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Theory of muon spin relaxation of Mu 1 CO
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In previous papers@Phys. Rev. A50, 4743~1994!; 54, 4815~1996!# a theoretical description of the signals
associated with the muon spin relaxation of simple muonated gaseous radicals has been presented. These
gaseous radicals were assumed to have been formed during the slowing down process of the muons in the
gaseous target and assumed to be stable chemical species at the initial observation time. The observed signals
were attributed to these stable radicals. In this paper the theoretical description is extended to include situations
where the radicals are formed in slow processes as opposed to fast processes with the assumption that the muon
exists as muonium at the initial observation time. This muonium then reacts for the time duration of the
experiment, which is limited by the muon’s lifetime. The theoretical treatment is based on an operator expan-
sion of the spin density operators for muonium and for the molecular radicals whose time dependences are
described by a set of coupled linearized quantum kinetic equations. Relaxation of the signals is due to two
effects, namely, the chemical reactions themselves and the collisions that reorient the molecular radical’s
rotational angular momentum. This affects the muon’s spin via intramolecular couplings between the muon’s
spin, the radical’s free-electron spin, and the radical’s rotational angular momentum. The coefficients of the
radical’s spin Hamiltonian, the collisional reorientation lifetimes~cross sections!, and the chemical reaction
rates may be used as fitting parameters to describe the experimental signals. These could also be calculated
from first principles.@S1050-2947~98!00212-1#

PACS number~s!: 36.10.2k, 51.60.1a
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I. INTRODUCTION

Many muon spin relaxation experiments have been p
formed for the purpose of studying the reactions between
paramagnetic muonium atom~radical!, Mu5m1e2, and
macroscopic physical systems@1–3#. For simple molecular
gases, these studies fall into general categories depen
upon the type of reaction, for example, substitution reacti
with diamagnetic molecules such as H2 @4# and addition re-
actions with diamagnetic molecules such as CO@5,6#, para-
magnetic diatomic molecules such as O2 @7# and NO@5,8#,
and diamagnetic polyatomic molecules such as C2H4 @9–11#.
Often an inert dopant gas is also present to adjust the s
ping location of the muons and to ensure that the majority
the muons form the paramagnetic muonium radical that m
then react with the molecular gas. For purposes of disc
sion, the muonium atom will be referred to as a radical
emphasize its chemical reactivity, while paramagnetism
diamagnetism refer to the electronic structure of the ato
and molecules. In these experiments, the dynamics of an
semble of muon spins are followed through observation
the decay positrons that are emitted preferentially along
muon spin direction. Histograms@12,13# of these ensemble
are fitted to a count function

N~ t !5N0e2t/tm@11S~ t !#1B0 , ~1!

wheretm52.2 ms is the lifetime of the muon,N0 is a nor-
malization constant,B0 is a background constant, andS(t) is
the observed signal. These histograms are recorded w
minimum time resolution of a few nanoseconds and with
PRA 581050-2947/98/58~6!/4431~16!/$15.00
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uncertainty in the initial time of a few nanoseconds as w
This uncertainty in the initial time is such that the muons w
have completed their stopping process and may be in dif
ent chemical environments when counting begins. The co
comes from all chemical environments that contain
muon, while the signalS(t) is related to components of th
muon’s spin angular momentumI . These experiments ar
usually performed in one of two configurations, namely
longitudinal setup where the incoming muon’s spin and
magnetic field directionB̂ are collinear and a transvers
setup where they are perpendicular. The observed signalS(t)
is proportional to the ensemble-averaged behavior of a sin
muon’s spin time dependence and for computational p
poses is calculated as equal to the spin expectation v
with the initial incoming state treated in the same way. T
result is the same if both the signal and initial state are
terpreted as numbers of muons. In general, these signals
sist of a number of observable modes having the gen
forms

SL~ t !5(
k

e2lk
LtAk

L1(
n

e2ln
Ltcos~vn

Lt1un
L!An

L

5B̂–^I &~ t ! ~2!

for the longitudinal configuration and

ST~ t !5e2l0
Tt(

k
e2lk

Ttcos~vk
Tt1uk

T!Ak
T

5e2l0
TtReê1–^I &~ t ! ~3!
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for the transverse configuration, whereê1 is the complex
unit vector rotating positively aboutB̂. Herel0

T is inversely
proportional to the total pressureP,

l0
T5

h0

P
, ~4!

with h0 being a measured background.l0
T contributes to the

overall relaxation rate due to field inhomogeneity over
stopping distribution of the muon in the gas@10#.

These signals exhibit a variety of frequencies and rel
ation rates that may be associated with the different dyna
cal modes of the chemical system. The relaxation rate
each of the modes is then expressed in terms of the stan
terminology for longitudinalT1 and transverse relaxatio
timesT2 . When no reactions are present, the relaxation r
amplitude, and phase of each mode is directly associ
with a particular chemical species that contains the mu
provided no accidental degeneracies occur. If chemical re
tions are present, the precession-relaxation modes are a
posite of all the chemical species since the complex ev
tion of the chemical dynamics intermixes the contributio
of the reorientation rates and spin couplings of all the vari
chemical environments present. While the frequency of e
mode is probably dominated by that of a particular spec
shifts occur because of collisions and reactive coupling
the species. In general, there are many modes contributin
these signals, but usually only a single mode is obser
experimentally. However, multiple modes have been
served@8,14,15#. For transverse fields, the modes are clea
distinquished by their frequencies so that their relaxat
rates and amplitudes may be assigned unambiguously, u
there is a degeneracy. In longitudinal fields, the frequen
dependent modes are usually not observed since their
quencies are too high for the current experimental tim
methods to resolve. A further complication for the longitud
nal field signals is that more than one zero-frequency m
might be contributing to the observed signal since the re
ation rates may not be sufficiently different to distinqui
between the modes. In addition, even in the case when
reactions occur, there is no distinguishing feature to all
the determination of which chemical species is associa
with ~or dominates! a particular mode.

These experiments may be categorized by the natur
the interactions between the muonium radical and the m
ecules of the gas. The types of intermolecular processes
occur, such as angular momentum reorientations, spin
changes, and chemical reactions, lead to a rich preces
relaxation dynamics for the muon’s spin. From a theoreti
point of view, the categorization may be based on the co
plexity of the mathematics required to describe the dynam
of the muon’s spin angular momentum during the time
data collection. This categorization depends upon the
lecular species present and on the partial pressure of the
In terms of the intermolecular collisional processes occurr
during the time of data collection it is as follows:~i! Chemi-
cal reactions involving muonium that produce stable diam
netic molecules such as Mu1 H2 @4#, ~ii ! spin exchange re
laxation of muonium by paramagnetic gases such as Mu1
Cs @5#, ~iii ! angular momentum reorientation relaxation
stable molecular radicals such as MuC2H4 in high partial
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pressures of C2H4 @9–11#, ~iv! chemical reactions involving
muonium and diamagnetic gases producing molecular r
cals that may undergo angular momentum reorientation
laxations such as Mu1 CO @5,6#, ~v! angular momentum
reorientation relaxation and spin exchange of stable mole
lar radicals such as MuO2 in high partial pressures of O2 @7#,
and ~vi! chemical reactions involving muonium and par
magnetic gases producing molecular radicals that may
dergo angular momentum reorientation relaxation and s
exchange such as Mu1 O2 in low partial pressures of O2
@7#, Theoretical descriptions of categories~i! @4,5#, ~ii ! @16–
18#, and~iii ! @19–21# have already been presented, while it
the purpose of the present paper to present a theoretical
spective on category~iv!. In all these categories, there a
two types of dynamical motion occurring, that is, the i
tramolecular evolution of all the translational and intern
degrees of freedom of the molecules and radicals and
intermolecular collisional events between these atoms
molecules. Since the observable of interest is the muo
spin angular momentum, the translational degrees of fr
dom are averaged over in both the experiments and
theory. Thus the theoretical problem involves the free~be-
tween collisions! spin dynamics of the molecules and rad
cals coupled by the collisional reaction and relaxation p
cesses, with the result that the observed muon spin signa
a relaxation of its amplitude and possibly indirect shifts
the observed frequencies from the free intramolecular
quencies. Relaxation of the signals is due to the collis
events that may or may not directly relax the muon’s s
angular momentumI . The resulting equations for the dy
namical motion of the internal degrees of freedom of t
molecules and radicals containing the muon are affected
collisions via angular momentum reorientation cross s
tions, spin exchange cross sections, and chemical reac
rates. Solution of equations of this type result in signals
the forms of Eqs.~2! and ~3! where the observable frequen
cies, relaxation rates, amplitudes, and phases are, in gen
dependent both upon the internal state properties of the m
ecules and the radicals, as well as on the reorientation,
exchange, and chemical reaction collision cross sectio
These are in turn dependent on the pressure and mag
field strength.

