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Multiconfiguration Dirac-Fock calculations of the hyperfine structure constants and determination
of the nuclear quadrupole moment of yttrium 90
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The multiconfiguration Dirac-Fock model is employed to evaluate the effects of relativity and electron
correlation on the hyperfine interaction constants of ti8s# 2D, and 2D, levels of yttrium. The wave-
function expansions are obtained with the active space method, where configuration-state functions of a
specific parity and value are generated by substitutions from the reference configurations to an active set of
orbitals. The active set is then increased in a systematic way, allowing the convergence of the hyperfine
interaction constants to be studied. The calculated electric quadrupole hyperfine constants are used to evaluate
the nuclear electric quadrupole moment of isotope 90 of yttrium, for which the @lae-0.125(11) b is
found.[S1050-294®8)06509-3

PACS numbeis): 31.30—i, 21.10.Ky, 31.15.Ar, 31.25.v

I. INTRODUCTION ing [7] (they acknowledged this deficiency, howevemnd is
solely based on Schwar{8] formulas, which provide only
The hyperfine structure of atomic energy lev@isreafter minimal allowance of configuration interaction. We report

abbreviated to hisis caused by the interaction between theon the calculations of the two experimentally measured elec-
electrons and the electromagnetic multipole moments of th&ic quadrupole hyperfine interaction constants of the
nucleus. Accurate calculations of the electronic part of the#d5s® “Dgj, and Dy, levels of yttrium-90. The aim of this
interaction permit the extraction of nuclear moments fromPaper is to explore the effects of electron correlation on the
the measured hyperfine splittings. This is especially impor_calculated val.ues of those two constants, _and to extract the
tant for quadrupole moments, which are difficult to measurd'uclear electric quadrupole moment of yttrium-90. The new
directly with nuclear techniqudd]. Relativistic effects must  Version[9,10 of the Grasp [11] multiconfiguration Dirac-
be taken into account, even for relatively light eIementsFOCk package has been e_mployed to generate the wave func-
[2,3], in accurate calculations of hyperfine structure. In Iow-t'onS and the accompanying hyperfine packgl# to carry

est order, relativistic effects scale roughly as the square O?Ut the calculations of the expectation values.

the atomic numbekZ. Although perturbation theory is there-

fore adequate for light atoms, a fully relativistic approach is Il. THEORY

needed for heavier atoms. This is of particular importance for ¢ theory was described in detail elsewhft6—13,

hyperfine structure calculations, where the results are sensing only a brief description will be given here, so as to

tive to the form of the calculated electronic wave functionsprovide the background necessary for the following discus-

close to the nucleust], and the direct and indirect effects of sjon of the computational procedures and of the results. In

relativity [5] are difficult to account for by quasirelativistic the multiconfiguration Dirac-Fock meth¢d3], the relativis-

methods. tic atomic state function? for a state labeled’PJM is
The atomic-beam magnetic-resonance measurements rexpanded in terms of configuration state functidnswhich

ported by Petersen and Shugi provided the magnetic are eigenfunctions ai?, J,, and parityP, namely

dipole and electric quadrupole hyperfine constants for the

two lowest levels of the unstable 64-h isotope 90 of yttrium,

as well as an estimate of the nuclear moments. While the W(TPIM) =2, ¢, D(yPIM). 1)

accuracy of the measured hfs constants is quite good, espe- '

cially with respect to the quadrupole interaction constants

which are usually much smaller and more difficult to mea-

sure, the experimental value for nuclear electric quadrupol

momentQ is not quite as reliable. Their optimistic accuracy

assessment did not take into account the Sternheimer shield- = ca.p+(8—1)c2—=Z/r;+ D, . (2
i i>]

Configuration mixing coefficientg, are obtained through
giagonalization of the Dirac-CoulomiidC) Hamiltonian

*Permanent address: Instytut Fizyki im. Mariana Smolu-The coefficientsc,, together with one-electron orbital set,
chowskiego, Uniwersytet Jagiellski, Reymonta 4, 30-059 Kra- provide a numerical representation of the stBfeJM for
kow, Poland. further calculation of atomic expectation values.
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The hyperfine contribution to the Hamiltonian can be rep-

resented by a multipole expansion <7rPJ||T(k)||3’sPJ>:a§;) dip(rs){Narallt®Inprp),
(10)
Hps= 2, TO-M®), () . : .
k=1 where|n; ;) represents a single-electron Dirac orbital.

