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Bound-state properties of negatively charged hydrogenlike ions
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The results of high-precision, variational, bound-state calculations for the ground state in the negatively
charged hydrogenlike ion§H™, T-, D™, 'H™, and Mu are presented. The mass dependence for various
properties is studied. The results are formulated in the form of relatively simple analytical expressions. The
probabilities of finding the final He atom in its ground and low-lying excited sti@fsr the nucleag™ decay
in the T~ ion) have been determined numerically. It is shown that the total ionization probability has a very
large value(=30%). A possible explanation may include the spin conversion betweeBthearticle and
remaining®He atom. This means that the firtle atom can be found not only in its singlet states, but also in
the triplet stated.S1050-294{@8)08512-9

PACS numbds): 31.25-v, 36.10.Dr

In the present paper we report the results of highly accuerties for these systems. Such properties are of interest for
rate calculations for a number of the negatively charged hyastrophysical applications. The second step is to propose
drogenlike ions”H™, T~,D~,*H™ and Mu". As is known simple interpolation formulas that can be applied to deter-
(see, e.g.[1]) these systems have very simple bound-statenine corrections related to the experimental errors in the
spectra that contain only the one boufgtound, singlet nuclear mass values. Also, we determine the probabilities to
state withL =0 (or 1 S state, for shojt The stability of the find the final He atom in its ground and low-lying excited
bound H ion (actually the”H™ ion) has been known since states(after the nucleap™ decay in the T ion).
the first papers of Bethf2] and Hylleraad3]. The initial To perform the high precision variational calculations we
interest in the H ion was related to its astrophysical obser- use the exponential variational expansion in the relative co-
vations. It was shown that the Hions form intensively in  ordinates. For the considered'3 states it takes the form
the areas close to the sun’s surface. These ions then absdid]
radiation coming from the center of the sun, and dissociate:

H™—H+e~ (photoeffect with dissociation The emitted 1 N
electrons will be recaptured again by the neutral H atoms W y==(1+ ,521)2 C;
(with the emission of radiatiorand, in principle, these pro- 2 i=1

cesses repeat many times. Actually, these two processes are % A 1
mainly responsible for the opacity in the solar atmosphere eXp(— aila;= Bir a1~ ¥ir21) @)
(see, e.g.[4]). The same arguments can be used also for

other stars with surface temperatufes9500 K [5]. This  whereN is the total number of basis functionS; are the
explains why the H ion is of increasing interest for astro- linear(or variational parametersg; , 8;, andvy; are the non-

physics. The existence of the boupd e~ e™ ion (abbrevi-  linear parameters. The opera®y, is the permutation of the
ated as Md) has been known sincgb,7] (see alsg[8]).  identical particles in the symmetric systems. The choice of
Later, this system was created in the laboraf@}y but no  the nonlinear parameters is based on the two-stage procedure
properties were reported. developed ir{10]. This means that the wave function is rep-

The main goal of the present study is to perform highlyresented in the form of the highly accurate short-téfinst
accurate variational calculations for the two-electron,stage or boostgmwave functionW; and roughly optimized
H™-like systems with the redl.e., finite) masses. First of all, (or nonoptimizedl long-term wave function?,.
we want to compute various geometrical and physical prop- In the present study the results =200 (see Table)l

TABLE I. The total energiesE) in atomic units (n,=1/4=1,e=1) for the ground states of the two-electron{ike ions.N designates
the number of basis functions used.