For category~i!, the muon completes its slowing dow
process as the muonium radical and then reacts with a
magnetic gas molecule@4# after counting begins. In longitu
dinal fields only the zero-frequency signals are observ
while for transverse fields only the two lowest muonium fr
quencies and the diamagnetic~or bare muon! frequency are
observed. The reaction is assumed to be thermal wit
chemical reaction rate that is observable on the time scal
the experiments, a few nanoseconds to about 10ms. The
products of this type of reaction, for example,

Mu 1 HX→MuX1H, ~5!

are stable diamagnetic molecules such as MuH. Relaxa
of the signal occurs due to loss of muonium through
chemical reaction as the muonium is converted to the d
magnetic molecule. There are no other relaxation meth
for these types of experiments. The free intramolecular s
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PRA 58 4433THEORY OF MUON SPIN RELAXATION OF Mu1CO
dynamics of the diamagnetic molecule involves only the s
angular momentum of the muonI and the magnetic fieldB in
the Zeeman Hamiltonian

Hm
sp/\52vmB̂–I , ~6!

while the muonium radical also involves the spin of the el
tron S. The spin Hamiltonian for muonium is the standa
hydrogen isotope Hamiltonian@3,22–24# constructed from
the electron spin angular momentum, the muon spin ang
momentum, and the external magnetic field as

HMu
sp /\5veB̂–S2vmB̂–I1v0

MuS–I . ~7!

This standard muonium or hydrogen spin Hamiltonian h
well known analytic eigenfunctions and eigenvectors@25#.
Those modes that influence the muon signal are three z
frequency and two nonzero-frequency longitudinal mod
and four nonzero-frequency transverse modes. With the
rent experimental apparatuses, only the two lower nonz
frequency transverse modes are observable as well as
sum of the zero-frequency longitudinal modes. Because
the simplicity of the free spin dynamics and the averag
over the translational degrees of freedom, it is possible
analytically represent the signals for this category@4,5#.

In the longitudinal field experiments@5# when there are
only forward reactions, the zero frequency contribution
the signal from muonium is

SMu
L ~ t !5

1

2
e2l f t@11cos2h# f Mu^I B&m~0!, ~8!

while the zero-frequency contribution to the signal from t
diamagnetic environment is

SD
L ~ t !5

1

2
@12e2l f t#@11cos2h# f Mu^I B&m~0!1 f D^I B&m~0!,

~9!

with

cosh5
x

A11x2
. ~10!

Herel f5kfnX is the rate due to the forward reaction, wi
nX being the number density of the reacting gas, andx
5B/B0 is the reduced magnetic field strength.B0 is
v0

Mu/(ge1gm)51585 G.^I B&m(0) is the muon spin expec
tation value in the field direction of the incoming muon bea
at the zero of the count time, which is usually indistinguis
able from the time when the muon is thermalized.f Mu and f D
are the initial~zero of count timef Mu1 f D<1) fractions for
the muonium and diamagnetic chemical environments. T
diamagnetic environment plays no further role in the che
cal or spin relaxation processes. In the experiments, th
contributions to the signal cannot be individually identifi
and only the sum of terms from muonium and from the d
magnetic environment can be observed, that is,
n
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SL~ t !5SMu
L ~ t !1SD

L ~ t ! 5 A1

5H 1

2
@11cos2h# f Mu1 f DJ ^I B&m~0!; ~11!

compare with Eq.~2!. Thus there is only one observed zer
frequency mode that does not relax. It is to be noted that
amplitude of this constant signal increases with field a
contains contributions from all the chemical environmen
This is the typical result for the forward reaction from mu
nium to a diamagnetic molecule in longitudinal fields.

In transverse fields the experiments@4,5# are often carried
out at low fields (<10 G). For such low transverse field
and for only forward reactions, the signal is calculated as
expectation value of the muon spin in thex̂ direction, which
is a direction perpendicular to the magnetic field directionB̂.
The initial state is interpreted in the same way as for
longitudinal case, while the muonium contribution to the s
nal is

SMu
T ~ t !5

1

2
e2l f tcos~vMut ! f Mu^I x&m~0! ~12!

and the diamagnetic contribution to the signal is

SD
T ~ t !5cos~vmt ! f D^I x&m~0!1

1

2
cosu@cos~vmt2u!

2e2l f tcos~vMut1u!# f Mu^I x&m~0!. ~13!

Here vMu is the low-field effective Zeeman precession fr
quency (ve2vm)/2, l f is the chemical reaction relaxatio
rate, and the phase is

u5arctanFvMu1vm

l f
G . ~14!

This phase depends upon pressure through the ratel f and
the field through the precession frequenciesvMu andvm . As
with the longitudinal signal, these contributions to the sign
cannot be individually identified and only the sum of th
contributions from both the muonium and the diamagne
environments can be observed, that is,

ST~ t !5A0cos~vmt1u0!1e2l1tA1cos~vMut1u1!,
~15!

where the amplitudes and phases for the modes are

A05AF1

2
f Mu1 f DG2

cos2u1 f D
2 sin2u^I x&m~0!,

u052arctanH 1

2
f Mutanu

S 1

2
f Mu1 f DD1 f Dtan2u

J ,

~16!

A15
1

2
~sinu! f Mu^I x&m~0!,

u15u2p/2.
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Thus there are two nonzero-frequency modes; compare
Eq. ~3!. The amplitudes of these modes are pressure and
dependent. Only the second mode relaxes and its relaxa
rate is equal to the chemical reaction ratel15l f . In this
example, the first mode is due to both the initial diamagne
fraction and the diamagnetic product of the chemical re
tion, which may not necessarily be the same chemical e
ronment. In addition, even though the second mode has
muonium frequency, it contains contributions from bo
muonium and the diamagnetic product of the chemical re
tion.

If this reaction is reversible, the effect of the reverse
action will show up as modifying the frequencies, relaxati
rates, and amplitudes of the observed modes under stan
chemical kinetic conditions@5#. For example, in longitudina
fields, the zero frequency contribution to the signal fro
muonium is

SMu
L ~ t !5H F l r2l1

l22l1
Ge2l1t1F l22l r

l22l1
Ge2l2tJ

3
1

2
@11cos2h# f Mu^I B&m~0!, ~17!

while the zero-frequency contribution to the signal from t
diamagnetic environment is

SD
L ~ t !5 f D^I B&m~0!1F l f

l22l1
G@e2l1t2e2l2t#

3
1

2
@11cos2h# f Mu^I B&m~0!. ~18!

Here the relaxation rates are

l15
l f1l r

2
2

1

2
Al f

212l fl rcos2h1l r
2,

~19!

l25
l f1l r

2
1

1

2
Al f

212l fl rcos2h1l r
2.

Again these contributions cannot be individually identifi
and it is only the sum of these contributions that is observ
that is,

SL~ t !5A01e2l1tA11e2l2tA2 , ~20!

where the amplitudes of the observed modes are now

A05 f D^I B&m~0!,

A15F l2

l22l1
G12 @11cos2h# f Mu^I B&m~0!,

~21!

A25F 2l1

l22l1
G12 @11cos2h# f Mu^I B&m~0!;

compare with Eq.~2!. This observable signal consists
three zero-frequency modes, two of which have press
and field-dependent amplitudes and relaxation rates. On
these rates will be slow and the other fast. As the field
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creases,A1 increases,A2 decreases,l1→0, andl2 increases.
This implies that at large fields the signal will be constan

For category~ii !, the interaction between the parama
netic muonium radical and a paramagnetic gas, for exam
Cs @5#, is dominated by electron spin exchange proces
whereby the spin angular momentum of the electron in
muonium directly interacts with the paramagnetic spin an
lar momentum of a gas molecule in a collision proce
While the muon spin will also directly interact with the ga
molecule’s paramagnetic spin, the size of this interaction
much smaller than that of the electron’s interaction and t
direct interaction can be ignored; see the successful theo
ical description of this process in@16#. Thus the relaxation of
the muon’s spin angular momentum by spin exchange in
actions is indirect. Specifically, whereas the muonium’s el
tron spin angular momentum is directly relaxed due to co
sional couplings with the paramagnetic spin, the relaxat
of the muon’s spin occurs only because the muon and e
tron spins are strongly coupled in the intramolecular s
dynamics of the muonium radical. The relaxation rates m
be expressed in terms of spin exchange collision cross
tions or, equivalently, collision lifetimes. In this manner, th
detailed spin dynamics of the muonium radical is modifi
by the direct relaxation of the electron’s spin. However, t
description of the spin dynamics still only involves the spi
S andI since the effects of the spins of the paramagnetic
molecules appear only in the collision cross sections.
certain ranges of magnetic fields, the signals can be
pressed in analytic terms@16#. In particular, for the zero-
frequency longitudinal experiment, there are two modes,
that does not relax and is due to the initial diamagnetic fr
tion and one that has an exponential decay whose relaxa
rate ~which depends upon both the spin exchange lifetimt
and the magnetic field! goes to zero for high fields,

SL~ t !5A01e2l1tA1 ,

A05 f D^I B&m~0!,
~22!