whereT® andM® are spherical tensor operators of rdnk
in the electronic and nuclear space, respectiyé¥]. The
k=1 term represents the magnetic dipole interaction, and the Following the example set in our previous papels,16]

lll. METHOD OF CALCULATION

k=2 term the electric quadrupole interaction. we adopted an approa¢B,17—19 in which a configuration
The electronic tensor operators are sums of one-particlexpansion set is increased in a systematic way. This makes it
tensor operators possible to study the convergence as well as to observe the
effect of different shells on the calculated hyperfine con-
N stants. The configuration expansions were obtained with the
TO=> 1), k=12, (4)  active space method, in which configuration state functions

=1 of a particular parity and symmetry are generated by substi-

tutions from one or more reference configurations to an ac-
tive set of orbitals. The active set comprises the valence
shells and several virtual shells. The set of virtual shells is
systematically increased until the convergence of the hyper-
fine constant is obtained. In practical calculations, and espe-
cially for heavier elements, this approach is constrained by
D ~2)e—3 available computer storage, convergence problems, and_other
to=—-C%r = (6) hardware and software limitations. The number of configu-
) ] . rations must be kept at a manageable level, and therefore
In the formulas abovey is the fine-structure constant,is  restrictions have to be imposed on the allowed substitutions,

the vector of the three Dirac matrices, &Btf is a spherical o that the most important electron correlation effects are
tensor with the components related to the spherical harmongaptured.

where, in atomic units,
tY=—jia(a-1 CP)r2 (5)

and

ICS as In first-order perturbation theory, only single substitutions
contribute to the hfs energy correctip20,21], so they usu-
K _ 4 ally comprise the dominant part of the hfs energy. On the
Cq = 2k + 1qu. 7 other hand, double substitutions dominate energetically over

the valence correlation corrections and, consequently, the

The magnetic dipole operat@) represents the magnetic virtual orbitals obtained in fully optimized and fully corre-
field due to the electrons at the site of the nucleus. The eledated variational calculations are optimized predominantly
tric quadrupole operatdi6) represents the electric-field gra- through the effects of double substitutions on the total en-
dient at the site of the nucleus. ergy. Therefore in the hfs calculations it is important that the

The nuclear electric quadrupole mometis related to virtual space also be sufficiently saturated with orbitals opti-
the expectation value of the nuclear tensor operit6? in ~ Mized for single substitution22,23. Although large-scale
the state with the maximum component of the nuclear spinfully relativistic calculations are now feasible, and can give

M, =1: airly accurate result§24,25, the large-scale multiconfigu-
ration calculations are still very expensive computationally.
Q The complete active space approach is unattainable, except
(nl |M§)2)|y,ll)= 5 (80  perhaps for very light elemen{26,27, and a strategy is

needed to ensure that all important contributions are included
in more limited expansions. Bearing this in mind, we
dopted a scheni@8], in which the virtual orbital space is
optimized for single substitutions, while the effects of double
substitutions are accounted for through post-self-consistent-
12 field configuration interaction calculations. All calculations

When the atomic state function is expanded in terms o
configuration state functior{€q. (1)], the hyperfine interac-
tion constanB is given by

- 2J(23-1) were done with the nucleus modeled as a variable-density
B;=2Q . L va Tante
(23+1)(23+2)(23+3) spherical ball, where a two-parameter Fermi distribufibt
X2 ces 7 PITysPJ). ©)
R : p(r)=—2 (19

1+e(r—c)/a
Calculation of the matrix elements of the hyperfine operator

(4) betweenjj-coupled configuration state functions is car- was employed to approximate the charge distribution. The
ried out via an expansion of the reduced matrix elemenparametec is thehalf-charge radiusanda is related to the
(y,PJ|T®|ysPJ) in terms that involve single-particle or- skin thicknessthe interval across which the nuclear charge
bitals only density falls from near one to near zero.
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TABLE |. Quadrupole momer® as a function of different configuration expansions for ti&< 2D,
state of yttrium-90. The notationspdflg in the third column refers to substitutions to virtual space con-
structed from two orbitals of each of ttee p, d, andf symmetries, and one orbital gf symmetry.

