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Photoionization with excitation and double photoionization of the helium isoelectronic sequence
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We perform a systematic study of photoionization with excitation and double photoionization of H2, He,
and Li1 using the convergent close-coupling formalism. The present calculations cover the photon energy
range from the double-ionization threshold to 10 keV where the results go over continuously to the nonrela-
tivistic limit of infinite photon energy. By consideration of scaling properties, tested by application to O61,
accurate nonrelativistic results for photoionization with excitation to arbitrarily highn and double photoion-
ization may be obtained for all heliumlike targets.@S1050-2947~98!01112-3#

PACS number~s!: 34.80.Kw, 32.80.Fb
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I. INTRODUCTION

Atomic photoionization with excitation and double phot
ionization are important many-electron processes that h
attracted considerable attention from theoretical and exp
mental atomic collision physics. Much of this attention h
been focused on the helium atom, which is the simplest t
electron target suitable for studying the Coulomb three-b
breakup. This fundamental process can be quantified in te
of the ratio of the double to single photoionization cro
sectionsR5s21/s1 as a function of the photon energyv.
Recently, considerable progress has been made in deter
ing this ratio, both experimentally@1–5#, and theoretically
@6–12#.

Double photoionization of the other members of the h
lium isoelectronic sequence, H2, Li1, and the heavier
ions, has been studied much less extensively. The neg
ion of hydrogen H2 is a very important atomic system, bo
in terms of the strong two-electron correlation in a loos
bound ground state, and its practical significance for as
physics@13#. However, due to experimental difficulties, on
one measurement of double photoionization of H2 has been
reported in the very narrow photon energy range close to
threshold@14#. On the theoretical side, a few calculatio
exist for H2 double photoionization@8,10,15,16#. These re-
sults differ among themselves much more considerably t
for helium. Only the two most recent calculations@8,10# em-
ploy a state-of-the-art theory and can be considered relia
TheR-matrix theory of Meyer, Greene, and Esry@8# is likely
to yield reliable results a little above threshold. The nons
tionary perturbation theory of Nicolaideset al. @10# is ex-
pected to be accurate particularly close to the threshold.

The double-photoionization results on other two-elect
ions are even more scarce. Wehlitzet al. @17# have recently
measured the triple photoionization of lithium and compa
their triple-to-single cross-section ratio with the calculat
double-to-single ratio for double photoionization of Li1 by
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Kornberg and Miraglia@16#. Qualitative agreement wa
found away from threshold. This has led Wehlitzet al. to
conclude that the primary mechanism of triple photoioniz
tion is the double photoionization of the two core electro
followed by the shakeoff of the remaining valence electr
into the continuum. Although the calculation of Kornbe
and Miraglia@16# is well suited for such a qualitative com
parison it yields a large difference between the double
single photoionization cross-section ratios calculated in
length and velocity forms of the electromagnetic operato

There are also calculations of double photoionization
heliumlike ions Li1, Be21, C41, and O61 @18#, using
the R-matrix theory similar to the work on He and H2 @8#.
Convergence of the three gauges of the electromagnetic
teraction, length, velocity, and acceleration, is good in t
calculation. Unfortunately, the double-to-single cross-sect
ratio displays some unphysical oscillations. This problem
comes more severe with increase of the nucleus charge

Because of the fundamental importance of the dou
photoionization problem it is desirable to develop a gene
theory equally applicable to two-electron targets acros
widest possible range of photon energies. In our previ
work we have demonstrated that the convergent clo
coupling~CCC! formalism coupled with an accurate descri
tion of the ground-state correlation is capable of producin
very accurate description of the helium double photoioni
tion @12#, including angular distributions@19#. In this work
we extend this formalism to other members of the heliu
isoelectronic sequence. We demonstrate the accuracy o
CCC method near the double-photoionization thresh
~Wannier regime!, at intermediate photon energies and in t
asymptotic region of very large~but still nonrelativistic! pho-
ton energies. We employ a 20-term Hylleraas expansion
Hart and Herzberg@20# to describe the ground-state correl
tion of the helium atom and the two-electron ions of hydr
gen and lithium. This conceptually identical description
various two-electron targets allows us to study a system
trend in double photoionization with an increase of t
nuclear charge as the system becomes more bound by
Coulomb center and less governed by the two-electron
relation.
4501 © 1998 The American Physical Society
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4502 PRA 58ANATOLI S. KHEIFETS AND IGOR BRAY
TABLE I. Ground-state properties of various two-electron systems. The ratio are evaluated at i
energies using the velocity gauge within the nonrelativistic framework. Note the unusually highs2 /s1 ratio
for H2.