A15
1

2
@11cos2h# f Mu^I B&m~0!,

l15sinh/2t.

In low-field (<10 G) transverse experiments, there are a
two modes, one of which has an exponential decay wh
rate is determined by the spin exchange lifetime, namely

ST~ t !5A0cos~vmt !1e2l1tA1cos~vMut !,

A05 f D^I x&m~0!,
~23!

A15
1

2
f Mu^I x&m~0!,

l151/2t.

For categories~iii ! and ~iv!, the interaction between th
paramagnetic muonium radical and the diamagnetic ga
dominated by chemical reactions. Since the gas is diam
netic, no spin exchange processes occur. The distinction
tween these categories depends upon whether the reac
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are fast or slow with respect to when the experimental cou
ing begins. When the incoming muons slow down in the g
muonium is produced at high energies through a serie
charge exchange processes@13,26#. Further chemical reac
tions with the gas may occur under either fast or slow c
ditions on the time scale of the slowing down process.
category~iii ! ~fast processes!,

Mu1X→MuX–, ~24!

the radical MuX– is formed before the slowing down proce
is complete and the first count begins. If this radical is sta
during the lifetime of the muon, then the observed signal w
be due solely to the radical. Such a situation exists for
radicals C2H4Mu– and C2D4Mu– @9–11# when their partial
pressures are large enough. A detailed theoretical treatm
with fitting to the experimental data for the former, has be
presented by the current authors; see Refs.@19,20#. The
chemical reactions are completed before the radical sign
observed and thus do not contribute to the observed re
ation. As for C2H4Mu–, the relaxation of the signal is indi
rect, being due to the coupling of the muon’s spin angu
momentum with other angular momenta, which are in tu
relaxed by reorientation collisions. In order that a theoreti
treatment be tractable, it was necessary to make some s
assumptions about the radical. These assumptions deal
the free evolution of the radical and its angular moment
properties since it is the dynamical motion of the coup
spin system while the radical is in free flight between co
sions that presents the major difficulty in a theoretical tre
ment. The radical has an electron spinS, a muon spinI ,
possibly other nuclear spins as well as a rotational ang
momentumJ, and various vibrational, bending, and torsion
degrees of freedom. To include all of these dynamical qu
tities, which are all expected to be coupled, would lead to
extremely large basis set and also to the question of whe
the experimental data are either accurate enough or suffic
to uniquely determine all the coupling constants in t
Hamiltonian and the collisional decay times required to
rametrize all these quantities. A reduction in the size of
basis set was required and it was assumed that not al
quantities would be important for the bulk phase relaxati
Three assumptions were made about the dynamics. First
that the bending, vibrational, and torsional degrees of fr
dom could be ignored since they are too high in energy
substantially contribute to the motion. Second, for the ca
considered so far, the radical has been approximated
diatomic molecule as far as its rotational motion is co
cerned. Furthermore, the effects of the rotational angular
mentum were assumed to be well approximated by usin
single average magnitudeJ since this is large. In addition,
multipole expansion inJ was carried out and truncated
second order. Finally, the third assumption was that all ot
nuclear spins, such as protons, may be ignored since
largest coupling of the muon spin is to the electron’s sp
Thus the spin Hamiltonian for the radical is constructed fr
the angular momentaS, J, and I and the external magneti
field B as

HMuX
sp /\5veB̂–S2vmB̂–I1v0

MuXS–I2vJ
MuXB̂–J1vSR

MuXS–J

1v IR
MuXI–J1cA

MuXI–@J#~2!
–S. ~25!
t-
s,
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The free evolution of the spin dynamics for this category
systems are much more complex than those of categorie~i!
and ~ii !. This approach has been successfully used@20# to
globally fit both the longitudinal and transverse signals
the radical C2H4Mu–. In each of the longitudinal and trans
verse field configurations, only one relaxation mode has b
observed. For both of these cases, the relaxation rates de
upon the field and pressure.

In category~iv!, the muons complete their stopping a
muonium radicals before the first count and then react
form a metastable paramagnetic radical during the time
experimental observation

Mu1X
MuX–!→MuX–, ~26!

where, for example,X5CO @5,6#. The addition reaction may
be reversible since the product may be an excited state o
radical or a metastable radical. Further reaction of MuX–!

may occur to produce a stable radical. As in category~iii !,
the muon’s spin is indirectly relaxed, being dominated by
coupling of the muon’s spin to other angular momenta of
radical, which are in turn directly relaxed by collisions, i
cluding chemical reactions. Thus category~iv! involves add-
ing the complexity of chemical reactions to the spin dyna
ics of category~iii !. For carbon monoxide and transver
fields, only signals associated with the muonium frequenc
have been observed, while no signal having a radical
quency has been seen@5,6,27#. If these reactions were revers
ible, the effect of the reverse reactions should show up
modifying the decay rates and amplitudes of the signals
sociated with the muonium frequencies. A further comple
ity is that the muonium frequencies may be shifted sin
collisions can modify~indirectly! the effective coupling be-
tween the spins. Properties of the radical must then be
duced from measurements of these quantities. Dedu
properties from the longitudinal signals is even more co
plex since there are several zero-frequency modes and
observed longitudinal signal may have major contributio
from a number of these as well as from the different che
cal species that are present. With a finer time resolutio
might be possible to observe the frequency-dependent m
of the molecular radicals in the longitudinal experimen
which would be of great help in analyzing the domina
features of the reacting, precessing system. Analytic s
tions for the amplitudes and relaxation rates are not poss
for either of these categories.

Finally, for categories~v! and ~vi!, spin exchange colli-
sional effects must be added to the chemical and rotatio
dynamics of categories~iii ! and ~iv!. The present treatmen
does not include these effects.

In Sec. II the coupled quantum kinetic equations for mu
nium and the radicals are considered, appropriate for the
egory ~iv! system Mu1 CO. The operator bases for th
longitudinal and transverse signals are presented in Sec
while the observable signals are discussed in Sec. IV. A p
liminary fit of the presently available data is given in Sec.

II. CHEMICAL REACTIONS AND KINETIC EQUATIONS

The chemical reactions of interest are the formation
molecular radicals by collisions between muonium radic
and gas molecules through second-order
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Mu 1 X

lR

lF
MuX–!→

lS

MuX– ~27!

and third-order

Mu1X1Y→
lT

MuX–1Y ~28!

reaction schemes. For the second-order reaction schem
forward, reverse, and stabilization chemical rates for
metastable radical arelF , lR , andlS , respectively, while
for the third-order reaction scheme the rate of formation
the radical islT . These reaction schemes involve the mu
nium radical, a metastable molecular radical MuX–!, and a
stable radical MuX–. The gas is assumed to consist of tw
species:X, which is reactive, andY, which forms a nonreac
tive background. When no distinction between the gas m
ecules is required, the general notationZ will be used. In the
second-order reaction scheme, the muonium radical an
reactive gas molecule collide to form the metastable radi
which may undergo unimolecular decay back to the react
or may collide with another gas moleculeZ to form the
stable radical. This metastable complex is presumably ei
a long-lived resonant or orbiting state. The second reac
scheme could be associated with the detailed mechanism

X1Y 
 XY!,
~29!

Mu 1XY! →MuX–1Y,

involving the formation of the radical through a standa
two-step bimolecular collision process. First, the reactant
nonreactant gas molecules are assumed to form compl
through binary collisions. Then this complex undergoe
binary collision with muonium, resulting in an exchange r
action producing a stable radical. Since bothX andY species
are present in the gas before a muon is injected into
system, there should be an equilibrium concentration of s
XY complexes, which should be appreciable at the high p
sures involved in many of the experiments. That the thi
order formation of the radical is important is determined
its need for fitting the experimental data. That is, without
presence of this pathway, reasonable fits to the data are
obtained, whereas with the inclusion of this mechanism r
sonable fits are obtained.

The pseudo-first-order chemical rate constants for th
second- and third-order reaction schemes are thus func
of the concentrations of the respective species according

lF5kf bnX , lT5kf tnXnY ,
~30!

lR5kr , lS5ksntot .

While these reaction schemes involve specific second-
third-order rates, the spin dynamics is expressed in term
the chemical species present. In particular, there will be
L and gainG rates for each chemical species, that is,

lMu
L 5lF1lT ,

lMu
G 5lR ,
the
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lMuX!
L

5lR1lS , ~31!

lMuX!
G

5lF ,

lMuX
G 5lT1lS ,

and there is no chemical loss for the stable radical. Th
chemical rates may now be related to the spin dynam
through a set of coupled kinetic equations.