N E("H) E(T) E(D) E(H) E(Mu™)

200 —0.527751016542889 —0.527 649048201512 —0.527598 324 684 988 —0.527 445881112677 —0.525 054 806 240 231
400 —0.527751016543776 —0.527 649048202401 —0.527 598 324 685880 —0.527 445881 113 584 —0.525 054 806 242 950
500 —0.527751016544049 —0.527 649048202672 —0.527598 324686 151 —0.527 445881113853 —0.525 054 806 243 213
600 —0.527751016544166 —0.527 649048202789 —0.527598 324686 267 —0.527 445881 113 968 —0.525 054 806 243 315
700 —0.527751016544 265 —0.527 649048 202887 —0.527 598 324 686 366 —0.527 445881114067 —0.525054 806243411
800 —0.527751016544302 —0.527 649048 202925 —0.527 598 324 686 403 —0.527 445881114104 —0.525 054 806 243451
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TABLE II. The expectation valuegX;;) in atomic units (n,=12=1,e=1) of some properties for the ground states in the two-electron
H™ -like ions.
(Xij) E("H) E(T) E(D7) E(*H) E(Mu™)
(r 0.155104 15184 0.15503394509 0.154 999029 82 0.154894 13069 0.15325557163
(r3d) 1.116 66282224 1.1162401735 1.116 0299570 1.115398286 4 1.1055122111
(ro0) 0.3110215022191 0.3109524890189 0.3109181618294 0.310815007 479 0.3091993889808
(ra) 0.683261767 6540 0.6831252927125 0.6830574056012 0.682853 384 854 0.6796545007340
(rop) 4.412 69449779 4.413 696 08542 4.414194 43163 4.415692603 31 4.43928009181
(ra) 2.71017827834 2.71081880509 2.711137506 35 2.712095626 51 2.72718298239
(r3) 25.202 025298 2 25.2137654803 25.219607 856 1 25.2371756141 255145363717
(r3) 11.9136996816 11.9197276191 11.9227273983 11.9317477600 12.0741939880
(r3) 180.605601 24 180.735630 15 180.80034913 180.995002 15 184.07731413
(r3) 76.023097 561 76.083 393736 76.113 405589 76.203674 315 77.633690344
(r3) 1590.094 676 1591.667 914 1592.451105 1594.807 275 1632.234593
(r3y 645.1445789 645.844998 2 646.1936953 647.2427762 663.917 866 2
((rairra)”Y)  0.382627890337 0.382460806 219 0.382377710308 0.382128051 445 0.378227084 3826
((rarrron™Y)  0.253077567071 0.252967 450107 0.2529126856119 0.252748147 338 0.2501771684020

731
721

0.6498715811939

0.649846 2033997

0.6498335802782

0.649 795 646 586

0.6492013692745

—0.1051476935660 —0.1050972002342 —0.1050720840951 —0.1049966063031 —0.1038138780955

(f) 0.04864886720547  0.04864880164127 0.04864876911532  0.04864867171735  0.04864721511336
(r31-Tao) —0.68731296750 -0.68715512108 —0.68707652980 —0.686840047056 —0.68307419786
(ra1-To0) 12.6010126490 12.606 8822740 12.609803928 1 12.6185878070 12.757 2681859
(—3V3) 0.2638755082723 0.263 773550736 0.2637228406435 0.236 570469595 0.2611868442787
(—3V2) 0.560630798396 8 0.5603931818140 0.560 275005582 2 0.5599199393937 0.5543700442112
(V,-Vy) 0.0328797818523 0.032846 0803412 0.032829324 295 2 0.0327790001823 0.031996 355 653 8
(V1-V3) —0.288535344662 —0.288408110992 —0.288344833865 —0.288154719731 —0.285184111019

(831 0.164552 853 0.164 461616 0.164416243 0.164 279924 0.162 150662

(820) 2.737987 %1073 2.735840% 1073 2.734773410°3 2.731567& 103 2.681676<10°°
(8320 5.064 44x 1073 5.05711x 103 5.05356<10 3 5.04295¢10° 3 4.8788% 103

var —0.999996224839 —0.999814281493 —0.999723854280 —0.999451881287 —0.995183309891

V3, -1.0 —0.999818113084 —0.999727630498 —0.999455679433 —0.995 186 945348

Vo1 0.500 039 796 232 0.500 039 898 808 0.500 039 796 232 0.500039 74109 0.500039116 850

v 0.5 0.5 0.5 0.5 0.5

7 5.904x 10" 3 6.003x 1013 8.083x 10 = 8.359x 10 ¥ 1.200< 1012

& —0.755143903364662-0.754 843900894 657—0.754 694 721 939902-0.754 246 603587 335-0.747 261 225 195 369
Tin(K) 8763.0282 8752.6155 8757.8157 8752.6155 8671.5540

