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Quantum teleportation using three-particle entanglement
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We investigate the “teleportation” of a quantum state using three-particle entanglement to either one of two
receivers in such a way that, generally, either one of the two, but only one, can fully reconstruct the quantum
state conditioned on the measurement outcome of the other. We furthermore delineate the similarities between
this process and a quantum nondemolition measurerf@h50-294{©8)08812-X]

PACS numbg(s): 03.67.Hk, 03.65.Bz, 42.50.Dv

I. INTRODUCTION Il. A BRIEF REVIEW OF QUANTUM TELEPORTATION
USING TWO-PARTICLE ENTANGLEMENT

By quantum teleportation a process is denoted by which Let us begin with a brief review of quantum teleportation
the complete information about a quantum state can be sehging a two-particle polarization entanglement. Quantum
using a classical transmission of information with the aid ofteleportation can be accomplished using a two-particle en-
long-range Einstein-Podolsky-Ros¢BPR correlations[1] ~ tangled state, such as from a type Il parametric down-
in an entangled quantum std®@]. The truly interesting as- Cconversion[5]. The state generated from a type Il down-
pect of quantum teleportation is the light it sheds on theSOnversion crystal can be written g
nature of classical and quantum information. Experimentally, 1
quantum teleportation was recently demonstrf8d] using CN— (1. A ERWESY
parametric down-conversid®], in [3] interferometric Bell- [¥i.)= V2 (Dl =)y +el=nlly), @3
state analyzerf6], and in[4] k-vector entanglement.

Given that teleportation has been demonstrated using twovhere « is a birefringent phase shift of the crystal, and the
particle entanglement, and the general interest and quest gibscripts denote particlésand j, respectively. Using ap-
demonstrate a three-particle entangled Greenberger-Horngropriate birefringent phase shifts and polarization conver-
Zeilinger (GHZ) state[8,9], we may ask the following: What sion, one may easily convert the above state into any of the
new scheme can be developed using a three-particle efeur Bell stated5]:
tangled state? It is clear that it does not permit by any means 1
the faithful transmission of an unknown quantum state to two [y =—(1)il=) =N, (2.2
locations. This would be forbidden by the no-cloning/ V2
broadcast theoreni42,13. In view of this, we instead find
that one may teleport to either of the two locations consid?
ered, but not to both. However, there is an interesting mid- L1
way case where both parties have some information about | i) = 5(|I>i|1>ji|H>i|H>j)- 2.3
the original state. This, of course, is very similar to a quan-

tum copier(cloning device [14-17. Recently, it was also  gyperimentally, shifting between these statestually be-
brought to our attention that a scheme similar to ours haglyeen all four Bell statéshas been demonstrated in Bell

been studied in a more general context by Betfal. [18].  gtate analysif] and quantum dense coding experimdifis
We will comment on the similarity and difference betweenpy making a shift of basis from a 0° and 90° base
their proposal and ours. {l~)]])} to a 45° and a 135° polarization base
The paper is outlined as follows. In Sec. Il, we briefly {750}, the states become |¢")=(~)|~)
review quantum teleportation using two-particle entangle—+|/>|/>)/\/2 or | )=~/ )+ |/ \)NIV2. For the
ment. In Sec. Ill, we present the three-particle entanglemenieader who is more versed in spin measurement, we may
teleportation scheme. In both Secs. Il and I, we only con-rewrite the state in terms of spin 1/2 particles puttjrg)
sider the case of polarization entanglement. In Sec. IV we=|z+),|])=|z—). In the same terminology, a 45° and a
discuss the similarities to a quantum nondemolition measuret35° polarized photon becomg)=|x+) and |\ )=
ment, and in Sec. V we analyze how much information bothx—), where|z+) denotes a spin eigenstate in the positive
receivers have on the state. Finally, in Sec. VI we discuss thdirection, etc. See any quantum mechanics textbook for de-