CSF From To Type Q (b)

1 4d5s? — — —0.1368
45 4pd5s 1spdf S —0.2259
245 3pd4spdbs 2spdf S —0.1401
273 3pddspdbs 2spdflg S —0.1396
1028 P d4sp(4d5s?+5s5p?) 2spdfig S —0.1309
440 SphHspdbs 3spdflg S —0.1264
472 SpHAspdbs 3spdf2g S —0.1276
584 2p3spddspdss 3spdflg S —-0.1271
864 2Sp3spddspdss 4spdf3glh S —0.1264
1093 Xp3spdAspdbs 5spdfdglh S —0.1229
1286 Xp3spAspdbs 6spdfaglh S —0.1235
1479 Xp3spAspdbs 7spdfaglh S —0.1233
1580 I1s2sp3spddspdbs 7spdfaglh S —0.1233

5008 1s2sp3spddspdbs 7spdfaglh S
4pd5s 1spdf D —0.1130

13519 k2sp3spdAspdbs 7spdfiglh S
3pd4spdbs 2spdf D —0.1118

The generation of the wave functions followed essentiallyobtain converged values of the hyperfine constants within the
the scheme described in our previous papéfsl6. First,  single substitutional approach, typically a few thousand con-
the spectroscopic orbitals required to form a reference wavéguration state functions are needed, depending on the ex-
function were obtained in a single configuration calculation,pected precision. The structure of virtual orbital space is best
with full relaxation. Only the level involved was represented,understood by inspection of the first four columns of one of
and the resulting reference wave function was used as a staifables | and Il. The singleS) substitutions promote the
ing point for further calculations. The generation of furtherelectrons from the spectroscopic orbitals listed in column 2
layers of virtual space followed in steps, one layer at eacho the virtual space presented in column 3, giving the total
step, with all previous configuration expansions included. Allnumber of configurations listed in column 1. In column 3 the
virtual orbitals were generated with the expansions formedotation Zpdflg means substitutions to virtual space con-
by single substitutions from the reference configuration. Tostructed from two orbitals of each of the p, d, and f

TABLE Il. Quadrupole momen® as a function of different configuration expansions for td&< 2D,
state of yttrium-90. The notationspdflg in the third column refers to substitutions to virtual space con-
structed from two orbitals of each of ttee p, d, andf symmetries, and one orbital gf symmetry.

CSF From To Type Qb)
1 4d5s? — — —0.1384
49 4pds5s lspdf S —0.2145
309 3pddspdss 2spdflg S —0.1413
334 IpHspdbs 2spdfig S —0.1414
1265 P d4sp(4d5s®+5s5p?) 2spdflg S —0.1332
491 SpHspdbs 3spdflg S —0.12526
540 IpHspdbs 3spdf2g S —0.12529
650 2Sp3spddspdss 3spdflg S —0.1257
1007 Xp3spddspdbs 4spdf3glh S —0.1251
1272 Xp3spddspdbs 5spdfdglh S —-0.1220
1481 Xp3spddspdbs 6spdfiglh S —0.1256
1690 Xp3spddspdbs 7spdfiglh S —0.1257
1991 1s2sp3spddspdbs 7spdfiglh S —0.1257
5799 1s2sp3spddspdbs 7spdfiglh S
4pd5s 1spdf D —0.1181
15782 I2sp3spddspdbs 7spdfiglh S
3pd4spdbs 2spdf D —0.1160
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symmetries, and one orbital @f symmetry. The optimal ous line demonstrates that the effect is of the order of 6%. As
level form of the variational expressi¢hl] has been applied a second test, we performed two large-scale configuration-
in all variational calculations presented below. The procedinteraction calculations, involving the most important double
dure employed to generate the wave functions was very simsubstitutions. As can be seen from the last two entries in the
lar for both levels considered in this study. Due to differentTables | and Il, the dominant contribution comes from
angular symmetry, the configuration expansions for thelouble substitutions involving the outermost electron shells.
4d5s? 2D, state are larger by about 10%, but the overallAlso, the overall effect of the double substitutions is quite
dependence of the calculated value @fon configuration large, on the order of 10%. This matter will be discussed
expansions is very much the same in both cases. After initidlurther in Sec. V.

