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Quantum teleportation of a field state

M. Suhail Zubairy
Department of Electronics, Quaid-i-Azam University, Islamabad, Pakistan

~Received 29 May 1998; revised manuscript received 5 October 1998!

We consider the teleportation of a field state, which is in a coherent superposition of 2n Fock states, from
one cavity to another, and present an experimentally feasible scheme for this purpose.
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An interesting application of quantum nonlocality
quantum teleportation. Bennettet al. @1# proposed a schem
for teleporting an unknown quantum state from one obse
to another through duel Einstein-Podolsky-Rosen~EPR! and
classical channels. In this scheme, the sender and rec
prepare an entangled pair of states. The sender makes a
measurement of the unknown quantum state with the E
particle, and transmits the classical result of this meas
ment to the receiver. During this process the unknown qu
tum state is destroyed at the receiver’s end, but the kno
edge of the joint measurement enables the receiver to con
his EPR particle into an exact replica of the unknown qu
tum state.

Since this proposal by Bennettet al., a number of experi-
mentally feasible proposals have been made for the tele
tation of two-level atomic states@2–6#. All these schemes
rely on methods based on cavity quantum electrodynamic
which two identical high-Q cavities are initially prepared in
a quantum-entangled state. Quantum teleportation of st
of dynamical variables with continuous spectra has also b
studied@7#. Experimental verifications of quantum teleport
tion have been reported recently by producing pairs of
tangled photons by the process of parametric down con
sion @8#.

In this paper, we consider the more general question
teleporting an arbitrary field state from a high-Q cavity to
another high-Q cavity. We first discuss the general consi
erations for the teleportation of an arbitrary superposition
states between two observers. We then propose a vi
scheme for the teleportation of a field state, which is a
perposition of Fock states, from one cavity to another us
methods based on cavity quantum electrodynamics.

We consider the teleportation of the state of the radiat
field which is a coherent superposition ofN Fock states, i.e.

uc~A!&5 (
l 50

N21

wl u l &A ~1!

from a cavityA to cavityC. The method we describe here
valid only if N52n ~with n being an integer!. The telepor-
tation of state~1! can be done in three steps.

In the first step, we prepare another cavityB and the
cavity C in the quantum-entangled state,

uc~B,C!&5
1

AN
(
k50

N21

uN212k&Buk&C . ~2!
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The combined state of the fields in cavitiesA, B, andC is
therefore given by

uC~A,B,C!&5
1

AN
(

j ,k50

N21

wj u j &AuN212k&Buk&C . ~3!

The N2 basis states for theA-B system can be written as

ucn,m~A,B!&5
1

AN
(
j 50

N21

e2p in j /Nu j &A

3u~N212 j 2m!mod N&B , ~4!

where n,m50,1, . . .,(N21). The combined state
uC(A,B,C)& can then be rewritten as a linear superposit
of the basis statesucn,m(A,B)& of the A-B system as fol-
lows:

uC~A,B,C!&5 (
j ,k,l 50

N21

e22p i l j /Nwl uc j ,k~A,B!&u

3~k1 l !mod N&C . ~5!

In the second step we make a measurement of theA-B
system. A detection of theA-B system in the state
uc j ,k(A,B)& projects the field state in the cavityC into

uc~C!&5 (
l 50

N21

e22p i l j /Nwl u~ l 1k!mod N&C . ~6!

The field state in the cavityC has thus been projected to
state which has all the information about the amplitudeswn .
In the third and final step of the quantum teleportation
manipulation of the cavityC needs to be done to bring sta
~6! to form ~1!.

We now show how these steps of quantum teleporta
can be accomplished using the known and experiment
accessible methods based on atom-field interaction. The
step is to produce the entangled state for the cavitiesB and
C. Several schemes have been proposed in the literature
quantum-state preparation inside the cavity. These incl
methods based on atom-field state entanglement@9,10# and
quantum-state mapping between multilevel atoms and ca
field @11#. The method by Vogel, Akulin, and Schleich@9#,
though flexible in implementation, is statistical in the sen
that only a particular sequence of measurements on ato
states after they have interacted with the field leads to
4368 © 1998 The American Physical Society
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PRA 58 4369QUANTUM TELEPORTATION OF A FIELD STATE
desired state. On the other hand, the method by Law
Eberly @10#, by using a more complicated scheme, has
advantage that an arbitrary quantum state of the radia
field can be generated inside a cavity at a prechosen tim
the method of Parkinset al. @11# the atomic ground-state
Zeeman coherence is mapped onto the field state inside
cavity using adiabatic passage. The number of Zeeman le
available limits the number of photons in the target state