nd

results and present some conclusions. tails.
Suppose now that a person “Alice” wants to send a quan-
tum state
*Electronic address: andkar@ele.kth.se |‘I’A>1: a| I>1+ b|‘—’>1 (2.9
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FIG. 1. Schematical picture of a two-particle entanglement tele- FIG. 2. Schematical picture of a three-particle entanglement
portation scheme. The box “U” denotes the unitary transformationteleportation scheme. In this case, Cliff must perform a unitary
Bob (generally must perform in order to retrieve the original state. transform, i.e., the box U, and Bob does a von Neumann measure-

ment, i.e., the box “D.”
to a person “Bob.” However, for some reason she does not
want to send the state itself, which we can assume is fragile,
but instead only sends sufficient information for Bob to re-
generate the state. To do this, she makes use of a teleporting Let us now see what three-particle entanglem@ntpo-
“machine” (as in Fig. } for a schematic of the two-particle larization herg can add to the problem. Suppose again that
entanglement teleportation scheme. To initiate the teleportaghe unknown quantum state we seek to teleport is
tion, the teleporting machine has a source of pure entangled

Ill. THREE-PARTICLE ENTANGLEMENT
TELEPORTATION

EPR pairs, |Way=all)1+b[<);. (3.9
1 To perform the teleportation, Alice now uses a three-particle
| Do = 7(|I>z|<—>>3_|<—>>2|1>3), (2.5 entangled statéa GHZ statg¢[8,9] as
2

1
from which one particléparticle 2 is kept, and another par- |[¥enz)= 5(|I>2|I>3|I>4+ [ =)ol =)al=)a). (3.2
ticle (particle 3 is sent to the recipient Bob. The joint prod-
uct state of Alice state and the apparatus stitg) ®|® ;) The above state can be generated in the laboratory using, for
can be rewritten in terms of the Bell states for particles 1 andnstance, entanglement swapping starting from three down-
2 as converterd 10] or as very recently demonstrated experimen-
tally using two pairs of entangled photoh%l]. In [18] a

1 more general three-particle entangled state of the form
W85 = 51161 (al = )s=bl1)a) ) P ’

2 1
+|¢[2)®(a|<—>)3+ b|1>3) |¢B>: \/; |I>2|<—>>3|<—>>4— \[g |H>2|I>3|<—>>4
+ly)@(—all)stbl<)s)
ol R el (33

+®(—al])s—bl=)3)]. (2.6

. . . - is used in order to reach the optimal condition of the “uni-
To swap the information, that is, tha,p) coefficients of the versal quantum cloning machinef14—17. However, for

state from particle 1 to particle 3, Alice uses a Bell state o 1sons to be specified below, here we choose to keep a
analyzer to measure particle 1 and particle 2. Suppose sr‘gﬁa '

) _ ) ) mple, equally weighted state. To set up the teleportation,
obtains the resulty,) and then we immediately see that the 5 icje 2 is kept by Alice, while particles 3 and 4 have been

conditioned state of particle 3 at the recipient Bob becomeggnt to some remote locations. which we denote by “Bob”
_ and “Cliff.” See Fig. 2 for a schematic of the three-particle
[Weon)=al])s+bl<)s, 2.7 entanglement teleportation scheme.
Using the decomposition into Bell states as before, we can

that is, the stat¢¥ ,) has been “teleported” from Alice t0  (ewrite the initial product statel 4)® | grgpz) as

Bob. Generally, as seen from E@.6), Alice may obtain one

of four outcomes, and Bob will not obtain the desired state 1 N

directly, but must perform dsimple unitary operation to |‘I’A>®|l//GHz>:§ [[#12@(al1)a|1)atbl<)s[<)a)
retrieve the stat¢2]. To know which operation to perform,

Alice must send a classicg@iwo-bit) message to Bob. This, +|pr(@l])sl1)a—bl<)s| <))
of course, is why quantum teleportation does not violate cau- .