oscillations, the valueB began to saturate reasonably

quickly. When they reached the three-digit precision, the

procedure has been stopped, since the experimental values of V. RESULTS AND DISCUSSION

hfs constant® are known to about the same accuracy. The Itis int ting t te h | th s for iz
contributions of core orbitals to the computed valueQof IS interesting fo ?0 € how close the resutts for 12
have been controlled both during the process of building théevel maich those fofDy,. Both the largest variational re-

virtual space, as well as in the series of post-self-consisten(funs and the configuration-interaction values differ very little

field configuration interaction calculations. As demonstrate rom one level to the other. lF med. be tempting to assume
by the comparison of lines 2 and 3 of Tables | and I, the hat this agreement was an indication of the consistency of
'~ the two calculations, and to present the configuration-

contributions fromn=3 are expected to be quite large, and. X ! .
the effects arising from the=2 shell(lines 6 and are also interaction values as the final outcome of this study. It should

quite significant, affecting the third digit of the value Of be stressed, though, that all configuration-interaction calcu-

On the other hand, the effect of the opening of tiseotbital lations have been performed with the orbital basis formed

. . . from virtual orbitals generated in the single-substitution
is much smaller, as can be seen from the comparison of line

- ST . : ; . phase of the project. The orbitals have been optimized for
13 (where a configuration-interaction calculation, including sinale substitutions. and therefore thev are not necessaril
the substitutions from 4 .shell, is reportepgand line 12. This 9 ’ y y

turned out to be fifth-digit effect, well beyond our targetted optimal for double-substitution calculations. In the single-

recision. The importance of virtual orbitals with high angu- substitution model the configuration expansion is certainly
P ' P . gh angu-, sufficiently saturated, which is the main source of error
lar momentum values has also been monitored during th

calculations, and it appears that there are no effects beyoH the present calculations. The configuration-interaction cal-

thed svmmetrv. which would contribute at the present IeVelcula’[ions presented in line 5 and in the last two entries in
g sy =Ty, Wh . b both Tables | and Il give us some indication of how large are
of accuracy(inspection of lines 6 and 7 of Table | shows that

the effect of adding a second orbital @symmetry is of the the effects of double- and higher order substitutions. There-
order of 1% for the?D., state: in the case of thD., state, fore we adopted a more conservative approach, which treats

o . ; the configuration-interaction calculations only as means to
it is even smaller The reader is referred to our previous

; estimate the error. Any reasonable statistical error analysis
paper(16] and to published computer codei,12 for the would certainly require more than two values, so the depar-

numerical details of the computational procedures necessapy, o of the configuration-interaction values from the varia-

fo generate wave functions, and subsequently compute tr1F\Onal ones can only serve as a very crude estimate of the

observables. error of the final value, which we assess &3
=-—0.125(11) b. It is worth noting that the semiempirical
IV. ELECTRON CORRELATION EFFECTS result of Petersen and Shug@él, Q= —0.1553), is 11%
) , , away even from the single-configuration Dirac-Fock values
As described in Sec. I, the present s_,tudy aims at recovpt 3, and also that it is outside the relatively largE0%)
ering the electron correlation effects arising from single subgror pars of our final value, although all of them are based
stitutions, since they dominate the hyperfine energy. The viryp, the same experimentally determined quadrupole constants
tual orbital space was formed by single substitutions from & ' The availability of hfs measurements for other levels in
single-configuration reference wave function. For a systempe v_gg spectrum would certainly be welcome, as a vehicle
as heavy as yttrium, this is the only feasible approach perg, jmprove the accuracy of our calculations and to verify the
mitted by the capabilities of contemporary computers. In or-4p e disagreement.
der to estimate the corrections arising from dominant elec-
tron correlation effects not accounted for within this model,
we performed a series of configuration-interaction calcula- VI. CONCLUSIONS
tions. First, the quality of the reference wave function has
been tested by the configuration-interaction calculation, in We have performed large-scale multiconfiguration Dirac-
which the single-configuration reference wave functionFock calculations of electric quadrupole hyperfine structure
4d5s? has been replaced by a two-configuration referenceonstants for the d5s? 2D, and 2D, levels of Y-90. The
wave function of the form d5s?+ 5s5p?, since the 85p?  single-substitution model has been employed to account for
configuration is expected to be the dominant contributor tdSternheimer correction. The nuclear electric quadrupole mo-
the electron correlation effects arising from the valence elecmentQ has been extracted from two experimentally known
tron interactions. The calculations performed with theB constants. The resulting value = —0.125(11) b is
double-configuration reference wave function are presented0% smaller than previously computed semiempiri@l
in line 5 of Tables | and Il. The comparison with the previ- value Q= —0.1553).
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