&The exact two-particleuspvalue.

correspond to the highly accurate short-tefon first stageé  Throughout the rest of this paper, subscripts 1 and 2 stand
wave function'; . The maximal total number of basis func- for the electrons, while 3 designates the nucleus. The expec-

tions in calculations equals 808ee Table )l Table | con- tation values ofr;; are the two interparticleosinefunctions:
tains only the found variational energies, while Table Il in-

cludes various geometrical and physical properties. In both
of these tables only atomic units are useg=1,e=1, and
fi=1. In Table Il only stable figures from calculations with ) )
the higher values ol are presented. The nuclear masses ofvhere (,j,k)=(1,2,3). The sum of these threg values is
the hydrogen isotopes used in calculations have beefgpresented in the following form:
chosen from [11]. Their numerical values are
m,=1836.15270t,, my=3670.48301,, and m;
=5496.921 58, . The mass of the positively charged muo- ;4
nium u* equalsm,=206.768 26t [11]. The appropriate
binding energies of the H™ ions are given in eM1 Ry
=27.2113961 eVY. The results of previous variational calcu-
lations for “H™ can be found, e.g., ifl2] (see alsd1] and  for arbitrary nonsymmetric and symmetric three-body sys-
references therein tems, respectively. The quanti§f) can be expressed in
The physical meaning for almost all of the expectationterms of the relative coordinatess(,rs,,r,;) or perimetric
values given in Table Il seems to be quite clear and wecoordinates (;,u,,us) [where ui=%(rij+rik—r1k), and
restrict ourselves only to a few remarks, as follows.(i,j,k)=(1,2,3)] as follows:

Tij:<C05(rik‘rjk)>:<rik-rjk> , (2

ikl jk
7'21+ 7'32+ 731:1+4<f>

7'21+ 27'31: l+4<f> (3)
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Fan a1 lo1 X+y=2(ren) and y=(reo, Wherer,, and rq, are the

electron-nucleus and electron-electron distances, respec-

> x andy can be evaluated from the two following equalities

<f>=<¢

) tively. Finally, by using the appropriate results from Table Il
ZJJJ’ lih(uy,uz,u3)[*usuzuzduduzdus. (4 gpe findsrg;~1 (i.e., the value that can be found for the
ground state in the neutral H atpnwhile r3~4.4, where 1
and 2 designate electrons, while 3 means the nucleus. In
The value(f) can be calculated directly or by applying . other words, the distance between one electron and the
Their coincidence is an additional test to prove the correcthucleus is roughly 4.4 times larger than this distance be-
ness of our results. The virial factoyis determined as fol- tween the other electron and the nucleus. Note, however, that
lows: the evaluation made above assumes that we can distinguish
electrons 1 and 2 in the Hion. This violates the principle of
_ (V) indistinguishability, and therefore all presented arguments
n=|1+ ﬁ ' (5) cannot be taken very rigorous(for more detail se¢13]).

Now, by using the results presented in Tables | and Il we
where(T) and(V) are the expectation values of the kinetic can derive simple interpolation formulas for the bound-state
and potential energy, respectively. The parameterdicates  properties in the H ion. Such formulas are important for
the quality of the wave function for Coulomb systems.applications, since the nuclear masses are the subject of in-
The expected(exac) two-particle cusp values equaly;; tensive experimental revision. For an arbitrary propéiy
=q;q;[ (mim;)/(m;+m;)], where q;,q; are the particle’s we can write the following general expressid#]:
charges andn; ,m; are their masses.

The so-called ionization temperatureZ;,=|e|/k

=11604.448| is of great value in astrophysical applica- _ -

tions. Heree is the binding energy of the corresponding H (X(MHT))=(X("H »”L;

ion (in eV) and k is the Boltzmann constantk !

