@6#

B~n!5222 ln 22F8~22 ln 2!22
2

3
p225z~3!Gn2

'0.613721.0729n2. ~2.34!

The obtained results for the photoproduction of ortho
on nuclei are also valid for the production on atoms. Inde
the typical value oft 3S1 ;0.1 for photoproduction on nu
clei is much larger than the characteristic value

tscreen;S L

2me
D 2

5S Z1/3

222D
2

for which we should take into account the atomic form fac
@see Eq.~2.24!#.

Now we compare the photoproduction of ortho- a
para-Ps on atoms. For energiesv@222me /Z1/3 the ratio
y
l

s
,

r

s triplet

ssinglet
5

4n2B~n!

ln~222/Z1/3!212C~n!
~2.35!

is presented as a function of the nucleus charge numberZ in
Fig. 7. Some particularly interesting values are 28.5
23.5% and 1.51% for U, Pb, and Ca, respectively.

III. ELECTROPRODUCTION OF POSITRONIUM

A. General expressions for the reactioneA˜Ps1eA

It is well known that the cross section for the electropr
duction of Fig. 2 can be exactly written in terms of tw
structure functions or two cross sectionssT(v,Q2) and
sS(v,Q2) for the processesgT* A→Ps1A and gS* A→Ps
1A:

FIG. 5. Differential cross sectionds triplet /dt in units
4n2s0 /n3.

FIG. 6. FunctionB(n) @Eq. ~2.33!# vs Z.
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ds~eA→Ps1eA!5sT~v,Q2!dnT~v,Q2!

1sS~v,Q2!dnS~v,Q2!. ~3.1!

Here the coefficientsdnT anddnS can be called the numbe
of transverse and scalar virtual photons, respectively. Us
the amplitudes~2.12!–~2.15! for the corresponding processe
the cross sectionssT andsS are calculable for virtual photon
energies squared

v2@~2me!
2,Q2, ~3.2!

to the accuracy of Eq.~2.1!. In the same region and with th
accuracy;(2me /v)2,Q2/v2 the quantitiesdnT anddnS are
~see, for example, Sec. VI in Ref.@13#!

dnT5
a

p
NS v

Ee
,

Q2

4me
2D dv

v

dQ2

Q2
,

~3.3!

N~x,y!512x1
1

2
x22

x2

4y
,

dnS5
a

pS 12
v

Ee
Ddv

v

dQ2

Q2
. ~3.4!

The variabley is defined in Eq.~1.4!. Since the energyE of
the positronium almost coincides with that of the virtual ph
ton, the energy fraction transferred from the electron to P

x5
E

Ee
5

v

Ee
. ~3.5!

B. Electroproduction of para-Ps

The cross sectionssT andsS for para-Ps production ar
obtained using Eqs.~2.12! and ~2.13! and repeating the cal
culations of Sec. II B withQ2.0. This leads to

FIG. 7. Ratio s triplet /ssinglet of photoproduction on atoms a
larger energies as a function ofZ.
g

-
is

dsT5
s0

2n3~11y!2
Fs

2dt, dsS50 ~3.6!

@with t defined in Eq.~2.2!# and to the integrated cross se
tions

sT5
s0

~11y!2
z~3!@L212C~n!#, sS50. ~3.7!

Here, for the electroproduction on nuclei@compare Eqs.
~2.17! and ~2.20!#

L5 ln
v

me
2

1

2
ln~11y! ~3.8!

and on atoms@compare Eqs.~2.23! and ~2.25!#

L52
1

2
lnF S me

v D 2

~11y!1S L

2me
D 2 1

~11y!G . ~3.9!

Using Eqs.~3.1!–~3.9! we are able to obtain the energy
angular and energy distributions of relativistic Ps. In partic
lar, the spectrum of para-Ps is

ds~eA→ 1S01eA!5
a

p
s0z~3!Fs~x!

dx

x
,

~3.10!

Fs~x!5E
ym

` @L212C~n!#

~11y!2
N~x,y!

dy

y
, ym5

x2

4~12x!
.

Since the cross section rapidly decreases abovey'1, the
upper integration limit can be extended to infinity.

For the electroproduction on nuclei they integration is
easily performed and we obtain

Fs~x!5 f 1~x!F ln
xEe

me
212C~n!G2 f 2~x!. ~3.11!

The functionsf 1(x) and f 2(x) are

f 1~x!52~12x1x2!ln
22x

x
2

4~12x!

~22x!2
~222x1x2!,

~3.12!

f 2~x!5~12x1x2!Fp2

12
2

2~12x!

~22x!2
2

1

2
Li2S x2

~22x!2D G
1

x2

4 S 2~12x!

~22x!2
1 ln

x

22xD 2
2~12x!

~22x!2

3~222x1x2!ln
~22x!2

4~12x!
,

with the dilogarithm function

Li2~z!5E
z

0ln~12t !

t
dt.