The spin dynamics is described by three coupled quan
linear kinetic equations@28–30#, one for each chemical spe
cies. This motion is generated by four different process
namely, the free~between collision! spin dynamics of the
chemical species, the reorientation collisions that indirec
relax the radical spins, the chemical reactions that resul
the loss of a chemical species, and the chemical react
that produce a chemical species. Between one collision
another, the spin dynamics for a species is determined b
Liouville superoperatorL. When the chemical processes a
bimolecular, the collision effects causing reorientational
laxation and chemical loss are described by collision sup
operatorsR for the collision processes, whose detailed fo
is the same as for the linear Boltzmann equation. The bim
lecular production or gain processes that create new chem
species are also described by collision superoperatorsP of
Boltzmann equation form. In contrast, a unimolecular p
cess requires a different form for its dynamic superopera
The resulting kinetic equations are put into matrix form
using appropriate spin operator bases.

Since there is only one muon in the gas at a time,
muon is passed from one species to another and the rem
der of the gas is in thermal equilibrium. Thus the kine
equations are linear in the deviation from equilibrium. Mor
over, since the observable of interest is the muon spin an
lar momentum, the translational degrees of freedom may
averaged over with the appropriate Maxwellians. T
coupled equations for the spin density operators thus bec

]rMu
sp ~ t !

]t
1 iLMu

sp rMu
sp ~ t !5PMu,MuX!rMuX!

sp
~ t !2RMurMu

sp ~ t !,

]rMuX!
sp

~ t !

]t
1 iLMuX!

sp rMuX!
sp ~ t !5PMuX!,MurMu

sp ~ t !

2RMuX!rMuX!
sp

~ t !, ~32!

]rMu
Xsp

~ t !

]t
1 iLMuX

sp rMuX
sp ~ t !5PMuX,MuX!rMuX!

sp
~ t !

1PMuX,XY!rMu
sp ~ t !

2RMuXrMuX
sp ~ t !,

where the molecular spin Liouville superoperatorL sp for
each species is defined in terms of the relevant spin Ha
tonian by

L spA[~1/\!@Hsp,A#2 . ~33!

For bimolecular events, the linearized relaxation superop
tor R for speciesa involves the traces Trtr over the transla-
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tional states of the colliding pair of molecules and the tra
TrZ

int over any internal states of the reacting gas molecu
~speciesZ), of the transition superoperatorTa,Z acting on the
spin density operatorra

sp of speciesa, and weighted by the
product of Maxwellian density operatorsrmom for each col-
liding species. Incorporating a sum over all the backgrou
gases withnZ denoting the density of background gasZ, a
typical spin relaxation superoperator is formally

Rara
sp5(

Z
nZ TrZ

int Tra
tr TrZ

triTa,Z@rZ
momra

momrZ
intra

sp#

5lara
sp. ~34!

The last line of this equation denotes the parametrization
the processes assumed in this work. Both chemical reac
and reorientation processes are included in these relaxa
superoperators and the relaxation ratesla are appropriate for
the processes involving speciesa. For the production pro-
cessesP, these are of three types. The formation of t
stable radical from the metastable is clearly of bimolecu
type and so has the formal structure, for speciesaÞb,

Pa,brb
sp5(

Z
nZ TrZ

int Tra
tr TrZ

tr~2 i !Ta,b,Z@rZ
momrb

momrZ
intrb

sp#

5la,brb
sp. ~35!

In contrast, for the unimolecular decay, it is inappropriate
formulate this process in the same way as above. A deta
analysis of how to mathematically formulate this will not b
attempted here, but it should be recognized that this pro
is just part of the continuing evolution of the interactin
molecular fragments. What is of interest for this work
what happens to the spin, including the molecular rotati
during formation and breakup of the metastable radical
this work this is modeled as a simple overlap of the spin s
before and after the reaction. When there are two fragme
each carrying some angular momentum polarization, the
state is taken as the product of the spin states of the
fragments.

For the collision superoperators describing relaxation,
assumed in the following that the collision superoperator a
only on the rotational motion of the molecule, specifica
not on either the muon or electron spins. This is based on
rationale that the muon and electron spins do not inhere
play a direct role in the collision process and so their sta
should remain unchanged during the collision process
similar argument for reactive collisions implies that the sp
states are passed directly from the reactant to the pro
with no change. These assumptions will be expressed q
titatively after appropriate basis sets for the spin systems
presented.

To numerically solve the set of coupled rate equatio
~32!, it is convenient to embed all the spin density operat
for the species containing the muon, namely, for the m
nium radical, the metastable molecular radical, and the st
molecular radical, into one large operator space

r~ t !5rMu
sp ~ t ! % rMuX!

sp
~ t ! % rMuX

sp ~ t !. ~36!
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This combined density operator satisfies an evolution eq
tion

]r~ t !

]t
52Gr~ t !, ~37!

whose time dependence is determined by a motion gene

G5R2P1 iL, ~38!

consisting of the direct sum of the individual spin dynamic
Liouville and relaxation superoperators for each species,
gether with production superoperators between the in
vidual species.

III. BASIS SETS

In order to reduce the reaction-precession equation~37! to
matrix form for its solution, it is necessary to introduce a
propriate operator basis sets for each species. The mo
generator must then be determined in this basis. Since
the vector operatorI that is to be observed, it is sufficient t
restrict the operator bases to vector-valued combination
the vectors describing the spin system. The latter consis
the spin operators and the magnetic field directionB̂. For the
muonium radical, the vector basis is 16 dimensional, wh
each of the molecular radicals has 95 elements~if the rota-
tional multipole expansion is truncated at second ord!.
Thus, to include all three radicals, the full combined basis
would have 206 (16195195) elements, with the first 16
being muonium, the next 95 the metastable radical, and
last 95 the stable radical. Structurally, the muonium radica
free motion generator lies in the first 16316 diagonal block,
the metastable molecular radical’s free motion~Liouville!
generator in the next 95395 diagonal block, and the stabl
molecular radical’s in the final 95395 block of the generato
matrix. Reorientation rates for the molecular radicals will
in the respective 95395 blocks and cause direct relaxation
the spins of their respective radicals. In contrast, the che
cal reaction gain rates couple the different blocks, while
chemical reaction loss terms again lie within the appropri
diagonal blocks. As a non-Hermitian matrix, the eigenvalu
are complex. These are to be determined, together with t
associated eigenvectors, and used to calculate longitud
and transverse signals for comparison with experime
However, symmetry can simplify the calculations. Spec
cally, the presence of the magnetic field implies that the s
system satisfiesC`v symmetry and the vector valued bas
split into longitudinal and transverse subbases. The latter
ther split into counterclockwise~1! and clockwise (2) ro-
tating bases. This was the method used in Refs.@19,20# for
the C2H4Mu– problem and is used in the current descriptio
The block nature of the motion generator in the full ba
carries directly over into the reduced bases.

The general, vector-valued, operator basis set for a
lecular radical was described in Refs.@19,20#, together with
the evaluation of the motion generator in this basis. The
duction to the longitudinal and transverse basis sets w
extracted by selecting out particular scalar components of
vector valued basis. The details of this reduction are given
Refs. @19,20#. Here only the longitudinal and counterclock
wise transverse bases are explicitly discussed, with the
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press purpose of calculating the matrices that describe
chemical reactions.

A. Longitudinal basis set

When reduced to the longitudinal configuration, the ba
FN @19,20# consists of 75 elements: 5 for muonium, 35 f
the metastable radical, and 35 for the stable radical.
rm
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indexing is chosen so that muonium has 1<N<5, the meta-
stable radical has 6<N<40, and the stable radical has 4
<N<75. Since the molecular radicals have the most co
plicated structure, their basis sets are described first.

Both the metastable and stable molecular radicals can
described using similar basis elements@19,20#. The meta-
stable basis is a function of the three spin vectorsI, S, J,
and the field directionB̂, that is,
FN5A2a11Y~n!~J!Y~m!~S!(m1nV~m,n,a!(aV~a,p,r !(p1rY~r !~B̂!Y~p!~ I !, 6<N<40. ~39!
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The stable radical basis elements will have the same fo
but the numbering is 41<N<75. The notation for irreduc-
ible Cartesian tensorsY(n), n-fold tensor contraction( (n),
and Clebsch-Gordan tensorsV(m,n,a) follows that of
Coope and Snider@31,32#. These operators form part of th
75-dimensional basis that is orthonormal with respect to
inner product

^^YuZ&&[
1

4p~2I 11!~2S11!~2J11!
TrI ,S,JE dB̂ Y†Z.

~40!