sality. Experimentally, quantum teleportation has recently +|@(@l])sl<)atbl)s[1)a)
been demonstrated using an interferometric Bell state ana- -

lyzer, which may distinguish two out of four Bell states, with Y@@l )a=bl=)sl1)a)].

the other two states giving the same re$8|6]. (3.4
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A measurement using Bell state analyzers on particles 1 andesired state. Note that Cliff must receive a one-bit message
2 will project the state of particles 3 and 4 onto the joint, from Bob, telling him which outcome occurred. In a similar
generally entangled states seen in the equation above. Let uay, Cliff must phase shift the states, when the outcomes of
analyze here the case in which the Bell state analyzers givine Bell state analyzer at Alice’s location give another read-
the readout¢;,), which occurs with a probability 1/4. All of out other thar|¢;,). Of course, regardless of the outcome,
the other cases can be treated in a similar fashion as was ttiee teleportation is feasible. We like to stress that this ability
case of the two-particle teleportation scheme. The state dbr Bob and Cliff to decide to exactly recreate the state at one

particles 3 and 4 becomes of the two locations has, to our knowledge, not been pointed
out before. This may also be possible to do using the state
|ys9=al1)s|1)at bl )sl)a. B9 |yg) of Eq. (3.3 as well. However, we think the choice of

Let us now see how the original state can be recon:[he |¥nz) makes the projection particularly simple. It
.should also be noted that teleporting to two locations could
structed. Suppose we seek to reconstruct the state at locatipn

4 “Cliff" with the help of “Bob” at location 3. If Bob uses  °¢_done by first "copying” the state and then two ordinary

. : ._ guantum teleportations to the two location. Again, however,
a von Neumann measurement, for instance, a linear polariza-

tion (or generally spin-stajeanalyzer with two outcom unless one has control of the ancilla state of the quantum
9 y'sp Y2 . omes, cloner[14-17, it is not possible to select if one of the two
or X,, we can decompose the incoming states in the ne

) Weceivers should receive the state perfectly or not.
basis{|x1),|x,)} as

11)3=Sin 6]X,) 3+ COS 0] X2)3, IV. COMPARISON TO QUANTUM-NONDEMOLITION
MEASUREMENTS

=CO0S 6|X1)3—Sin 0|X,)3, 3.6 . .
=) [X2)s Ix2)s S Let us elaborate a bit on the role of the anglén the

where ¢ describes the analyzer angle. Rewriting the outpufneasurement, and on the similarities between the condi-

state in the new basigx,),|x,)} gives tioned teleportation, quantum gatgld], and quantum non-
demolition (QND) measurement$20]. Suppose we start
|3 =(a sin 6] )4+b cos ] ),)|x1)s with a product state
+(a cosb|])s—b sin 0<),)[x2)3. (3.7 | haajn) = (@] )3+ b= )3) ®] s 4.1)

We note from this expression thaican be used as a param- |t e now apply a quantum controlled-not gate with the rule

eter to nonlocally affect the state of particle 4. This is Oty At qubit 4 is flipped<), to |1}, if bit 3 is | )3, otherwise

really surprising, since the same “action at a distance” isj; is |eft untouched 181. Applving this to the stat \ of
inherent in any entangled state. The difference here is th d18l. Applying Braain)

. (4.1 gives the output
the coefficientsa andb are unknown to Bob at location 3. (419 P

We may achieve a similar weighting also in quantum tele- |3aoud =a|1)3l1)atbl=)sl=)a, (4.2
portation using two-particle entanglement. Suppose we de- '
fine a more general set of Bell states as which is exactly the entangled state of the teleportation. To
. i see how this relates to a QND measurement, suppose that the
|5 ) =cos 0] )il );+sin 6]« )i[]);, measurement of particle 3 is made with the angle setfing
_ _ =0. Then with a probabilityal|? the state is projected onto
[y} =—sin 6]])i[=);+cosb|=)lT);, (3.8 |1)4, and with a probability|b|? the state is projected onto