It appears that no systematic method of generating a
trary entangled states in two or more cavities has been
sidered so far. Here we propose a generalization of
method by Vogel, Akulin, and Schleich to generate the
tangled state~2!. We sendN21 two-level atoms in the ex
cited state through the cavitiesB andC which interact with
resonant modes of the electromagnetic field inside the
cavities via the Jaynes-Cummings Hamiltonian. The field
side the two cavities is initially in the vacuum state. T
interaction times for the atoms with the field can be co
trolled by controlling the velocity of the atoms. We thus ha
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a choice of 2N22 interaction parameters, two for each ato
in the cavitiesB and C. These parameters can be chos
such that if all the atoms are found in the ground state a
the passage through the cavities, the entangled state~2! will
be generated. If, however, any one of theN21 atoms is
found to be in the excited state after the passage through
cavities, we will be required toemptythe cavities and star
all over again.

If the first j 21 atoms are found to be in the ground sta
ub& of the two-level atoms after the passage through the
of cavities, and the resulting entangled field state in the t
cavities is found to be

uc~ j 21!~B,C!&5 (
n,m50

j 21

cnm
~ j 21!un&Bum&C , ~7!

then the field state projected after the passage of thej th atom
initially in the excited stateua& through the two cavities and
detected subsequently in its ground state is given by
uc~ j !~B,C!&52 i (
n,m50

j 21

cnm
~ j 21!@cos~gt j B

An11!sin~gt j C
Am11!un&Bum11&C1sin~gt j B

An11!cos~gt j C
Am!

3un11&Bum&C], ~8!
e

ate

sey
are
are
whereg is the vacuum Rabi frequency andt j B
and t j C

are

the passage times for thej th atom inside the cavitiesB and
C, respectively.

As an example, we consider a superposition of only fo
states, i.e.,

uc~A!&5w0u0&A1w1u1&A1w2u2&A1w3u3&A . ~9!

In this case we want to produce the entangled state

uc~B,C!&5 1
2 @ u3&Bu0&C1u2&Bu1&C1u1&Bu2&C1u0&Bu3&C]

~10!

for the cavitiesB and C. The interaction times that would
generate the entangled state~10! are given by gt1B

55.0915 gt1C
51.5708, gt2B

57.2596, gt2C
51.1107,

gt3B
57.1704, andgt3C

56.7436. We have chosen these p
rameters such that the probability of detecting the first t
atoms in ground state is unity. The probability of detecti
the third atom in the ground state is, however, about 4
Thus an average of 25 tries are required before the des
entangled state is produced in the cavitiesB andC. Note that
the field inside the cavityA remains unaffected during th
process of generating the entangled state betweenB andC.

In the next step, we find the stateucn,m(A,B)& of theA-B
system. A careful look at expression~4! of ucn,m(A,B)& re-
veals that the subscriptm can be inferred from the tota
number of photons inside the two cavities, whereas the s
scriptn is inferred from the relative phase of the states in
sum which is independent ofm. Thus the state of theA-B
system can be determined in two sets of measurements
r

-
o

.
ed

b-
e

the

first determiningm via the total number of photons inside th
two cavities, and the second determiningn via the relative
phase.

Apart from the state withm50 which containsN21
photons in all its constituent states, an arbitrary st
ucn,m(A,B)& has two possible number of photons,N21
2m and 2N212m. For example, whenN54, the states
uc0,m(A,B)& are given by

uc0,0~A,B!&5 1
2 ~ u0&Au3&B1u1&Au2&B1u2&Au1&B

1u3&Au0&B),

uc0,1~A,B!&5 1
2 ~ u0&Au2&B1u1&Au1&B1u2&Au0&B

1u3&Au3&B),

uc0,2~A,B!&5 1
2 ~ u0&Au1&B1u1&Au0&B1u2&Au3&B

1u3&Au2&B),

uc0,3~A,B!&5 1
2 ~ u0&Au0&B1u1&Au3&B1u2&Au2&B

1u3&Au1&B). ~11!

It is clear that the statesucn,0(A,B)&, ucn,1(A,B)&,
ucn,2(A,B)&, and ucn,3(A,B)& have three~two or six!, ~one
or five!, and~zero or four! photons, respectively.