For each molecular radical, the numerical indexN is used to
classify, in some convenient order, the set of parame
mnpra @20#.

For muonium, the basis requires only the coupling of
electron’s spinS, the muon’s spinI , and the magnetic field
direction B̂, which is a special case of Eq.~39!,

FN5Y~m!~S!(mV~m,p,r !( r 1pY~r !~B̂!Y~p!~ I !,

1<N<5. ~41!

N is an index for this portion of the basis referring to t
indiciesm, p, andr, which represent the tensorial nature
the electron spin, the muon spin, and the magnetic field
rection. Each of these bases are orthonormal within th
species blocks. It is also to be recognized that they are t
taken as orthogonal between blocks.

Finally, for the breakup reaction MuX–!→Mu1X, the
gas moleculeX that is liberated may carry away whichev
tensorial component of the rotational angular momentum
the metastable radical was present at the time of reac
Thus a basis element for this molecule is required e
though it is lost to the background gas. The basis eleme

Fn
X5

1

A2n11
Y~n!~J!(nY~n!~B̂! ~42!

are orthonormal with respect to each other. On the ot
hand, when the formation reaction occurs, only the scala
n50 component will be allowed since the background ga
assumed to be in rotational equilibrium, specifically havi
no directional preference for its rotational motion.

Matrix elements of the motion generator~38! in this basis
are required to numerically solve for the complex eigenv
,
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ues and eigenvectors, which can then be related to the
served signals. Free-motion Liouville spin dynamical mat
elements have been discussed in Refs.@19,20#, as have the
collisional reorientation matrix elements. The former a
quite involved, while the latter are assumed to be diago
whose diagonal elements are the reciprocals of the co
sponding reorientation collision lifetimes. These lifetim
depend on the rotational (J) angular momentum indexn,
being finite ifn is nonzero and infinite forn equal to zero. As
stated earlier, the rationale for this parametrization is
assumption that the electron and muon spins play a ne
gible role in the collision process, so they should neither
affected by nor influence what happens to the molecules
entation. Since the rates are inversely proportional to
lifetimes, there is no relaxation for the scalar component
the angular momentum tensorial behavior. The lifetimes
also inversely proportional to the ‘‘total’’ number density o
the gas since it is assumed that all collision partners
equally efficient at causing reorientation or, equivalent
that the difference between reorientation collisions of
molecular radicals with the different gas moleculesX andY
may be ignored.

There are six different chemical reaction rate superope
tors to consider, the first two being the loss and gain ter
for the muonium radical. The loss termRMu represents the
loss of muonium due to the forward~addition! reaction that
produces the metastable radical MuX–! and the exchange
reaction producing the stable radical MuX–. Furthermore, the
reactant gas molecules are assumed to be in thermal equ
rium so that only then50 rotational angular momentum
term for the reactantX molecule will contribute. This chemi-
cal reaction rate superoperator is in the 535 muonium block
of the full motion generator matrix. Specifically, the matr
elements for the loss of muonium are assumed to be of
form

^^FNuRMuuFN8&&5lMu
L dNN8 , 1<N<5, ~43!

wherelMu
L is given by Eq.~31!. This loss term is diagonal in

the muonium block since the collisions causing chemical
action are assumed to have no direct affect upon the spin
the muonium radical as it adds to moleculeX or reacts with
the complexXY.

The second is the gain term for the muonium radical. T
term PMu,MuX! represents the gain of muonium from th
breakup of the metastable radical MuX–! in a unimolecular
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process. This chemical reaction rate superoperator lies in
off-diagonal block of the motion generator that couples
metastable radical to the muonium radical. In the brea
reaction it is assumed that the liberated gas moleculeX may
carry off the tensorial component of the rotational angu
momentum of the metastable radical. Since this gas mole
becomes one of the molecules in the bulk gas, this none
librium angular momentum is lost and will thus play no fu
ther role in the spin dynamics. On the assumption that
muon and electron spins have no effect on the collision p
cess, it follows that the matrix elements of this superopera
in the longitudinal bases reduce to the overlap of the co
bined basis for the muonium and the moleculeX, with the
metastable molecular radical, that is,

^^FNuTrX
intFn

X@PMu,MuX!#uFN8&&

5lMu
G ^^Fn

XFNuFN8&&

5lMu
G dmm8dnn8dpp8A~2a811!~2r 11!~2r 811!

3~21!p1a81r 8~21!~r 1r 81n!/2S r r 8 n

0 0 0D
3H m p r

r 8 n a8
J , ~44!

where 1<N<5 and 6<N8<40, ( ) and$ % are the standard
3-j and 6-j symbols @33#, and lMu

G is given by Eq.~31!.
Again, since the chemical reactions are assumed to be i
pendent of the spins of the muon and electron, the tenso
nature of these spins is the same for both reactant and p
uct radicals.

The third and fourth chemical reaction rate superopera
are the loss and gain terms for the metastable molecular
cal. The loss termRMuX! represents the loss of the met
stable radical due to the decomposition reaction, which p
duces muonium, and due to the stabilization reaction, wh
results in the stable radical MuX–. Collisions with either mo-
lecular gas speciesX or Y may contribute to both these pro
cesses. This chemical reaction rate superoperator lies in
35335 metastable radical diagonal block of the full moti
generator matrix with its matrix elements assumed to be
the form

^^FNuRMuX!uFN8&&5lMuX!
L dNN8 , ~45!

for N between 6 and 40 andlMuX*
L is given by Eq.~31!. This

loss term is diagonal in the metastable radical block since
chemical reactions are assumed to have no direct affect u
the spins of the electron and the muon. For the rotatio
angular momentum, it is assumed that the gas molecuX
carries off the appropriate tensorial component in the dec
position reaction, while for the stabilization reaction, all t
stable radical’s angular momentum tensorial form will be
same as the metastable’s. The fourth reaction is the gain
for the metastable radical. This termPMuX!,Mu represents the
gain of the metastable radical from the formation react
between muonium and a reactive gas moleculeX. As before,
the reactant gas molecules are assumed to be in thermal
librium so that only then50 rotational angular momentum
he
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term for the reactantX molecule will contribute and thus
only the scalar tensorial component of the metastable rad
will be formed. This chemical reaction rate superopera
lies in the off-diagonal block of the motion generator th
couples the muonium radical to the metastable radical. M
trix elements of this superoperator in the longitudinal ba
are explicitly

^^FNuPMuX!,MuuFN8&&5lMuX!
G dmm8dn0dpp8d rr 8dam , ~46!

where 6<N<40 and 1<N8<5. Again the chemical reac
tions are assumed to be independent of the spins of the m
and electron so that the tensorial nature of these spins is
same for both radicals. The production of the stable rad
by the third-order reaction~28! is assumed to have the sam
form

^^FNuPMuX,MuuFN8&&5lTdmm8dn0dpp8d rr 8dam , ~47!

where 41<N<75 and 1<N8<5.
The final collisional term is the gain of the stable molec

lar radical by stabilization of the unstable radical. Note th
there is no loss termRMuX for chemical reactions since thi
radical is stable. However, as stated above, there will
reorientation loss terms for this radical. The gain term for
stable molecular radicalPMuX,MuX! represents the gain of th
stable molecular radical from the stabilization reaction d
ing a collision between either molecular gasX or Y and the
metastable radical MuX!. The chemical reaction rate for thi
processks is assumed to be the same for reactions of MuX–!

with eitherX or Y. This chemical reaction rate superopera
lies in the off-diagonal block of the motion generator th
couples the stable radical to the metastable radical. Exp
itly, matrix elements of this superoperator in the longitudin
basis are

^^FNuPMuX,MuX!uFN8&&5lSdmm8dnn8dpp8d rr 8da8a

5lSdN~N8135! , ~48!

where 41<N<75 and 6<N8<40. Again the chemical reac
tions are assumed to be independent of the spins of the m
and electron so that the tensorial nature of these spins is
same for both reacting radicals. For the rotational angu
momentum, it is assumed that the stable radical’s ang
momentum tensorial component is the same as the met
ble’s in the stabilization reaction.

B. Transverse basis

For C`v symmetry, a right-handed~complex! three-
dimensional coordinate system may be constructed from
magnetic field directionB̂5 ẑ, the positively rotating unit
vectorê15( x̂1 i ŷ)/A2, and the negatively rotating unit vec
tor ê25( x̂2 i ŷ)/A2. The positively rotating unit vector ca
be used to construct the transverse basisCN @19,20#. In the
present system, this basis has 64 elements: 4 for muon
30 for the metastable radical, and 30 for the stable radi
As with the longitudinal basis, both the metastable and sta
molecular radicals can be described using similar basis
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ments@20#. The metastable basis will be a function of the three spin vectorsI, S, andJ and the positively rotating vectorê1 ,
that is,

CN5~2r 13!A2~2a11!

r 12
Y~n!~J!Y~m!~S!(m1nV~m,n,a!(aV~a,p,r 11!( r 11V~r 11,1,r !( r 111pY~r !~B̂!ê1Y~p!~ I !,

5<N<34. ~49!