=11604.448 KeV?, and finally, 7;, is in K. The impor-

tance of theZ;, follows from the fact that the ratio of the'H  whereM is the mass of the nucleus in the kbn anda, (X)

ion concentration[(H™]) to the concentration of hydrogen H are the unknown numerical coefficients. In general, the series

atoms([H]) takes the following general form: in the last equation should be a Puiseux serielslin® [14].
But the ground state in thEH™ ion is nondegenerate, and
hence, all powerk in the last equation can be chosen as

a(X)
Mk

@)

[H"] :AF(T)eXp( ﬁ) 6) integer. Presently, we restrict ourselves to the quadratic for-
[H] T)' mulas only, i.e.kna=2 in the last equation, or, in other
words,

whereF(T) is a rational function of the temperatufen the

solar atmospheré.e., in a corong4]), andA is proportional - o a(X)  ax(X)
to the electron concentration in the solar atmosphere. For (X(MHD))Y=(X("H))+ — >
instance, if all component§.e., the H ions, H atoms, and M
electronse™) are considered as ideal gag&aha approxi-
matio(r)},)one easily finds that in the last equati&(T)
=T 3/2 .

As follows from Tables | and I, all negatively charged
hydrogenic ions considered are typically weakly bound sys
tems with two-body (H-e™) cluster structure. Indeed, as
follows from Table | the maximal ratio of the binding ener-
gies to the appropriate total energies does not exceed 29
This means that any of the Hions is a weakly bound sys-
tem, or, in other words, these ions are very close to thei
dissociation limit (H =H+e™). But such a cluster structure o0od.
cannot he seen easily ffom th_e geometrical properties ShOW% In conclusion, let us discuss some problems related to the
in Table Il. The reason is obvious: all electron-nuclear prop-,

. . clear 3~ —decay in the T ion. Our present goal is to
erties are averaged upon the t.WO electrgrsticles 1 and evaluate the appropriate probabilities for the fifible atom
If one electron(e.g., electron Lis close to the nucleus and a

) to be found in one of its bound states. The process can be
second electrorfelectron 2 is far away from the nucleus,

then the averaged electron-nuclear distafigg) (given in written symbolically in the form

Table Il) will not indicate anything typical for a weakly

bound structure. Let be the distance between the first elec- SH =S3He+e +18.57 keV. 9
tron and nucleus, whilg is the distance between the second

electron and nucleus. The two-body, cluster structure mearighis problem was discussed in detail[it6]. The computa-
x<ty, and thereforey~(r,;). Now, the numerical values of tional procedure used ifl5] is based on the so-called sud-

®

The coefficientsa;(X) and a,(X) have been determined
from the results given in Table Ifor all systemg For in-
stance, for the four following propertieé=E (the total en-
ergy), ra, ra;, and 8y, these coefficients can be found in
Table Ill. Table Il also includes the appropriate numerical
results (predicted by using the last equation and found in
direct computations for the w"e"e” system
=273.12695n,). As follows from Table Ill the agreement
between expected and computed results seems to be very
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TABLE IlI. The predicted and computed expectation val(Xg) in atomic units fn,=14=1.e=1) of
some properties for the ground states in the two-electrd® e~ ion. a;(X) and a,(X) are the two
coefficients in Eq(8).

(Xij) a;(X) ay(X) (Xij)? (Xij)®

E 0.5606289554144 —0.6488879734851 —0.525707083563 —0.525707095013630
(rzy) 3.52111646389 —1.051078371547 2.723 056 056 06 2.723 056 05569
(r%p 64.531 6842878 17.717 4032395 25.4385327283 25.4385332381
<53]_> —0.501704596 817 1.035441688 30 0.162729841 0.162 729868

&The predicted valugsee Eq(8)].
bThe computedvariationa) value.

den approximatiorf16,17]. In the considered case the sud- or in its ground stat€~23%). In our present computations
den approximation means that the emitt@d particle both initial and final nuclei are assumed to be infinitely
leaves the maternal iorfatom) for a time 7~ag/vg heavy.