Note thatf 2(x), f 2(0)5(p226)/1250.3225.
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The same result~3.11! is valid for electroproduction on
atoms at 2me!xEe!222me /Z1/3 ~no screening!. For the
case of complete screening (xEe@222me /Z1/3) we have

Fs~x!5 f 1~x!F ln
222

Z1/3
212C~n!G1 f 2~x!. ~3.13!

In the important case of smallx ~i.e., at 2me /Ee!x!1) the
spectrum is simplified:

Fs~x!5S 2 ln
2

x
22D F ln

xEe

me
212C~n!G2

p226

12
~3.14!

for no screening and

Fs~x!5S 2 ln
2

x
22D F ln

222

Z1/3
212C~n!G1

p226

12
~3.15!

for complete screening. The accuracy of the obtained sp
trum is determined by omitting terms of the order of

2me

xEe
. ~3.16!

It is interesting to compare our spectra~3.10!–~3.15! with
that given in@8#

Fs
HO~x!5S 2 ln

1

x
21D H 2

1

2
lnF S me

xEe
D 2

1S Z1/3

222D
2G21J .

~3.17!

The spectrumFs
HO(x) was obtained by neglecting the exa

dependence ofsT on Q2 and high-ordern corrections. As a
consequence, the accuracy of Eq.~3.17! is only logarithmic
@in expressions~3.14!, ~3.15!, and~3.17! the leading logarith-
mic terms coincide, whereas the next to leading logarithm
terms are different even atn!1]. Therefore, this approxi-
mation is not well suited for heavy atoms. For example,
the case of complete screening the spectrumFs

HO(x) exceeds
our spectrumFs(x) up to approximately 40% for U and 30%
for Pb in thex region below 0.4.

C. Electroproduction of ortho-Ps

The ortho-Ps production in collisions of electrons w
atoms due to the bremsstrahlung mechanism of Fig. 3
calculated in@7,8#. The principal features of this mechanis
are the following. The spectrum of ortho-Ps has a peak in
region of high-energy fractions~at x'1) and the character
istic emission angle of Ps is small

uchar
br ;

me

Ee
. ~3.18!

The total cross section is equal to@8#

sbr5
a

p
s0z~3!I br , ~3.19!

where
c-

ic

as

e

I br50.303 ln
Ee

me
20.542 ~3.20!

for no screening (Ee!444me /Z1/3) and

I br50.303 ln
111

Z1/3
10.362 ~3.21!

for complete screening (Ee@444me /Z1/3).
In this section we argue that in many respects these res

are incomplete or even misleading because in@7,8# the im-
portant multiphoton~MP! production of ortho-Ps due to dia
grams of Fig. 2 with even numbersj 52,4,6, . . . of ex-
changed photons was not considered. Moreover, we find
that MP production is dominant for electron scattering
heavy atoms.

To study the MP production of ortho-Ps, we have to c
culate the cross sectionssT andsS for ortho-Ps production
@see Eq.~3.1!#. This is achieved using the corresponding a
plitudes ~2.14! and ~2.15! and repeating the calculations o
Sec. II C withQ2.0. For the cross sections we obtain@com-
pare Eqs.~2.30! and ~2.32!#

dsT54n2
s0

n3~11y!3
F t

2dt, dsS5ydsT , ~3.22!

sT54n2
s0

~11y!3
z~3!B~n!, sS5ysT . ~3.23!

Using these formulas and Eq.~3.1! we can again obtain
the energy-angular and energy distributions for the trip
state of relativistic positronium. In particular, now the spe
trum of ortho-Ps is

dsMP5
4a

p
~Za!2s0z~3!B~n!Ft~x!

dx

x
, ~3.24!

Ft~x!52S 12x1
5

4
x2D ln

22x

x
2

~12x!

~22x!4
@32~12x!2

134~12x!x215x4#. ~3.25!

The spectrum@function Ft(x)/x] is shown in Fig. 8. The
result ~3.24! and ~3.25! is valid for collisions of electrons
with both nuclei and atoms. The behavior of the functi
Ft(x) at small and largex is

Ft~x!52 ln
2

x
22 at !1,

~3.26!

Ft~x!5
56

3
~12x!3 at 12x!1.

Contrary to the bremsstrahlung spectrum~see Fig. 3 in@8#!,
the spectrum~3.24! is peaked at small energies of Ps. The
fore, the interference of bremsstrahlung and MP product
should be very small.

Taking into account Eqs.~2.31! and ~3.5!, we conclude
that the characteristic angle for MP production of ortho-Ps
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uchar
MP ;

me

xEe
, ~3.27!

which is much larger than Eq.~3.18!. In other words, the
angular distribution of MP production is considerably wid
than that of the bremsstrahlung reaction.