Target Ground Energy Partial cross-section ratiosn /s1(%)
state Total~a.u.! Correlation~%! n52 n53 n54 n55 n56 s21/s1(%)

H2 11-terma 0.527 559 68.895 0.2345 0.1564 0.0873 0.0519 1.5059
20-termb 0.527 644 65.731 0.5193 0.1884 0.0915 0.0515 1.5082

Near exactc 0.527 751 1.602
He 14-termd 2.903 700 99.94 4.7817 0.6054 0.1995 0.0918 0.0502 1.692

20-termb 2.903 717 99.98 4.7859 0.5956 0.1972 0.0909 0.0498 1.671
Near exactc 2.903 724 100 1.644

Li1 10-termd 7.279 762 99.64 1.6648 0.2470 0.0857 0.0403 0.0223 0.928
20-termb 7.279 905 99.98 1.6102 0.2424 0.0837 0.0392 0.0217 0.867

Near exactc 7.279 913 100 0.856

aHenrich @23#.
bHart and Herzberg@20#.
cFrankowski and Pekeris@25#.
dChandrasekhar and Herzberg@24#.
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The paper is organized as follows. In Sec. II we outli
the CCC formalism and its implementation with a Hylleraa
type ground state. Section III presents calculations of
cross sections of double photoionization and ionization w
simultaneous excitation of H2 ~III A !, He ~III B !, and Li1

~III C !, respectively. In Sec. III D we examine theZ4 andn3

scaling laws. Conclusions and future directions are form
lated in Sec. IV.

II. THEORY

We follow our usual computational scheme outlined
Ref. @12#. We treat double photoionization or photoioniz
tion with excitation as a two-step process. The first is the
absorption of the photon energy by one electron. The sec
is the interaction of this electron with the nucleus and
remaining electron which results in the promotion of the
maining electron into an excited state~ionization with exci-
tation! or into the continuum~double photoionization!.

A. Two-electron ground state

To describe the first step of single photoionization o
two-electron system bound by a Coulomb center we emp
a 20-term Hylleraas ground-state wave function due to H
and Herzberg@20#

C~20!~r1 ,r2 ,r12!5Ne2zs@11a1u1a2t21a3s1a4s2

1a5u21a6su1a7t2u1a8u31a9t2u2

1a10st21a11s
31a12t

2u41a13u
4

1a14u
51a15t

2u31a16s
2t21a17s

4

1a18st2u1a19t
4#, ~1!

wheres5r 11r 2 , t5r 12r 2 , andu5r 125ur12r2u. Proper-
ties of the ground state of various two-electron systems
culated with the wave function~1! are given in Table I. Pre-
sented are the ground-state energy, the asymptotic ratio
photoionization with excitationRn5sn /s1 , and double
-
e
h

-

ll
nd
e
-

y
rt

l-

for

photoionizationR5s21/s1 in the limit v→` calculated
according to the nonrelativistic expressions of Dalgarno a
Stewart@21#

sn}^fnuc&, s t}^cuc&, s215s t2 (
n51

`

sn , ~2!

where c(r1)5C (20)(r1 ,r250,r125r1) and fn(r1) is the l
50 eigenstate with principal quantum numbern. These ra-
tios were calculated previously for the ground-state wa
function ~1! by Dalgarno and Sadeghpour@22# who obtained
very similar results to those presented in the table.

To investigate the stability of our calculations with r
spect to the choice of the ground state we also used a so
what inferior Hylleraas-type ground-state wave function d
to Henrich @23# and Chandrasekhar and Herzog@24# trun-
cated at 11 and 14 terms, respectively. The ratioE
2EHF)/(Easym2EHF)3100% is also given as a measure
the correlation energy recovered by the given Hylleraas
pansion. HereEHF is the nonrelativistic Hartree-Fock energ
and Easym is the ‘‘asymptotically exact’’ nonrelativistic en
ergy due to Frankowsky and Pekeris@25#. As the negative
hydrogen ion is not bound in the Hartree-Fock approxim
tion the fraction of correlation energy is not given for H2.

The terms involving powers ofu require some effort to
evaluate. We expand such terms over the Legendre poly
mials @26#

un5(
L

uL
nPL~u12!, ~3!

and separate the angular coordinates of the two electron
making use of the Legendre polynomial expansion over
spherical harmonics

PL~u12!5
4p

2L11 (
M52L

L

YLM* ~ n̂1!YLM~ n̂2!. ~4!
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The radial coordinates can be separated by expanding
terms uL

n in Eq. ~1! over the Slater functionsFL(r 1 ,r 2)
5r ,

L /r .
L11 wherer , andr . are the lesser and the greater

r 1 andr 2 , respectively. The following expansions have be
used:

u0
15~r 1

21r 2
2!F02

2

3
r 1r 2F1 , ~5!

uL
15r 1r 2F FL11

2L13
2

FL21

2L21G , L.0, ~6!

u0
35~r 1

21r 2
2!2F02

4

5
~r 1r 2!2F2 , ~7!

u1
3523r 1r 2~r 1

21r 2
2!F013~r 1r 2!2H 3

5
F11

1

35
F3J , ~8!

uL
353~r 1r 2!2F FL12

~2L13!~2L15!
2

2FL

~2L13!~2L21!