The stable radical basis elements have the same form, but the numbering is 35<N<64. Again the numerical indexN for the
molecular radicals is used to classify the set of parametersmnpra @20#. For the muonium elements (1<N<4), the basis
requires the coupling of the electron’s spinS, the muon’s spinI, and the positively rotating vectorê1 ,

CN5~2r 13!A 2

r 12
Y~m!~S!(mV~m,p,r 11!( r 11V~r 11,1,r !( r 111pY~r !~B̂!ê1Y~p!~ I !, 1<N<4. ~50!
ho

F

er
o

n.

ff
as

-

re
rm
pe

t
ic
b

it
le

u
s

al
are
her
the
ate
or
cal.
m-

s

This four-dimensional part of the transverse basis is ort
normal and is a special case of Eq.~49!. The indexing
schemeN for this portion of the basis involvesm, p, andr,
the tensorial orders of the spins and the magnetic field.
the decomposition reaction from MuX–! to Mu andX, the
gas moleculeX that is liberated may carry away whatev
tensorial component of the rotational angular momentum
the metastable radical was present at the time of reactio
is also possible for either the muonium orX to carry off the
rotating ê1 tensorial component. If the muonium carries o
the rotating tensorial component, the above muonium b
will be coupled to the gas molecule~longitudinal! basis

Fn
X5

1

A2n11
Y~n!~J!(nY~n!~B̂!. ~51!

However, when theX molecule carries off the rotating ten
sorial component, the two bases are, for muonium andX,
respectively,

FM5Y~m!~S!(mV~m,p,r !( r 1pY~r !~B̂!Y~p!~ I !,
~52!

Cq
X5A2~2q13!

q12

3Y~q11!~J!(q11V~q11,1,q!(q11Y~q!~B̂!ê1 ,

where the subscripts distinquish these bases from the p
ous bases. Each species block of this basis set is orthono
within itself and required to be orthonormal between the s
cies blocks.

As with the longitudinal field, there are six differen
chemical reaction superoperators to consider. The chem
and spin arguments for the behaviors of these transverse
sis matrix elements are the same as for the longitudinal s
ation. For the first reaction superoperator, the matrix e
ments for the loss termRMu lies in the 434 muonium
diagonal block of the motion generator matrix

^^CNuRMuuCN8&&5lMu
L dNN8 , 1<N<4. ~53!

This loss term is diagonal in the muonium block and is d
to the addition chemical reactions. The second reaction
-
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peroperator is the gain term for the muonium radic
PMu,MuX! because of the decomposition reaction. There
two contributions to this gain term, depending upon whet
the muonium or the liberated gas molecule carries off
rotating tensorial component. This chemical reaction r
matrix lies in the off-diagonal block of the motion generat
that couples the metastable radical to the muonium radi
When the muonium carries off the rotational tensorial co
ponent, this reaction matrix becomes

^^CNuTrX
intFn

X@PMu,MuX!#uCN8&&

5lMu
G ^^Fn

XCNuCN8&&

5lMu
G dmm8dnn8dpp8~21!p1r 81a811

3F ~2r 13!~2r 813!A2a811

A~2n11!~r 12!~r 812!
G

3H n r11 r 811

p a8 m J Tnr8r , ~54!

where 1<N<4, 5<N8<34, and the coupling coefficient i

Tabc5~21!~a1b1c!/2A~2a11!~2b11!~2c11!

3S a b c

0 0 0D H a b11 c11

1 c b J
1~21!~a1b1c!/2A~2a11!~b11!~c11!

~2b13!~2c13!

3S a b11 c11

0 0 0 D 2 i(
l

~21! l 1~a1b1c11!/2

3~2l 11!A6~2a11!~2b11!~2c11!S b c l

0 0 0D
3S a l 1

0 0 0D H a b11 c11

l b c

1 1 1
J . ~55!



a
ule
io

rm

e

u
ad
a-
-

in
th

f

or
a

on

ff-
th

on
a

n
r
c

be
ig-

pe-
in

ct
ec-

d a
the
sis

l
the
als
en-
f

-

uo-
all

pin
he
ith
en

tial
ues-

PRA 58 4441THEORY OF MUON SPIN RELAXATION OF Mu1CO
The last set of curly brackets in this equation is a stand
9-j symbol @33#. On the other hand, when the gas molec
carries off the rotational tensorial component, this react
matrix becomes

^^FMuTrX
intCq

X@PMu,MuX!#uCN8&&5lMu
G ^^Cq

XFMuCN8&&

5lMu
G dmm8dn8~q11!dpp8~21!p1q1r 1a8112~2r 813!

3A~2a811!~2q13!

~q12!~r 812!
H r q11 r 811

a8 p m J Trqr 8 ,

~56!

where 1<M<4 and 5<N8<34. The total contribution from
this gain rate is a weighted sum of the two separate te
wherein the weightsgMu andgX (gMu1gX51) are taken to
be fitting parameters. These rate matrices are due to th
verse~decomposition! chemical reaction.

The third and fourth chemical reaction matricies are d
to the loss and gain terms for the metastable molecular r
cal. The loss termRMuX! represents the loss of the met
stable radical and lies in the 30330 metastable radical diag
onal block of the motion generator matrix

^^CNuRMuX!uCN8&&5lMuX!
L dNN8 ~57!

for N andN8 between 5 and 34. This loss term is diagonal
the metastable radical block and involves the loss of
metastable radical, both to muonium bylR and to the stable
radical bylS . The fourth reaction matrix is for the gain o
the metastable radicalPMuX!,Mu . This chemical reaction rate
matrix lies in the off-diagonal block of the motion generat
that couples the muonium radical to the metastable radic

^^CNuPMuX!,MuuCN8&&5lMuX!
G dmm8dn0dpp8d rr 8dam ,

~58!

where 5<N<34 and 1<N8<4. The third-order production
of the stable radical is analogous,

^^CNuPMuX,MuuCN8&&5lTdmm8dn0dpp8d rr 8dam , ~59!

where 35<N<64 and 1<N8<4. The final reaction is the
gain of the stable molecular radical by stabilizati
PMuX,MuX!. The chemical reaction rate for this process islS ,
while this chemical reaction rate matrix lies in the o
diagonal block of the motion generator that couples
stable radical to the metastable radical

^^CNuPMuX,MuX!uCN8&&5lSdmm8dnn8dpp8d rr 8daa8

5lSdN~N8130! , ~60!

where 35<N<64 and 5<N8<34.

IV. OBSERVED SIGNALS

The experiments@5,6,13,27# are carried out in either the
longitudinal or the transverse configuration. An identificati
of what formal quantity corresponds to what type of sign
that is measured in the C2H4Mu– problem was presented i
Ref. @20#. This result must be extended to include the diffe
ent chemical species that are present since all species
rd

n

s

re-

e
i-

e

l

e

l

-
an

contribute to the signals and thus need, in general, to
included. As depicted in the Introduction, the observable s
nal is the sum of the contributions from each chemical s
cies. These contributions cannot be individually identified
the experiments.

A. Longitudinal signals

The experiments carried out in longitudinal field dete
the component of the muon spin in the magnetic field dir
tion. There will be a diamagnetic fractionf D at the zero of
count time that plays no role in the chemical dynamics an
fraction that plays a role in the chemical dynamics. Thus
signal can be expressed in terms of the longitudinal ba
@20# using

SL~ t !5B̂–^I &~ t !5TrIB̂–Ir~ t !

5
1

2
^^F11F61F41ur~ t !&&1 f D^I B&, ~61!

whereF1 , F6 , andF41 are the elements of the longitudina
basis that represent the longitudinal component of
muon’s spin angular momentum in each of the radic
present in the chemically reacting system. The time dep
dence, which is governed byG, can be expressed in terms o
its eigenvaluesl j

L and eigenfunctions

w j5 (
N51

75

FNcjN ~62!

in the longitudinal basis, namely,

r~ t !5e2Gtr~0!5(
j 51

75

e2Gtw j pj~0!

5(
j 51

75

w je
2l j

Ltpj
L~0!. ~63!