|<)4. Thus, for @,b)=(0,1) or @@,b)=(1,0), the meter 3

and perfectly measures the state without destroying it, as required
|pa)=c0s 6 [)i]1);+sin 6]« )| <); for a QND measurement. We can also viéwas selecting a
preferred base for the measurement, or the probabilities by
|, )=—sin 6]1)|1);+cos ] =)|—);. (3.9  Wwhich |1)3 is projected ontdx,)3 or |X,)5 (and similarly for

|1)4). For 6=nm+ /4, the probabilities of the projection
From this it is easy to show that for the two-particle telepor-onto|x, )5 or |x,)5 are equal € 1/2), and therefore the origi-
tation scheme one may project, or remotely prepare, the statel superposition of states is kept.

Let us finish this section by noting that by having the

a cos|])s+b sin 6|« )3 GHZ state, and an interferometric Bell state analyzer, which

| 300 = J[aPco6+ |b[%sira . (3.10 may distinguish two out of four Bell states and gives identi-

cal results for the other two, one may mimic a QND mea-

Returning now to the three-particle teleportation schemeSurement on the single-photon level using only linear photon

if the outcome isx, and we choos@= + =/4, the state of Manipulations. A QND measurement would require nonlin-
particle 4 becomes ear(Kerr-type optical phase shifts o on the single-photon

level, nearly, but not yet in reach at pres¢at].

|pa)=2al1)at bl ), (3.1
. . V. FIDELITY MEASURES
That is, we have again successfully “teleported” the state
from particle 1 to particle 4. If the outcome x5, Cliff can Let us now assess how well one will generally succeed in

simply flip the |« ), state by a factor ofr to retrieve the teleporting the state. We may view the teleporter as trying to
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implement a quantum cloning machifiet—1§, albeit notan that we look at the fidelity conditioned on detecting the ei-
optimal one. Suppose that the ideal target state is Alice’genvaluex; of detector 3. The conditioned state for the out-
state put becomes

|Wr)yi=all)i+bl<), (5.1 . asing|]),+bcosb|—),
|'7[’c>4: \/| |2 'n29+|b|2 2o (5.7
wherei € {3,4}. The reduced density operator of either of the as! co
outputs by itself, not using the information in the other mea-The fidelity becomes
surements, is

1 _ w1, (lal?sin 6+ b|%cos )
ﬁs,m::Tr4{|111’34,0ut><'7'/134;0ut|}=|a-|2|1>33<1|-|-|b|2|<—>>33<(<;|23 ‘7:0,4_|4<‘/’T|¢c>4| - |a|23in20+|b|200§0 . (5.8)

Likewise, if the eigenvalue, is obtained, the conditioned
and state,after a phase flip ofr for the |« ), state, becomes

Panc=Tral|¥asou{Waaoul} = |a|2|1)44(1|+|b|2|<—>>44<(<;|35 a cosf|])s+Db sin b)),

V]al?cog 6+ |b|?sir o

Yoy a= : (5.9

As a criterion for successful copying, we compute the fidel- . . he fideli
ity [14,15, which is the probability of the received state to giving the fidelity
pass as the desired std#:), . In the present case, the non- (|al?cos 6+ |b|?sin )2
conditioned fidelity may be written as 2 = 2y 2=

y may Fea=lalirlvg)al [a]2co26+ [b[%si?g

Fanc=Fanc=3(¥rlpand ¥r)z=]al*+|b]*. (5.9 (5.10

The fidelity averaged over both outcom@sgenvaluep x;
andx, can be written

The fidelity varies betweerFs .= F4n.= 1/2 for |a|*=|b|?
=1/2, up toF3,.=Fanc=1 for (|al,|b])=(0,1) or(1,0. It

should be noted that a fidelitf=1/2 corresponds to a ran- Faves=P (X)) FL 4 P(xp) F2 =+
dom result. To see this, suppose Cliff or Bob regenerates the ' ’ ’ _
statepne=1/2 ] )] |+ 1/2 = )(«|, the fidelity of this state =|a|*+|b|*+4]a|?|b|?cos 6 sin 6, (5.11)

is F=1/2, but no use was made afandb. .
In order to compute the fidelity averaged over all inputWhere we have used the probabilities for seandx, out-

states(assuming all states appear equally offewe may ~COMES P(x1) =|al?sir’¢+|bl’cog, and P(x,)=|a|*cosd
parametrize 4,b) in polar coordinates as +|bf?sir?6. Plugging ind= /4, we find an averaged fidelity
of Fae4=1. Computing the fidelity averaged over all input