1
FL22

~2L21!~2L23!G , L.1, ~9!

u0
55~r 1

21r 2
2!~r 1

414r 1
2r 2

21r 2
4!F022~r 1r 2!3H F11

3

7
F3J

~10!

u1
5525r 1r 2~r 1

21r 2
2!2F01

3

5
~r 1r 2!2~r 1

21r 2
2!H 3F11

1

7
F3J

2
4

5
~r 1r 2!3H F02

16

7
F21

1

21
F4J , ~11!

u2
55~r 1r 2!2~r 1

21r 2
2!H 5F02

2

7
F21

1

21
F4J

2
2

7
~r 1r 2!3H 9F11

1

11
F5J , ~12!

uL
5515~r 1r 2!3F 2FL23

~2L25!~2L23!~2L21!

1
3FL21

~2L23!~2L21!~2L13!

2
3FL11

~2L21!~2L13!~2L15!

1
FL13

~2L13!~2L15!~2L17!G , L.2. ~13!

Expansion ofu2 and u4 is relatively simple involvingPL
with only L<2.

B. CCC formalism

We use the multichannel expansion for the final-st
wave function of the two-electron system:
he

n

e

^C j
~2 !~kb!u5^kb

~2 ! j u1(
i
X d3k

^kb
~2 ! j uTu ik~1 !&^k~1 !i u

E2«k2e i1 i0
,

~14!

with boundary conditions corresponding to an outgoing wa
in a given channel̂kb

(2) j ) and incoming waves in all othe
channelsu ik(1)&. HereE5kb

2/21e j is the final state energy
The channel wave function̂kb

(2) j u is the product of a one-

electron orbitalf̄ j with energye j , obtained by diagonalizing
the target Hamiltonian in a Laguerre basis, and a~distorted!
Coulomb outgoing wavex (2)(kb) with energy «k . The
asymptotic charge seen by the Coulomb wave isZ21 where
Z is the charge of the nucleus. The half off-shellT matrix in
Eq. ~14! is the solution of the corresponding Lippman
Schwinger integral equation@27#

^k~1 !i uTu j kb
~2 !&5^k~1 !i uVu j kb

~2 !&1(
i 8
X d3k8

3
^k~1 !i uVu i 8k8~2 ! &^k8~2 !i 8uTu j kb

~2 !&

E2«k82e i 81 i0
.

~15!

The photoionization cross section, as a function of
photon energyv, corresponding to a particular bound ele
tron statej is given by@28#

s j~v!5
4p2

vc (
mj

E d3kbz^C j
~2 !~kb!uDuC0& z2d~v2E1E0!,

~16!

wherec.137 is the speed of light in atomic units.
The dipole electromagnetic operatorD can be written in

one of the following forms commonly known as length, v
locity, and acceleration@28#

D r5v~z11z2!,

D ¹5¹z1
1¹z2

, ~17!

D ¹̇5
Z

vS z1

r 1
3

1
z2

r 2
3D ,

with the z axis chosen along the polarization vector of t
photon.

The dipole matrix element with the CCC final-state wa
function of Eq.~14! can be calculated as

^C j
~2 !~kb!uDuC0&

5^kb
~2 ! j uDuC0&

1(
i
X d3k

^kb
~2 ! j uTu ik~1 !&^k~1 !i uDuC0&

E2«k2e i1 i0
. ~18!

After some angular momentum algebra the first-order dip
matrix element ^k(1)i uDu C0& breaks down into one-
electron radial integrals and simple angular coefficients.

We separate the contribution from the final chann
^kb

(2) j u into single and double ionization according to th
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4504 PRA 58ANATOLI S. KHEIFETS AND IGOR BRAY
energy of thee j , which is positive for the double ionize
channels and negative for the singly ionized channels.
also ensure that for the negative-energy state cross sect
contributions to the ionization plus excitation cross sectio
are multiplied by the projection of the state onto the tr
target discrete subspace as is done for electron-impact
ization @29#.