The number of photons can be determined via Ram
interferometry. In such a scheme two-level atoms that
nonresonant with the fields in the two cavities and which
initially prepared in coherent superposition of states (ua&
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4370 PRA 58M. SUHAIL ZUBAIRY
1ub&)/& are passed through the two cavities. The interact
times in the two cavities are taken to be equal. Due to
dispersive nature of atomic interaction with the cavity field
the levelub& picks up a relative phase shift which is propo
tional to the total number of photons in the two cavities a
the interaction time with no change in the number of ph
tons, i.e., the resulting state of the atom is

1

&
~ ua&1eipuub&), ~12!

wherep is the total number of photons in the two caviti
and u is a parameter that depends on atom-field coupli
detuning, and interaction time@12#. By changing the interac
tion time, we can controlu. The atom is now passed throug
a resonant classical field. The interaction time and the c
pling parameters are chosen such thatua&→(ua&1ub&)/&
and ub&→(ua&2ub&)/&. The final atomic state is thus

eipu/2@cos~pu/2!ua&2 i sin~pu/2!ub&]. ~13!

The complete atom-field state is entangled and is rather c
plicated. We have, therefore, not reproduced it here. I
however clear that a measurement of the atom in stateua& or
ub& would reduce the fields inside the cavities to states w
only appropriate number of total photons in the two caviti

The first atom is sent such thatu5p. It follows from Eq.
~13! that if the atom is found to be in the excited stateua&,
the number of photons in the two cavities is even, i.e.,m is
odd, and if the atom is detected in the lower stateub&, the
number of photons in the two cavities is odd, i.e.,m is even.
If m is odd, we send another atom, such thatu5p/2. The
detection of the atom in stateua& implies field states corre
sponding tom53,7,. . . ,N21, and the detection of atoms i
state ub& implies field states corresponding tom
51,5,. . . ,N23. If, however, the first atom is detected
stateub&, we first add one photon in the cavityA and send a
second atom such thatu5p/2. The second atom found i
the stateua& implies m50,4,. . . ,N24, whereas the atom
found in the stateub& implies m52,6,. . . ,N22. If the sec-
ond atom is found in stateua&, the third atom is sent with
u5p/4. If, however, the second atom is found to be in t
stateub&, we add two photons in cavityA before the third
atom is sent withu5p/4, and the process is repeated. If t
atom is found in the stateua&, we send the fourth atom with
u5p/8, whereas if atom is found in the stateub&, three
photons are added and then the fourth atom is sent witu
5p/8. This process is repeated untill ~such thatzl5N)
atoms are sent with appropriate interaction times. TheN pos-
sible outcomes of the atomic states of thesel atoms uniquely
determine the value ofm.

In the above discussion, a crucial step in determining
value ofm involved adding one, two, three, or more photo
in cavity A. Thus, for example, adding one photon in t
cavity A would transform the state

uc0,2~A,B!&5 1
2 ~ u0&Au1&B1u1&Au0&B1u2&Au3&B1u3&Au2&B)

~14!

into
n
e
,

d
-

,

u-

-
is

h
.

e

1
2 ~ u1&Au1&B1u2&Au0&B1u3&Au3&B1u4&Au2&B). ~15!

This step can be carried out using the recently propo
method based on quantum-state mapping between multil
atoms and cavity light field via adiabatic passage@11#. Here
we briefly describe this method, as it shall be crucial to o
proposed method for determining the value ofn in
ucn,m(A,B)&.

We consider a single three-level atom in theL configura-
tion. The lower levelsub1& andub2& are coupled to the uppe
level ua& via a classical field of Rabi frequencyV(t) and a
cavity mode field with coupling strengthg(t), respectively.
The interaction Hamiltonian for this system is given by

H~ t !5\g~ t !~ ua&^b2ua1a†ub2&^au!

2
\V~ t !

2
~ ua&^b1u1ub1&^au!, ~16!

wherea anda† are the destruction and creation operators
the cavity field. An eigenstate of this Hamiltonian is given

uEn&5
g~ t !An11ub1 ,n&1V~ t !/2ub2 ,n11&

Ag~ t !2~n11!1V~ t !2/4
. ~17!

This eigenstate does not contain the upper levelua&. The
asymptotic behavior of the stateEn as a function of time is
given by

uEn&→H ub1,n& for V~ t !/g~ t !→0

ub2,n11& for g~ t !/V~ t !→0.
~18!