W) =a|] )+ bl ), =cog 9/2)|]),+ € ?sin(9/2)|«),,  States gives

(5.5 B s 1
- ==+ =sin(20), A
and compute an averaged fidelity Faves 3 3 sin(26) (6.12
__Fwd Jw in sds/a 5.6 vlhich varies betweea_ﬁveyf 2/3 for /=0 and 6= =/2, and
7=, 99), Fein i 68 F =1 for o=mla.

What about the fidelity of Bob for particle 3? A reason-

Computing the value of the averaged nonconditioned fiable assumption for Bob is to assume that the siate was
delity gives Fa o= Fanc=2/3~0.67. Actually, as shown in the sent state as well. As shown[i22], this is actually the

; L . . optimal guess given only a single input particle. This would
[22], F=2/3 is the limit for a “classical” teleportation de- P g 9 y 9 putp

S . . . . .. correspond to a fidelity
vice, i.e., where a single input state is measured at Alice site,

and the result of the measurement is sent over a classical Fra=|a(¢rlx)sf>=](a sin 6+b cos 6)|?.  (5.13
channel to Bob and CIiff who, in turn, try to reconstruct the ’

state. We may compare our result to the result for theM  For a click in the|x,); detector, we may either assume that
cloning device investigated by Gisin and Mas§ab| and  the state wakx,)5 or, parallel with the discussion above, that
BruB et al.[18], where it was shown that the optimum aver- the state wagx})s=cos6|])s+sin 6«)s.

age fidelty for a cloning device s Fop= Therefore, suppose now that the,); is chosen. The fi-
(2M +1)/3M=5/6~0.83 for M=2. Note that the fidelity  gelity becomes

approaches the classical limf,,— 2/3, whenM — . At

first sight, it would appear that nothing is gained from “our” T2 =|x(rlx5)al*=(a cos 6+b sin 6)|2.  (5.19
three-particle entanglement using tle;, ) state. However,
this is not so, as will be shown below. The average fidelity for both outcomes and x, can be

What about the fidelity of the conditioned state? Using thewriten
conditioned outcomes we expect that Cliff at 4 is able to . )
succeed much better than without this information. Suppose Faves= P(X) Feat P(X2) Fi 3. (5.19
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FIG. 3. Fidelity is plotted as a function ¢d|2 (a real, in (a) for ]—'éa, (b) for ]—'2'4, () for Faye 3, and(d) for Fy,e 4. In all figures the
settingd is used as a parameter.

Computing the average for over al,) coefficients, how- [18]. Due to the choice of measurement basis, the teleporta-
ever, Bob faces some problems. Suppose he only looks at thi®on here works very well for states with real and positive

outcomes irx,. Then, since there is no information oa,b) (a,b) coefficients.
in |x,)5 itself, it is easily shown thatFl.,=F2,=1/2, The most interesting and generally most useful quantity,

which appears to be a completely “no win” situation for however, is the fidelity averaged over adl,b) coefficients.
Bob. If, however, one takes into account that the probabili-This is shown in Fig. 4, where the average fidelity is plotted

tiesP(x1) andP(x,) depend on4,b), it is realized that the ~ as a function o, in (a) for 7; 5 and 73 ,, and(b) for Faye 3
average fidelity7,, s Will be larger than 1/2. Performing the and F5,¢ 4. The maximum of the average of both fidelities

average gives (fave,3+ Faves)!2=314~0.75(which by itself is perhaps not
so meaningfyl is pretty close to the optimurﬁ_F~0.83 for