In the present calculations the target space was gene
described by 172 l ,l 50,1,2 pseudostates making a total
48 s, p, andd pseudostates. At the higher energies, abov
keV, up to 202 l were used to get a better discretization
the target continuum. The projectile continuum was trea
using around 70k-grid points with orbital momentuml
50, . . . ,4 There were also up to 9 projectile bound sta
included for everyl. The calculations have been performed
approximately 50 energy points suitably distributed over
presented photon energy range. Note that no averaging o
CCC results is undertaken, we simply rely on taking su
ciently large bases sizes to ensure that pseudoresonance
of sufficiently small magnitude@30#. In addition, the La-
guerre basis exponential falloff parameters are varied at e
energy to ensure that the total~excess! energyE was exactly
between two of the pseudothresholds, thereby ensuring
the integration rule associated with the discretization of
continuum always hadE as an end point@31#.

III. RESULTS

A. H2 ion

As the first test of our model we calculate the absol
cross section for photodetachment of H2 ~equivalent to
single photoionization for a neutral atom!. Because of the
strong correlation in the ground state of H2 even the single-
photoionization cross section is sensitive to the choice of
ground-state wave function. We present the CCC calcula
cross sections in the three gauges for the 20-parameter
leraas ground state in Fig. 1. Also presented are the resul
Broad and Reinhardt@15# who used a multichannelJ-matrix
expansion in their calculation, and those of Venuti a
Decleva@32# who employed a convergent multichannel e
pansion on aB-spline basis. Good agreement is found amo

FIG. 1. H2 photodetachment cross section. The various gau
of the electromagnetic interaction (L, length; V, velocity; andA,
acceleration! produce essentially identical results. The filled a
empty circles are the reported values of Broad and Reinhardt@15#
and Venuti and Decleva@32#, respectively.
e
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all calculations. The small maximum around 14-eV phot
energy corresponds to the opening up of photoionizat
with excitation channels.

Having tested our model for photodetachment we proc
to photoionization with excitation and double photoioniz
tion. In Fig. 2 the double-to-single photoionization ratio f
H2 are presented. To investigate the sensitivity of the dou
photoionization cross section with the choice of the grou
state wave function we present calculations performed w
the 11- and 20-term Hylleraas expansions~obtained from
Refs. @23# and @20#, respectively!. For comparison we also
present theR-matrix calculations of Meyeret al. @8,18# in the
three gauges of the electromagnetic interaction.

Comparison of the 11- and 20-term ground states sh
good convergence in the V andA gauges, but there is stil
significant variation in theL gauge. The 20-termL gauge
result is substantially closer to the other gauges than the
responding 11-term result, as would be expected. Cle
even larger expansions are necessary to obtain converg
in the L gauge for this system at intermediate and high
ergies. The problem is due to a very strong two-elect
correlation in the loosely bound H2 ion. This correlation
cannot be properly accounted for at large distances by
20-parameter Hylleraas ground state. These large dista
are enhanced by the electromagnetic operator in the le
form. The velocity and acceleration forms are more sensi
to small and intermediate distances that contribute sign
cantly to the total energy of the two-electron system a
where the ground-state wave function should be most ac
rate. Given the good agreement of the other two gaug
together with our previous experience@12#, the V- and A-
gauge results are likely to be quite accurate.

The CCCV andA results are very close to those of Mey
et al. @8,18#, which show a little unphysical oscillation. In

s

FIG. 2. The ratio of double-to-single photoionization cross s
tions in H2. Calculations in the three gauges of the electromagn
interaction are presented with the 11- and 20-parameter Hylle
ground-state wave functions. Comparison is made with the coo
nate spaceR-matrix calculation of Meyeret al. @8,18#.
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PRA 58 4505PHOTOIONIZATION WITH EXCITATION AND DOUBLE . . .
addition the CCC cross sections are systematically highe
the near-threshold region. This is likely to be due to t
restriction on the size of theR-matrix box yielding a limita-
tion on the accuracy of theR-matrix method near threshold
as was the case for electron-impact ionization@33#. The gen-
erally good agreement between the two theories is not o
for the presented ratio, but also for absolute values of sin
and double photoionization.

The range of large photon energies is of special inte
since an asymptotic expression of the double-to-sin
photoionization cross section can be obtained solely from
ground-state wave function@21#. In Fig. 3 we show our
double-to-single photoionization ratio on an extended ene
scale to 10 keV. We see from the figure that the ratio cal
lated in the velocity and acceleration forms of the elect
magnetic operator becomes constant around 5 keV in ag
ment with the limit of infinite photon energys21/s1uv→`

51.51% ~see table!.
In Fig. 4 we compare the CCC absolute values of

double-photoionization cross sections of H2 with the values
of Broad and Reinhardt@15# and Kornberg and Miraglia
@16#. Both older calculations are found substantially belo
the present results. Note the good agreement between
three gauges of the CCC results. Looking at this figure
Fig. 1 one would not expect to see theL-gauge ratio of Fig.