The observed signal~61! is thus a sum of complex exponen
tials and amplitudes

SL~ t !5A01(
j 51

75

e2l j
Ltpj

L~0!^^F11F61F41uw j&&

5A01(
j 51

75

e2l j
Ltpj

L~0!@cj 1
L 1cj 6

L 1cj 41
L #

5A01(
j 51

75

e2l j
LtAj

L , ~64!

whereA05 1
2 f D . For the experiments involving C2H4Mu– at

high partial pressure, the muon slowed down, formed m
nium, and reacted with ethene to form a stable radical,
before counting began. To fit the data, it was sufficient@20#
to assume that at the zero of count time, only the muon s
was out of equilibrium and that this spin was pointed in t
B̂ direction. However, for a system such as the reaction w
CO, where the muon slows down, forms muonium, and th
reacts with the gas after counting begins, the proper ini
state to be used in the theoretical calculation becomes q



he
d
n

e
ti

al

rd

l,
e
ix

n
fro

-
i-
tu
r

e
th

con-
For
vi-
he
to be
ig-
res
two
car-
ta-
rop-

the
en-
ed
in,

be

lon-

ium
ues
on

real

the
am-
x-
ies

4442 PRA 58RALPH ERIC TURNER AND R. F. SNIDER
tionable. Specifically, there is the question as to whet
there is some probability that the muon needs to be treate
if it is attached to the molecular fragment at the initial cou
time. The present treatment allows a fractionf Mu of the
muon spins to be in muonium and a fractionf MuX! where the
muon spin is attached to the molecule.~There is also the
fraction f D that is diamagnetic at the zero of the count tim
and plays no role in the subsequent precession-relaxa
dynamics.! Formally this is the requirement that the initi
muon spin expectation valuêI &5B̂/2 is to be interpreted in
the nonequilibrium part of the spin density operator as

rne~0!5
1

2
f MuF11

1

2
f MuX!F65(

j 51

75

w j
Lpj

L~0!. ~65!

This sum over the eigenvectors needs to be inverted in o
to identify the expansion coefficientspj

L(0). Since the mo-
tion generatorG is not Hermitian or even necessarily norma
the eigenvectors are not necessarily orthogonal. Thus th
version requires the use of the eigenvector overlap matr

O jk
L [^^w j

Luwk
L&&5 (

N51

75

cjN
L* ckN

L . ~66!

In this way, the expansion coefficientspj
L(0) are calculated

to be

pj
L~0!5 (

k51

75

@~O L!21# jk^^wk
Lurne~0!&&

5
1

2(
k51

75

@~O L!21# jk@ f Muck1
L* 1 f MuX!ck6

L* #, ~67!

while the amplitude of the signal in thej th eigenmode ofG is

Aj
L5

1

2(
k51

75

@cj 1
L 1cj 6

L 1cj 41
L #@~O L!21# jk

3@ f Muck1
L* 1 f MuX!ck6

L* #. ~68!

The complex eigenvaluesl j
L5h j

L1 iv j
L may be expressed in

terms of relaxation ratesh j
L and frequenciesv j

L . For the
longitudinal setup, some of the frequencies will be zero a
the signal can be expressed as the sum of contributions
eigenvalues of zero and nonzero frequency

SL~ t !5A01 (
j {v j

L
50

e2h j
LtAj

L

1 (
j {v j

LÞ0

e2h j
Ltcos~v j

Lt1u j
L!uAj

Lu ~69!

since for each term with frequencyv j
L there is a correspond

ing term with frequency2v j
L and complex conjugate ampl

tude. Thus for each mode a relaxation rate and an ampli
may, in principle, be measured. In carrying out the expe
ments, the nonzero frequencies are found to be too larg
be measured, so that the signal is then simply given by
zero-frequency components
r
as
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on

er

in-

d
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to
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SL~ t !5A01 (
j {v j

L
50

e2h j
LtAj

L . ~70!

Since, in general, there may be a number of modes that
tribute to the observed signal, fitting problems can arise.
example, it is not possible to distinguish the chemical en
ronment that the muon is in, that is, it may be in any of t
species present in the gas. Thus all three radicals need
included in the theoretical description of the longitudinal s
nal. In addition, there may be some fields and pressu
where only a single mode is populated and others where
or more modes contribute. Care must be taken both in
rying out the experiments and in their theoretical interpre
tion to ensure that these various situations are treated p
erly.

B. Transverse signals

The experiments carried out in transverse field detect
component of the muon spin that rotates in the plane perp
dicular to the magnetic field direction. Here this is analyz
according to the positively rotating component of the sp
that is,

S1~ t !5ê1–^I &~ t !

5 f Dê1–^I &~ t !1
1

2
^^C11C51C35ur~ t !&&. ~71!

As with the longitudinal signal, this transverse result may
expressed as

S1~ t !5
1

2
f De2 ivmt1(

j 51

64

e2l j
TtAj

T , ~72!

where the amplitudes are the transverse analogs of the
gitudinal amplitudes, specifically

Aj
T5

1

2(
k51

64

@cj 1
T 1cj 5

T 1cj 35
T #@~O T!21# jk

3@ f Muck1
T* 1 f MuX!ck5

T* #, ~73!

under the same assumptions about the initial nonequilibr
part at the zero of the count time. The complex eigenval
l j

T5h j
T1 iv j

T may also be expressed in terms of relaxati
ratesh j

T and frequenciesv j
T . For the~real-valued! transverse

signal, none of these have zero frequency, so that the
part of the signal becomes a series of damped cosines

ST~ t !5ReS1~ t !5
1

2
f Dcos~vmt !

1(
j 51

64

e2h j
Ttcos~v j

Tt1u j
T!uAj

Tu. ~74!

Thus for each mode there are four observable quantities:
relaxation rate, the frequency, the phase angle, and the
plitude. As opposed to longitudinal fields, the additional e
perimental information of the different observed frequenc
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can be of immense help in the fitting procedure, provided
course, the amplitudes are nonzero.

V. DISCUSSION

The theoretical description of the signals associated w
the muon spin relaxation of muonated gaseous radicals
been extended to include situations where the radicals
formed in slow processes as opposed to fast processes
fast processes~due to a high enough partial pressure of t
reacting gas! the muonated radicals are formed before d
collection begins and are stable and their observed dyna
cal modes are relaxed through reorientation collisions.
the other hand, for slow processes~at low partial pressures o
the reacting gases! where the radicals are formed during th
period of time when data are being collected, the chem
reactions play a role in determining the precession-relaxa
modes of the muon system, as do the reorientation collisi
In the current approach, it is assumed that there are t
different radicals that are important, specifically, the mu
nium radical and both unstable MuX!

– and stable MuX–
molecular addition radicals. As a consequence, there
22 possible parameters to be fit to the experimental d
under the full theory, which consist of the following: Fo
each molecular radical, there are five frequenciesv0 ,vJ
5gJB,vSR,v IR , and cA that characterize the spin Hami
tonian@see Eq.~25!# and two reorientational relaxation time
t1 and t2 for a total of 14 parameters associated with t
motions of the two radicals. The chemical dynamics int

TABLE I. Preliminary global fitting parameters.

Parameter Value Error

v0 (rad/ms) 3830.0 800.0
vSR (rad/ms) 285.0 11.0
v IR (rad/ms) 237.0 10.0
gJ (rad/ms G) 0.070 0.25
k1 (cm3/s) 3.39310213 1.08310213

kf b (cm3/s) 1.74310211 0.83310211

kf t (cm6/s) 35.3310234 10.1310234

kr (1/s) 1.613109 0.543109

ks (cm3/s) 7.87310216 8.69310216
f
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duces 4 reaction rate constantskf b , kf t , kr , andks and 2
breakup fractionsgMu and gX in transverse fields. Finally
there are 2 initial fractionsf Mu and f MuX!. To determine all
these parameters unambiguously requires a large amou
accurate data in both the longitudinal and transverse confi
rations.

Experiments have been performed and are currently be
performed with the diamagnetic reactant gas carbon mon
ide with and without argon and nitrogen as dopant ga
@5,6,27#. The fitting and analysis of the raw data are in t
preliminary phase@6,27#. At present, preliminary fits of this
raw data to Eqs.~2! and ~3! have been performed under th
assumption of single exponential relaxation modes. Since
target gases are all diamagnetic, no spin exchange proce
occur and only the indirect effects of the chemical reactio
and the reorientation collisions of the molecular radic
cause the muon spins to relax. In longitudinal fields,
assumed, and fitted, single zero-frequency relaxation m
has a rate that varies with the field and pressure. In gen
this rate decreases with increasing field. As relaxation of
muon spin does occur, there must be a mode of decay o
molecular radical since, if there were only forward reactio
then no relaxation of the muon spin would be observed;
Eqs. ~11! and ~17!. This decay can be associated with a r
verse chemical reaction@5,6# as well as spin reorientation
and the stabilization of the molecular radical. In transve
fields only the two modes having the lowest frequencies t
are close to those associated with muonium have been
served @5,6,27# and no precession-relaxation modes ha
been observed with frequencies that are close to the Mu
radical frequencies. This suggests that the observed mod
relaxation have a large muonium component and that
decay rate of the molecular radical dominates the forw
rate to such an extent that the metastable radical does
have an appreciable lifetime on the minimum time step
the experiments, which is a few nanoseconds. For inter
diate fields where the two modes are resolvable, the re
ation rates agree within experimental uncertainty, while
lower fields, where the frequency difference is not reso
able, only a single exponential decay rate has been used
the experimental data.