= aO/C’/1+(meC2/E,B) (whereEg is the kinetic energy of Let us compare the found figures with the known results
the emitted@ ™ particle), which is significantly shorter than for the 3= decay from the ground state of the tritiufi)

the typical atomic time,=a,/(«c). Here and belowa, is ato_m[1_5]. In the last case, the f||_1§He ion can be found
the Bohr radius ande is the fine-structure constant Mainly in the ground~70% or first excited(25%) states.

o1 - - ; . ; For other excited states the appropriate probabilities are rela-

gorr;y). The conditionr<t, can be rewritten in the different tively small (for details se§15)). For thes~ decay in the T

ion these figures are-23% for the ground state of théHe

atom and~47% for its first excited state. The principal dif-

ference betwee™ decay from the T ion and T atom can
mec® 1 be explained from the fact that the Ton has a very diffuse,

Es < a weakly bound structure, while the finaleutra) *He atom is
quite compact. The question about atomic ionization stimu-
lated by theB™ decay is even more interesting. Its probabil-
ity P, can be found as the difference between the unit and the
total probability for the remaining atoigor ion) to be bound
(i.e., the sum of all bound-state probabililieShis gives
P;~3% for theB™ decay in the T atom, and almost30%

Eg>a’m,c?=0.0272113961ke¥1Ry. (10)  for the 8~ decay in the T ion. Such a remarkably large
deviation needs a separate investigation, but here we want to
make only the following remark. The traditional arguments

The last condition is obviously obeyed for tige decay in  elated to the weakly bound structure of the kbn cannot

the T ion. explain satisfactorily the difference in 10 times between

: ; L these two cases. For instance, Be decay of the tritium
In [15] it was shown that in the sudden approximation the tom in its highly excited. weakly bounRydberg states

{aoprr;ppnate probability can be represented in the fOIIOV\"ng"':dso gives only 2—4% for the total ionization probability.

From our present point of view the70% probability for the
T~ ion includes only those bound-state probabilities where
the final statesgin the 3He atom are singlets. But it is easy to
Pants= [(WH-(r32.r31,7 20| P speints(F32,F 31,7 20)|? understand that the correspondifigpund triplet states of
(1) the final ®He atom must also be included in the consider-
ation. The triplet states arise as the result of spin-gpm
spin exchangeinteractions between atomic electrons and
whereW,, (rs,,r'31,r»1) is the wave function of the ground Moving 8~ particle(i.e., fast electron This means that the
state in the H ion, while ® sy nis(Fs2,Ma1,F 1) is the “fi-  SPin state of the emitted@™ particle changes als@pin con-
nal” wave function of the i— 1)th excitedS(L=0) state  Version. But in terms of the suddefiwo-electron approxi-
in the 3He atom. The casa=1 corresponds to the ground mation used above, the_ appropriate p_roba_b|I|t|es cannot be
state in the 3He atom. In the present study we have evaluated even _apprquately, since in thls.r_nethoq gll of
determined the probability for the finalHe atom to be them_ equal zero |de_nt|c§1IIy. If the tot_al probability of finding
in its ground ES(L=0) state asP~(0.479518283 the fl_nal_ 3H_e atom in _tr_lplet states is=15-20 % th_en the
=0.22993764. The analogous probability for the first ex-total '9”'23“0” probability equals-10-15 %, which IS only
cited 2'S(L=0) state of the®He atom is~(0.68459775  S—° times larger than the values known from otfier de-
~0.46867404, while for the second excitedSBL=0) caying atomic and ionic systems.
state such a probability equais(0.01162043~0.001 35, | wish to thank Garry T. Smith for his valuable help and
and for the third excited ¥5(L=0) stateP~(0.045872f discussions, Vedene H. Smith, Jr. for useful references, and
~0.0021. Thus, the helium-3 atom produced afierdecay the Natural Sciences and Engineering Research Council of
in the T~ ion can be found in its first excited state47%  Canada for financial support.
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