FIG. 3. The double-to-single photoionization cross-section ra
in H2. The arrow indicates the nonrelativistic limit of infinite en
ergy given in the table.

FIG. 4. Absolute double-photoionization cross section of H2.
The present CCC 20-parameter Hylleraas ground-state calcula
are presented in the three gauges of the electromagnetic intera
The literature values are due to Broad and Reinhardt@15# and Ko-
rnberg and Miraglia@16#.
in
e

ly
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st
le
e
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e

the
d

2 to be substantially different from the other gauges. Clea
the ratio of double to single photoionization is a more sen
tive test of the theoretical accuracy.

At low energies the prediction of the Wannier theory m
be used. Wannier@34# predicts the near-threshold energy d
pendence to be

s21~E,Z!'s0~Z!Em, ~19!

whereE is the excess energy above the threshold and

m5
1

4
A100Z29

4Z21
2

1

4
. ~20!

The exponentm approaches unity with increasingZ and
takes the values of 1.127, 1.056, and 1.036 for H2, He, and
Li1, respectively.

Double photoionization of H2 near threshold was mea
sured by Donahueet al. @14#. Their results seemed to b
compatible with the Wannier power laws(E)5s0E1.127.
The experimental cross section was not normalized. So
normalization-exponential factors0 remained undetermined
McCann and Crothers@35#, using a semiclassically derive
final-state wave function, obtained in the velocity forms0
531.4 kb. Recently Nicolaideset al. @10# tried to fit their
calculated cross section in the near-threshold region with
Wannier power law and found the exponents to be 1.20
1.37 depending on the energy range of the fit.

At high energies the single-photoionization cross sect
is known to fall off asv27/2 @28#. The fact that the double
to-single photoionization ratio is a nonzero constant at in
nite energy implies that the double photoionization cross s
tion also falls off asv27/2'E27/2. This provides for a good
test of the calculations at high energies.

In Fig. 5 we present calculated double photoionizati
cross sections of H2 in the near-threshold and high-energ
regions. The best fit with the Wannier exponentm51.127
gives us the normalization factors0595 kb ~for dimension-
lessE in eV!, which is nearly three times larger than that
McCann and Crothers@35#. A similar difference in magni-
tude of the double-photoionization cross section was a
found when compared with other early calculations as in
cated in Fig. 4. At high energies we see a good match by
relation s21(E)'s`E27/2, where s`56.53103 Mb ~for
dimensionlessE in eV!.

As a by-product of our double-photoionization calculati
we also obtain the cross sections for the photodetachmen
H2 with simultaneous promotion of the remaining electr
to one of the excited states of H. These cross-section ra
are presented in Fig. 6. The calculations in all three gau
of the electromagnetic interaction agree well with each ot
at the lower energies, with then53 ratio showing greates
sensitivity to theL gauge. At the intermediate and high
energies theL form becomes inaccurate, but the other tw
are quite close to each other and, we expect, the true resu
is remarkable that the ratio forn52, in contrast to the othe
n, is close to unity and is nearly constant across a w
energy range. TheA andV ratios stabilize around the 1-keV
region and converge to the limit of infinite energy, given
the table.

o

ns
on.



as

e
lt

Fi
-
l-
er
s

re

o

he
gl
1
e

o
1

e

le
t

n

w

h-

eir

h

of
l-
een
to

el.
sent

rgy

n
rm

es of
the

re

ng

ate

t

4506 PRA 58ANATOLI S. KHEIFETS AND IGOR BRAY
B. Helium atom

The double-to-single photoionization ratio in helium h
been studied very thoroughly both experimentally@1,2,4,5#,
and theoretically@7–10,12#. Only in the last few years hav
experiment and theory showed some stability in the resu
which are now in good agreement with each other; see
7. In our previous work@12# we calculated the double-to
single photoionization ratio in helium using a 14-term Hy
leraas expansion@24#. As we presently increase the numb
of terms to 20 the convergence between the calculation
the three gauges (L, V, andA) improves further with varia-
tion of no more than 2% below 1 keV. Our calculations a
very close to the barely distinguishableA- and V-form cal-
culations of Meyeret al. @8#, except for the region close t
the double-photoionization threshold. Agreement with theR-
matrix theory is not only for the presented ratio, but for t
absolute values of each cross section. The sin
photoionization cross section, convergent to better than
in the three gauges, is in very good agreement with the m
surements of Samsonet al. @36#.

In Fig. 8 we also plot the double-to-single helium phot
ionization ratio, but over a much extended energy scale to
keV. We see that the ratio stabilizes around 10 keV, wh
the limit of infinite photon energys21/s1uv→`51.67% is
obtained.