In this section the spectra for relativistic positronium
electroproduction have been calculated with the high ac
racy of Eq.~3.16!. This accuracy cannot be achieved for t
total cross sections in the scheme used here by the follow
reasons. The spectrum has to be integrated over the w
kinematic region inx including that of the thresholdx
;2me /Ee . However, near the threshold the accuracy of o
calculated spectra becomes only logarithmic. Furthermore
this region Ps is not a relativistic particle and therefore
detection is difficult. However, if we are interested in findin
the total cross section with logarithmic accuracy, we c
integrate the spectra in the whole region

xm5
2me

Ee
<x<1. ~3.28!

Having in mind this restriction, we find for the total cros
section of MP production

sMP'
4a

p
~Za!2s0z~3!B~n!I MP,

I MP5E
xm

1

Ft~x!
dx

x
'S ln

Ee

me
D 2

22 ln
Ee

me
2c, ~3.29!

c5
p2

6
2

5

4
50.3949.

Note that this multiphoton cross section increases with
energy of the projectile electron as@ ln(Ee/me)#

2, while the

FIG. 8. Ortho-Ps spectrum in electroproduction in un
(4a/p)s0z(3)n2B(n) due to the multiphoton mechanism of Fig
2.
u-

g
ole

r
in
s

n

e

cross section for the bremsstrahlung production on atom
constant at high energies@see Eq.~3.21!#. The dependence o
the cross section ratio

sMP

sbr
54n2B~n!

I MP

I br
, ~3.30!

on the initial electron energyEe is presented in Fig. 9 for
different values ofZ. From that figure it can be seen that th
MP production is the dominant production mechanism
orthopositronium for atoms with nucleus charge numbeZ
.20.

IV. SUMMARY

In this paper we have presented an almost complete
scription of the production of relativistic positronium i
high-energy photon and electron collisions with nuclei a
atoms. The high accuracy of our results is restricted by
glecting terms of the order of the inverse Ps Lorentz fac
2me /E.

The matrix elements of the virtual photon nucleus scat
ing to produce both para- and ortho-Ps are given in E
~2.12!–~2.15! including polarizations of the initial photon
and the positronium and summed high-orderZa corrections.
The singlet positronium state can be produced only by tra
versely polarized initial photons. The transition amplitu
depends on the azimuthal angle of1S0 . The amplitude for
scalar virtual photons to para-Ps is zero. The transitions fr
the initial virtual transverse and scalar photon to the trip
state are accompanied with helicity conservationlg5l; the
amplitudes do not depend on the azimuthal angle of ort
Ps.

These results are used to discuss both photo- and ele
production of Ps. Various distributions and total cross s
tions are calculated and compared to previous results.
screening effects are estimated analytically using a Thom
Fermi-Moliére atomic form factor.

FIG. 9. RatiosMP /sbr of the multiphoton~Fig. 2! to brems-
strahlung cross section~Fig. 3! as a function of the electron beam
energyEe .
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For the photoproduction of relativistic positronium w
have found that the polar angular distribution of ortho-Ps
considerably wider than that of para-Ps. The high-orderZa
effects decrease the ortho-Ps photoproduction cross se
by 3.61% for Ca, 40.5% for Pb, and 46.5% for U nuclei. T
ratio of the total cross sections for the triplet to singlet st
at higher energiesv@222me /Z1/3 in the gA→3S11A pro-
cess increases with the nucleus charge number from 1.
for Ca, 23.5% for Pb to 28.5% for U targets.

In the para-Ps electroproduction the virtuality of the ph
tons arising from the electron projectile and the effects
heavy nuclei are quite important. As an example, the sp
trum @8# estimated in an equivalent photon approximati
and with neglected high-orderZa effects exceeds the cor
rectly calculated result up to 30% for Pb and 40% for U in
wide range of the energy fraction transferred from the el
tron to Ps.

Finally, we have proposed a multiphoton mechanism
the production of ortho-Ps in the reactioneA→3S11eA,
which has to be taken into account in addition to the brem
strahlung production discussed by Holvik and Olsen. Due
a completely different angular and energy distribution
MP, its interference with the bremsstrahlung reaction is
pected to be small. This mechanism is dominant for elect
.
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scattering on heavy atoms. Therefore, our results comp
and correct those earlier studies.

Finally, we would like to note that our results cannot
straightforwardly transformed to the production of th
m1m2 elementary atom called dimuonium~DM!. For the
photo- and electroproduction of DM an important pheno
enon takes place, namely, the restriction of the transve
momentak1' , . . . ,kj'for the exchanged photons in Figs.
and 2. This restriction arises due to the nucleus form facto
the level&1/r A!mm , where r A is the electromagnetic ra
dius of the nucleus. As a result, the effective parameter of
perturbation theory becomes small;n2/(r Amm)2&0.03,
contrary to the Ps case. A detailed study of DM product
will be presented in@14#.
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