_ 2 1 the optimal clonerd14,15,18. The fact that we may get

Faes=37 5 SirF(26), (516 7 ., well above 2/3, while keepinga,e s reasonably high,

shows the improvement using the three-particle entangle-

_ ment for the “teleportation” instead of a ‘“classical”
which varies betweerf,, . 3=2/3 for =0 andf==/2, and  scheme. It should be emphasized, however, that the joint
Faves=1/2 for =m/4, which was expected sincg&,,.4,  mutual information from Bob and Cliff, about the original
=1 for 6= /4. As was mentioned, the fidelitf,, ¢ s=2/3 state|W,) should not, in our scheme, nor for the cloning
is the optimum value for estimating the polarization statemachine[14,15,18, exceed that which is available by an
given only one particl§21]. optimal measurement at Alice’s sif22].

In Fig. 3, the fidelity is plotted as a function ¢|? (a

rea) in (a) for F¢ 5, (b) for F¢ 4, (0) for Fae, and(d) for V1. DISCUSSION
Faves- As can be seen, when the fidelity for Cliff is ideal
Fea=1, the fidelity for Bob isF;;=1/2. Note also that e have shown how “quantum teleportation” to one of
F?, follows from F¢ 5 by replacingé« m/2— 6, and simi-  two locations can be realized using three-particle entangle-
larly for .7-‘34. However, as seen for some angles, both Bobment. The teleportation to more than one location is also
and CIiff can get a substantial amount of information on therelated to quantum copyind4,15,17. However, unlike in-
state. This is dtrivial) example of state-dependent cloning the “universal quantum copying machine,” where the fidel-
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of teleportation. As mentioned, a similar, but more elaborate
and perhaps more clever scheme by Betfl. [18] was
brought to our attention at the end of this work. In their
work, a weighted three-particle entangled state was used to
construct the universal quantum cloning machine of éduz
Floes and Hillery [16]. Here, a less ambitious goal was sought
0.5 - using an equally weighted entangled state and a simpler mea-
surement strategy. Still, the present scheme permits an aver-
age fidelity that is rather close to the optimum one. Also,
0.25¢ 1 what should be stressed is that our strategy allows for a
simple way to get a perfect reception of the state at either
0 ) . ) Bob or CIiff after the Bell measurement has been done, but
0 /8 /4 3/8 2 of course before the state is “collapsed” at Bob or Cliff. We
believe it would be interesting to try to improve our scheme
toward higher fidelities, while also retaining the possibility
of exactly reproducing the original state at one of the two
sites by simple means.

It should furthermore be stressed that the quantum cloners
in [14-18 operate using only unitary transforms. Here, as

=1
Fave,4

07571

Average conditioned Fidelity [-]

—_—
[+
=

Beam splitter angle 6 [radians]

Fave 4

> 075 well as in parts of the teleportation scheme considered in
E [18], a combination of simple unitary transformation, non-
i o5l unitary evolution(detection, and conditioning is used. This

go ‘ in turn implies that if a nonperfect success rate is acceptable,
) only linear photon manipulation is needed. We believe that
< (0.25f : this tradeoff between the success of conditioning and the

complexity of the nonunitary interactions needed would be
of interest to study further. In terms of experimental imple-
' ' ' mentations, besides the ability to generate a GHZ state, the
0 /8 w4 38 2 scheme requires the detection of correlations between four
(b) Beam splitter angle 6 [radians] detectors. With a nonunity detection quantum efficiency, this
o - _ gives a low overall efficiency of the scheme. This problem,
FIG. 4. Fidelity averaged over ala(b) coefficients is plotted as 1, vever, is inherent in any quantum information scheme re-
a function of 4, in (a) for 7, and F ;4 and (b) for Fy,e3 and quiring many-particle manipulation.
]:aue,4-
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