Presented in Fig. 9 are the absolute doub
photoionization cross sections near the threshold and
high energy regions. The Wannier power laws(E)5s0Em

was confirmed experimentally by Kossman, Schmidt, a
Andersen@37# with m51.0560.02 ands051.02 kb. Pont

FIG. 5. Absolute double-photoionization cross section of H2

near threshold and at high energies. The solid line is the indic
fit with s050.095 Mb ands`56.53103 Mb for dimensionlessE
in eV.
s,
g.

in

e-
%
a-

-
0

re

-
he

d

and Shakeshaft@38# also confirmed the Wannier power la
with a theoretical values050.97 kb, which they obtained
by extrapolating the velocity form calculation to the thres
old. Nicolaideset al. @10# give the exponentialm51.032 and
m51.060 depending on the energy range used to fit th
calculated data with the Wannier law. Our best fit withm
51.056 givess051.1 kb, which is in good agreement wit
the earlier predictions.

At high energies thes21(E)'s`E27/2 power law is well
satisfied with s`52.83105 Mb ~for dimensionlessE in
eV!. Beyond 3 keV this agrees well with the calculations
Forreyet al. @9# who used a highly correlated 112-term Hy
leraas ground state and obtained good agreement betw
the three gauges. The discrepancy below 3 keV is due
neglect, in their calculations, of coupling in the final chann
Though not presented, the agreement between the pre
calculations and those of Hinoet al. @39# using the many-
body perturbation theory is excellent over the given ene
range.

The cross-section ratiossn /s1 for single photoionization
of He with excitation ton52, . . . ,6states are presented i
Fig. 10. Compared to our previous calculation with a 14-te
Hylleraas ground-state wave function reported in Ref.@12#,
convergence has been improved between the three gaug
electromagnetic interaction. The data are compared with
experimental results of Wehlitzet al. @5#. The calculations
generally agree very well with experiment. Our results a
also consistent with theR-matrix calculations of Meyeret al.
@40# and the hyperspherical coordinate calculation by Ta

d

FIG. 6. The cross-section ratiossn /s1 for the photodetachmen
of H2 ion with simultaneous excitation. Theory as for Fig. 3.
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and Burgdo¨rfer @41#; see Ref.@12#. At energies above 1 keV
the ratio stabilizes and is in good agreement with the infin
energy limit given in the table. The only exception is then
56 case where the convergence is a little higher than
limit. This is due to the fact that then56 state used in the
calculations is not a perfect true eigenstate.

FIG. 7. The ratio of double-to-single photoionization cross s
tions in He. The CCC calculations are presented in the three ga
of the electromagnetic interaction for the present 20-parameter
leraas ground state and the 14-parameter Hylleraas ground
@12#. R-matrix calculation is due to Meyeret al. @8,18#. Experimen-
tal data are from Do¨rneret al. @1#, Levin et al. @2,3#, Samsonet al.
@4#, and Wehlitzet al. @5#.

FIG. 8. Same as for bottom part of Fig. 7 plotted on an exten
photon energy scale. The asymptotic value from the table is den
by the arrow.
e

e

C. Li 1 ion

Double photoionization of the Li1 ion was studied theo-
retically by Kornberg and Miraglia@16# and more recently
by Meyer @18#. Wehlitz et al. @5# measured triple photoion
ization of lithium and related their experimental triple-t
single photoionization cross sections ratio to the theoret
double-to-single ratio of the Li1 ion reported by Kornberg
and Miraglia @16#. This was done assuming the followin
two-stage mechanism of triple photoionization. In the fi
stage double photoionization of the valence 1s2 shell of the
Li atom takes place. This is subsequently followed by t
shakeoff of the remaining 2s electron into the continuum. I
is reasonable to assume that the double photoionizatio
the 1s2 shell in the Li atom and the Li1 ion is quite similar
and therefore the resulting triple-to-single photoionizati
cross-section ratio for the Li atom can be calculated as
double-to-single ratio of the Li1 ion multiplied by the prob-
ability of the shakeoff~0.00174 according to Wehlitzet al.
@17#!.

Our calculations of the double-to-single photoionizati
cross-sections ratio for the Li1 ion are presented in Fig. 11
The two different ground-state wave functions were used
test the accuracy of the calculation: a 10-term Hylleraas
pansion due to Chandrasekhar and Herzberg@24# and a 20-
term expansion by Hart and Herzberg@20#. The difference
between the three gauges of the electromagnetic operat
less than 1% for the best 20-term Hylleraas ground state,
so only a single curve is presented in this case. Compar
is made with the experimental triple-to-single photoioniz

-
es
l-
ate

d
ed

FIG. 9. The absolute double-photoionization cross section of
near threshold and at high energies. The solid line is the indica
fit with s051.1 kb ands`53.03105 Mb for dimensionlessE in
eV. The calculations of Forreyet al. @9# employ a 112-term Hyller-
aas ground state.
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4508 PRA 58ANATOLI S. KHEIFETS AND IGOR BRAY
tion ratio of Wehlitzet al. @17#. For the best visual fit the
experimental data were multiplied by the factor of 250. T
is about one-half of the factor 0.001 7421'574, which fol-
lows from the the shakeoff model. Agreement with theR-
matrix calculations of Meyer@18# is excellent, except at high
photon energies where theR-matrix calculation becomes un
stable.