Now, according to the adiabatic theorem as applied to
time-varying HamiltonianH(t), if the Hamiltonian at timet0
is in an eigenstate ofH(t0), and the evolution from timet0
to time t1 is sufficiently slow, then the system will evolv
into the eigenstateH(t1). Thus it follows that if the atom-
cavity system is initially in stateub1& then, for the pulse
sequence in whichV(t) is time delayed with respect tog(t),
the final state as the atom leaves the interaction region
be ub2 ,n11&. This results in a single-photon shift in th
cavity field state. A reverse sequence can be used to rem
the single photon from the field state.

In a more general situation where the cavity field induc
multiphoton transition between levelsub2 ,n1m& and ua,n&,
described by the Hamiltonian

H~ t !5\g~ t !~ ua&^b2uam1~a†!mub2&^au!

2
\V~ t !

2
~ ua&^b1u1ub1&^au!, ~19!

the energy eigenstate is given by
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uEn&5
g~ t !A~n11!~n12!¯~n1m!ub1 ,n&1V~ t !/2ub2 ,n1m&

Ag~ t !2~n11!~n12!¯~n1m!1V~ t !2/4
. ~20!
e
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Following the above argument, anm-photon transfer be-
comes possible in this case. In Eq.~19! we did not include
the terms associated with the dynamic Stark shifts. Th
terms can be ignored if the integrated dynamic Stark shif
an integral multiple of 2p @13#.

Now we return to the question of determining the value
n in ucn,m(A,B)&.

At the end of the last step, after we have determined
value of m in ucn,m(A,B)&, the entangled state of the tw
cavitiesA andB is

ucn,m~A,B!&

5
1

AN (
j 50

N21

e2p in j /Nu j &Au~N212 j 2m!modN1x&B,

~21!

wherex is the number of photons added in the cavity in t
process of measuringm. We now empty the cavity B by
removing the photons one by one using the method base
adiabatic passage described above. We send a streamN
211x three-level atoms inL configuration in levelub2&
interacting with the field inside cavityB only and a classica
field via Hamiltonian~16!. For the firstx atoms the state o
the atom, after the passage through the cavity, would
found in stateub1& corresponding to the removal ofx pho-
tons. The subsequentN21 atoms are sent in such a way th
the levelsub1& and ub2& are mixed by a strong field after th
passage through the cavity such thatub1&→(ub1&
1ub2&)/A2 and ub2&→(ub1&2ub2&)/A2. It can be verified
that a detection of the atom in stateub1& does not add any
phase. However, a detection in stateub2& would add ap
phase~negative sign! for those constituent states that ha
initially no photons in cavityB. The resulting state of the
cavity field in A would be decoupled from that of cavityB.
The price, however, would be a random but known distrib
tion of p phases depending on the outcome of the ato
states. Certain sequences may not make it possible to fin
value ofn and we may have to abandon the effort and s
all over again. However, in certain cases it should be p
sible to proceed as follows.

We consider only the case when all then21 atoms are
found in ub1&. In this case, the cavityB having no photons is
decoupled fromA. The state of cavityA is

ucn~A!&5
1

AN
(
j 50

N21

e2p in j /Nu j &. ~22!

The step we follow now is to sendN/2 three-level atoms o
the type described above in stateub2& through the cavityB in
the following way. The first atom removesN/2 photons from
atomic states withN/2 or more photons via an interaction o
the type~19!, and ends up in the atomic stateub1&. This is
followed by the passage of the atom through a strong cla
se
is

f

e

on
f

e

-
ic
the
rt
s-

i-

cal field which transforms the statesub1& and ub2& into
(ub1&2ub2&)/& and (ub1&1ub2&)/&, respectively. The
atom is then detected in stateub1& or ub2&. If the atom is
detected in levelub1&, then n50,2,. . . ,(N22) whereas if
the atom is detected in levelub2&, then n51,3,. . . ,(N
21). In both cases the field state inside the cavity reduce

1

AN/2
(
j 50

N/221

e2p in j /Nu j &. ~23!

The second atom removesN/4 photons from atomic state
having an adequate number of photons, followed by a str
field that transforms the statesub1& and ub2& into @ ub1&
1 i exp(iw)ub2&]/& and @ i exp(2iw)ub1&1ub2&]/&, respec-
tively. We chosew5p/2 or p depending upon whether th
first atom was detected in stateub1& or ub2&. The
b1b1 ,b1b2 ,b2b1 ,b2b2 sequences implyn50,4,. . . ,N, n
52,6,. . . ,(N22), n51,5,. . . ,(N23), n53,7,. . . ,(N
21), respectively. In all these cases the field state inside
cavity reduces to

1

AN/4
(
j 50

N/421

e2p in j /Nu j &. ~24!