Preliminary fittings, both of the raw data to Eqs.~2! and
~3! assuming single exponentials and of the resulting rel
n
tm
t,
ts
xt
e,
e.
FIG. 1. Experimental longitudinal muon spi
relaxation rate versus magnetic field in 40.0 a
of pure CO. The solid curve is the global fi
while the squares are the experimental poin
with estimated errors. The dashed line is the ne
lowest relaxation rate with appreciable amplitud
while the dash-dotted line is the third lowest rat
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FIG. 2. Predicted longitudinal amplitudes
The solid curve is the amplitude of the lowe
mode, the dashed line is the amplitude of the ne
lowest mode, and the dash-dotted line is the a
plitude of the third lowest mode.
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ation rates to the theory presented in this paper, indicate
the present theory appears to be sufficient to fit the exp
mental data. For the preliminary theoretical fit, the parame
set has been reduced to nine parameters since the inclu
of more parameters does not improve the fit and also res
in very large uncertainties in the parameters. With this lim
tation in mind, the fitting was carried out by combining th
components of the density operator associated with the m
stable and stable radicals. This approximation cuts down
size of the matrices and assumes that the Hamiltonian pa
eters of these species are essentially equal. Since the m
stable and stable radicals are not distinquished in this
proximation, the gain and loss rates for the chemical spe
Mu and Ra~composite of metastable and stable radica!
have been adjusted to mimic the chemical kinetics as

lMu
L 5lF1lT , lMu

G 5RlR ,
~75!

lRa
G 5lF1lT , lRa

L 5R@lR1lS#,

where the parameterR is the ratio of the formation rate of th
metastable radical to the sum of the formation rates of b
radicals,
at
ri-
r

ion
lts
-

ta-
e

m-
ta-

p-
es

th

R5
kf b

kf b1kf tnY
. ~76!

This takes into account the fraction of the molecular radi
that is metastable. It was further discovered that the inclus
of the dipolar coupling constantcA did not improve the fit, so
its presence was ignored by settingcA equal to zero.

The fit was now carried out allowing variation of the fou
frequenciesv0 , vSR, v IR , andvJ5gJB, one reorientation
ratek151/t1 , and the four chemical rateskf b , kf t , kr , and
ks . With this limited set, a preliminary simultaneous glob
fit to both the longitudinal and transverse data was acco
plished with the parametric results given in Table I. Rep
sentative longitudinal and transverse results are given
Figs. 1 and 2 and Figs. 3 and 4, respectively. Experime
rates are depicted as are theoretical rates and theoretica
plitudes. However, since the data are still in a prelimina
stage, a definitive fit is not possible and awaits the m
detailed analysis of the raw data by Fleming’s group. F
longitudinal fields, the preliminary theoretical fitted rela
ation rates are depicted by the solid line in Fig. 1. T
dashed line is the relaxation rate of the next lowest mo
having significant contribution to the signal and the da
in
tal
the
th
tm,
e
r-
FIG. 3. Experimental transverse muon sp
relaxation rate versus magnetic field at a to
pressure of 351.0 atm. The squares are
lowest-frequency experimental data points wi
estimated errors for a CO pressure of 0.0036 a
while the solid curve is the fit. The dashed curv
is the predicted relaxation rate for the highe
frequency mode.
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FIG. 4. Predicted transverse amplitudes. T
solid curve is the amplitude of the lowes
frequency mode, while the dashed curve is t
amplitude of the second lowest-frequency mod
es
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dotted line is the third lowest. Predicted amplitudes for th
modes are given in Fig. 2. That is, these lines represent th
modes with appreciable muon amplitudes that have the t
lowest relaxation rates. Since the preliminary fit appears
be reasonable, it is suggested that the raw data be reana
with at least two exponentially decaying relaxation mod
present. For transverse fields, the preliminary theoretica
to the data suggests that the relaxation rate associated
the higher of the two frequencies is larger over the depic
field region than the lower-frequency relaxation rate. Ho
ever, for intermediate fields where the frequencies can
distinquished, the theory predicts that the relaxation rates
within experimental uncertainty of each other. On the ot
hand, for lower fields (<30 G) where the frequencies a
not easily resolvable or not resolvable at all, the prelimin
theoretical fit suggests that the two exponential decay r
are sufficiently different that they should be resolvable a
that two exponential modes should be present. However,
amplitude of the largest relaxation rate rapidly approac
zero with decreasing field and the range where the two
ferent relaxation rates should be resolvable might be sm
Only reanalysis of the raw experimental data will confirm
deny these theoretical predictions based upon the pre
preliminary fit.

Although the fit is preliminary, it is still possible to mak
rough comparisons with data for the relatively well studi
HCO radical; see Table II. The reaction rate of hydrogen a
carbon monoxide with an argon moderator has been stud
with the value@34# for the third-order rate constantko as
given in Table II. For the current fit a comparable rate co
stant is given by the ratio of the product of the forwa
binary rate and the sum of the stabilization rate and the
tational relaxation rate divided by the unimolecular dec
rate

k05
kf b~ks1k1!

kr
. ~77!

The value for MuCO determined in this way~see Table II! is
a factor of 22 larger than the HCO rate. As this pseudo-th
order rate is constructed from the product of bimolecu
rates divided by a unimolecular rate, it should be invers
e
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proportional to the reduced mass of the proton or the mu
Thus, if the difference in isotopes is only due to this produ
of collision frequencies, then the MuCO rate would be
times the HCO rate. The current preliminary fit thus sugge
that there are further effects with muonium that speed up
reaction. Clearly, a difference in tunneling probability cou
be involved, but it should also be stated that the pres
fitting values are based on an interpretation of how the m
spin is affected during the chemical reactions rather just
the numbers of molecules that react. It is also of interes
note that this pseudo-third-order rate is equal, within unc
tainties, to the fitted third-order ratekf t that was required for
a reasonable fit. This gives further justification for the inc
sion of the third-order reaction mechanism when describ
the spin dynamics. Another comparison that may be mad
with the isotropic hyperfine constantv0 . Both experimental
HCO @35# and theoretical MuCO@36# values exist; see Table
II. Thus the current fitted MuCO value is less than the the
retical MuCO@36# value by a factor of 2.3. Since the curre
result is preliminary and the term in the Hamiltonian asso
ated with this parameter depends upon neither the field
pressure, such a result is not unreasonable. Finally, the
rotation constantvSR for MuCO is compared with that for
HCO. For HCO, the components of the anisotropic spin
tation tensor are listed in@35#, but approximating HCO as a
diatomic molecule, as is done in the present paper
MuCO, it is appropriate to average only those tensor com
nents that are associated with directions perpendic
~roughly! to the CO axis; compare the leading term of E

TABLE II. Comparison to HCO data.

HCO MuCO MuCO
Parameter ~experiment! ~present fit! ~theory!

v0 (rad/ms) 2337.0a 3830.0 8760.0b

vSR (rad/ms) 2589.0c 285.0
k0 (cm6/s) 1.54310234 d 33.6310234

kf t (cm6/s) 35.3310234

aReference@35#.
bReference@36#.
cReferences@35,37#.
dReference@34#.
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~6! in Ref. @37#. That is the literature value listed in Table I
Thus, while preliminary, the fitted values of the paramet
are of the order of what would be expected based upon
drogen atom data.

While the preliminary nature of the experimental data a
the various approximations made for the collisional spin
namics do not allow a definitive evaluation of the spin co
pling parameters and reaction rate constants to be made
theoretical treatment of the chemically reacting, spin rel
ing system is presented here as a methodology of appro
While its apparant ability to fit experiment helps to justi
the method of approach, the mechanism of the chemica
action scheme needs to be better understood. A better un
standing of the detailed spin transition rates during a che
cal reaction is also needed. In particular, the product of
exchange reaction has been labeled as a stable specie
the contribution of this species to determine the relaxati
precession modes has been included. In contrast, the st
p
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zation of the bimolecularly produced metastable radi
yields a stable species that is not included. Possibly
former product is a metastable radical in a different exci
state so its subsequent reactions are different. On the o
hand, possibly a stabilization reaction is sufficiently disru
tive that it causes a loss of coherence of the spin polarizat
whereas the bimolecular addition and exchange reaction
low a preservation of the spin polarization. While a numb
of alternate reaction schemes were tried, it is the abo
described fitting procedure that gave the best fit. It is a ra
nalization of this reaction scheme that has been given.
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