To show the asymptotic limit we present the ratio plott
on an extended energy scale to 10 keV in Fig. 12. Go
agreement with the infinite photon energy lim
s21/s1uv→`50.87% given in the table, should be obtain
a little past 10 keV.

In Fig. 13 we present the absolute double-photoionizat
cross section of Li1 ion and compare our results with th
theoretical values of Kornberg and Miraglia@16#. The
present calculations fall in between their length and veloc
forms, which differ in magnitude by more than two times. A
in the case of H2 and He agreement with theR-matrix results
for the absolute cross sections is as good as it is for the r
and so is not presented.

The near-threshold and high-energy behavior of
double photoionization of Li1 is illustrated in Fig. 14. Wan-
nier power law ~19! is fitted to the calculated absolut

FIG. 10. The ratiosn /s1 for photoionization of He with simul-
taneous excitation. Theory and experiment are as for Fig. 7.
s

d

n

y

io,

e

double-photoionization cross section with the exponentm
51.036 and resultants050.1 kb. At high energies the
s`E27/2 power also works very well, yieldings`51.2
3106 Mb for dimensionlessE in eV.

In Fig. 15 we present the calculated ratiossn /s13100
with n52, . . . ,5 forphotoionization of the Li1 ion with si-
multaneous excitation. TheL gauge is stable to nearly 4 keV
with the V andA gauges being nearly identical over the e
tire energy range. The asymptotic limit given in the table
obtained around 3 keV. We compare our results with
R-matrix calculation of Meyer@18#, which is essentially
identical in all three gauges. Generally, the presently ca
lated ratios are consistent with those of Meyer@18#. There
are some unphysical oscillations indicating the numeri
difficulties.

FIG. 11. The ratio of double-to-single photoionization cross s
tions in Li1. Calculations are presented in the three gauges of
electromagnetic interaction. TheR-matrix calculation is due to
Meyer @18#. The experimental triple-to-single photoionization rat
of Wehlitz et al. @17# is rescaled to the present calculation, see te

FIG. 12. The ratio of double-to-single photoionization cross s
tion for Li1. The asymptotic value, given in the table, is denoted
the arrow.
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D. Scaling laws

It has been suggested by Kornberg and Miraglia@16#, for
example, that the double-photoionization cross section o
two-electron atomic system can be scaled to a unive
function

s̄21~E/Z2,Z!5Z4s21~E,Z!, ~21!

which varies only marginally withZ at E/Z2. HereE is the
excess energy carried away by the electron pair. Equa
~21! is derived by neglecting the charge dependence of
reduced electron-electron repulsion 1/(Zr12), which is only

FIG. 13. Absolute double-photoionization cross section of L1.
Calculations are presented in the three gauges of the electro
netic interaction. The length- and velocity-gauge results of Ko
berg and Miraglia@16# are also given.

FIG. 14. The absolute double-photoionization cross section
Li1 near threshold and at high energies. The solid line is the in
cated fit withs050.1 kb ands`51.23106 Mb for dimensionless
E in eV.
a
al

n
e

justified in the limit of Z→`. Nevertheless, Kornberg an
Miraglia @16# showed that the scaling law~21! is more or
less satisfied even for lowZ targets starting from He and
onwards. Similarly, the same conclusion arose from
study of electron-impact ionization of the H-like ion s
quence in a model problem@31#. It is therefore interesting to
plot our double-photoionization cross sections for H2, He,
and Li1 in the reduced coordinatess21Z4 againstE/Z2 to
investigate the universal scaling property. This is done
Fig. 16 where the double-photoionization cross sections
various two-electron targets are presented in the accelera
form calculated with the 20-parameter Hylleraas grou
state, and indeed rapid scaling is found. Note that, excep
the H2 length form, in the given energy range all thre
gauges give the double-photoionization cross section wi
an error of less than 2%. To test how well the scaling wo
also given are some calculations of double photoionizat
of O61. These confirm the scaling property.