The third atom removesN/8 photons followed by the strong
classical field and the detection process. We chosew
5p/2, p, 3p/4, or 5p/4 if the sequence of measuremen
areb1b1 , b1b2 , b2b1 , or b2b2 , respectively. The sequenc
of measurementsb1b1b1 , b1b1b2 , b1b2b1 , b1b2b2 ,
b2b1b1 , b2b1b2 , b2b2b1 , and b2b2b2 imply n50,8,. . . ,
n54,12,. . . , n52,10,. . . , n56,14,. . . , n51,9,. . . ,
n55,13,. . . , n53,11,. . . , andn57,15,. . . , respectively.
The subsequent atoms removeN/16, N/32, . . . ,1 photons
from atomic states having an adequate number of phot
followed by a strong classical field with appropriate choi
of the phasew and the detection process. TheN outcomes of
the final states uniquely determine the value ofn in
ucn,m(A,B)&. For example, whenN54, the final outcomes
b1b1 , b2b1 , b1b2 , andb2b2 yield n50, 1, 2, and 3, respec
tively.

This completes the step of the detection ofA-B system. A
determination of theA-B system in the stateuc j ,k(A,B)&
reduces the state of the field inside the cavityC to the form
~6!, i.e.,

uc~C!&5 (
l 50

N21

e22p i l j /Nwl u~ l 1k!mod N&C ~25!

This state depends on the amplitudeswl , but is different
from state~1! due to the presence of the phase factors and
displacement of photon numbers. Ifk50, state~25! is dif-
ferent from Eq.~1! only in terms of the phase factors. Th
Ramsey interferometry can be employed to remove the ph
factors as follows. A nonresonant atom in its superposit
of states (ua&1ub&)/& is passed through the cavityC; the
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interaction time is chosen such that the ground stateub&
picks up a relative phase12p i l j /N which is proportional to
the photon number in the state. The atom-field state after
passage of the atom through the cavity is given by

1

&
(
l 50

N21

~e22p i l j /Nwl u l &Aua&1wl u l &Aub&). ~26!

The detection of atom in stateua& leaves the cavity field in
state ~27!, whereas the detection of the atom in stateub&
brings the cavity field into state~1!. If the atom is detected in
stateua&, we keep repeating the procedure until an atom
detected in stateub&.

The above is true whenk50 which would happen only
1/N times on the average. WhenkÞ0, the process to bring
state~25! to form ~1! is somewhat complicated. In that ca
we first addN2k photons, using the method based on ad
batic passage discussed above. This will transform state~25!
into

uc~C!&5 (
l 50

N21

e22p i l j /Nwl u@~ l 1k!mod N#1N2k&C .

~27!

This makes the Fock states in the expansion with coefficie
wl with l>k asu l & and withl ,k asu l 1N&. We thus remove
N photons from stateuc(C)& via the N-photon absorption
process in the adiabatic passage scheme. This removN
photons from statesu l 1N& ~with l ,k) only, leaving states
u l & ~with l>k) in expansion~27! untouched. However, the
full atom-field state is entangled, i.e., the resulting atom-fi
state is
re

S.

-
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he

s

-

ts
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uc~C!&5 (
l 50

k21

e22p i l j /Nwl u l &Aub2&

1 (
l 5k

N21

e22p i l j /Nwl u l &Aub1&, ~28!

whereub1& and ub2& are the atomic levels. We now prepa
statesub1& and ub2& in a coherent superposition so thatub1&
→(ub1&2ub2&)/& and ub2&→ (ub1&1ub2&)/&. The detec-
tion of the atom in stateub1&, followed by a correction of
phase factors as discussed above, reduces the state o
cavity field to form~1!. However, the detection of the atom
in stateub2& adds negative signs in the coefficients ofu l & for
l ,k, which survive after the correction of the phase fac
exp(22pilj /N) in Eq. ~28!.

We have thus presented an experimentally viable sch
for the quantum teleportation of a field state of form~1! from
a cavity at the sender’s end to another cavity at the receiv
end~apart from known phase factors!. The proposed schem
relies on the preparation of quantum entangled states of
~2! between two cavities, the optical Ramsay interferome
and single and many photons transfer via adiabatic follow
in three-level atoms. All these lie within the realm of th
presently accessible experimental methods. However, ca
damping and controlling the interaction times of the ato
and the cavity to a high precision may pose difficulties. T
proposed method of removingn photons via an adiabatic
following may limit us to small values ofN.

The author is grateful to the Pakistan Science Foundat
KRL, and the University Research Fund, Quaid-i-Azam U
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