From our calculations we extracted the following valu
of the normalization factors, which are essentially identi
in all three gauges s0(H2)595, s0(He)51.1, and
s0(Li1)50.1 kb, for dimensionless energy in eV. Scalin
of the Wannier law~19! according to Eq.~21! leads to

s̄21~E,Z!'Z4s0~Z!~EZ2!m

'Z6s0~Z!E. ~22!

ag-
-

f
i-

FIG. 15. The cross-section ratiosn /s1 for photoionization of
Li1 with simultaneous excitation. Calculations in the three gau
of the electromagnetic interaction are presented. The asymp
value presented in the table is indicated by the arrows.R-matrix
calculations are due to Meyer@18#.
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4510 PRA 58ANATOLI S. KHEIFETS AND IGOR BRAY
The three values ofZ6s0(Z) are 95, 76.8, and 72.9. W
suppose that for largerZ the value ofZ6s0(Z) should be
approximately 70 kb.

For sufficiently high energies to a good approximation

s21~E,Z!'s`~Z!E27/2, ~23!

with s`(H2)56.53103, s`(He)53.03105, and s`(Li1)
51.23106 Mb for dimensionless energy in eV. Applicatio
of the scaling according to Eq.~21! we may write

s̄21~E,Z!'Z4s`~Z!~EZ2!27/25Z23s`~Z!E27/2.
~24!

The three values ofZ23s`(Z) are 6.53103, 3.83104, and
4.43104. We suppose that for higherZ the value of
Z23s`(Z) is approximately 4.63104 Mb for dimensionless
E in eV.

We now turn to the consideration of scaling of the pho
ionization with excitation cross sections. These are given
Fig. 17. In addition to theZ4 scaling we also multiply byn3

in order to observe for what values ofn this scaling is suffi-
ciently accurate. We see that the photoionization with
excitation (n51) cross sections scale particularly poor
For this reason thesn /s1 ratios presented in Figs. 3, 10, an
15 do not scale withZ at all. However, the scaling withZ
improves rapidly with increasingn. Note how the H2 cross
sections behave with respect to the others asn increases. The
relatively large values of thes2(H2) particularly stand out.
Turning to consideration of scaling withn we see that this
becomes quite accurate forn55, thereby allowing for esti-
mation ofsn with n.5.

IV. CONCLUSIONS

We have demonstrated that the convergent close-coup
formalism, in conjunction with a Hylleraas-type expansi
for the ground state of a two-electron system, provides
accurate description of the nonrelativistic photoionizat
with excitation and double photoionization of the H2, He,
and Li1 targets. This conclusion is based on good conv
gence between calculations performed in the three gauge

FIG. 16. Scaled, as indicated, double-photoionization cross
tions for H2, He, Li1, and O61 plotted against excess energ
E/Z2, whereZ is the nuclear charge.
-
in

o

ng

n

r-
of

the electromagnetic interaction~length, velocity, and accel
eration! at the low and intermediate energies. At the high
energies the length form diverges from the other two at 0
1, and 4 keV for the H2, He, and Li1 targets, respectively
Thus, the convergence between the three gauges impr
with increasingZ. This is due to the decrease of the relati
strength of the two-electron correlation that is largest in
ground state of the negative hydrogen ion. Presently e
ployed 20-term Hylleraas ground-state expansion recov
more than 99.98 % of the correlation energy. However,
sufficiently high energies it is still unable to reproduce t

c-

FIG. 17. Scaled, as indicated, photoionization with excitation
the specifiedn levels, cross sections for H2, He, Li1, and O61

plotted against excess energyE/Z2, whereZ is the nuclear charge
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PRA 58 4511PHOTOIONIZATION WITH EXCITATION AND DOUBLE . . .
transition probability to the double-ionized continuum due
insufficient accuracy at large distances, which is enhance
the dipole operator in the length form. Nevertheless,
good agreement of the other two forms, coupled with
study of the nature of the convergence with increasing q
ity of the ground state and the usage of asymptotic and s
ing behavior, suggests that accurate results for double ph
ionization and photoionization with excitation to anyn level
may be obtained at all energies above the doub
photoionization threshold and for any two-electron target
arbitraryZ. Interestingly, the photoionization with no excita
tion cross section, and hence the total single-photoioniza
cross section, does not scale well withZ.

The present calculations generally agree well with exp
ment and theR-matrix theory of Meyeret al. @8#. Though we
have concentrated here solely on integrated cross sec
much more detailed information arises from the CCC cal
lations. This includes excitation of the individualnl levels,
the asymmetry parameterb(n), etc. We invite interested
ve

tt

no

A

by
e
e
l-

al-
to-

-
f

n

i-

ns
-

readers to obtain numerical data electronically.
We shall next concentrate on providing angle-different

(g,2e) cross sections, where initial indications are ve
promising @19,42#. In addition, the CCC approach will b
applied to photoionization of the Be, Mg, and Ca atoms u
lizing the successful implementation of the CCC method
their singly positive~hydrogenlike! ions @27#.
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