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Delayed single-photon self-interference
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It has been suggested that a single photon can interfere with itself even if the difference between the two
paths in the interferometer is larger than the ‘‘length’’ of the photon@Kessel’ and Moiseev, JETP Lett.58, 81
~1993!#. The interference is regained by detecting the photons using a photon-echo process, where the absorb-
ing atoms will, effectively, act as narrow-band filters. Such an experiment has several unique features. For
example, single photons are used to carry out what is generally regarded as a multiphoton process; the
absorption of a single photon can be regarded as separated into two different moments in time; the fact that the
single-photon interference is regained using atoms acting as narrow-band filters as the detector means that the
control of the detection process is quite different from cases where electronic~or possibly photographic!
detection is used to register the interference etc. In general, interference and absorption are combined and
intertwined in the experiment, which is discussed in this paper, in a way that has not been done before. In the
present paper the possibility to carry out such an experiment in practice is investigated in some detail. The
signal strength is explicitly calculated and the results are compared with our experimental data for the case of
many interfering photons. We imply that this result can readily be extrapolated to the single-photon situation.
We analyze the material parameters that are important for carrying out the experiment and give specific
examples of some suitable materials.@S1050-2947~98!07112-1#

PACS number~s!: 03.65.Bz
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I. INTRODUCTION

Consider a single-photon wave packet that is split i
two when the photon impinges on a 50% transmission be
splitter. By letting the two paths overlap at a later locati
~see Fig. 1! the wave nature of the single-photon wa
packet can be manifested by the observation of an inter
ence pattern@1,2#. Such an interference pattern can genera
only be observed if the time delaytd between the two wave
packets at the overlap points is less than the single-ph
wave-packet coherence timetc , i.e., td5DL/c,tc , where
DL is the path length difference between paths 1 and 2 ac
is the speed of light. Even for cases where we originally h
td.tc ~i.e., DL. l c , where l c is the single-photon wave
packet coherence length! we would expect to be able to ma
nipulate the radiation to get a revival of the interference p
tern and thereby also the wave nature of the photon. T
could be done by inserting narrow-band filters in the t
beam paths. This would confine the wave packet to a sma
interval in frequency space and at the same time deloca
the wave packet in time, thus increasingtc ~and thereby also
increasingl c). An interesting suggestion for such a filter h
been put forward by Kessel’ and Moiseev, who suggest
a photon-echo material should be placed at the crossing p
~C in Fig. 1! @3#. The material should be chosen such that
phase memory time~i.e., the homogeneous dephasing tim
T2) of the atoms should be larger thantd . This means that
the phase of the first wave packet is remembered by
absorbing atoms at the time the second packet, taking pa
arrives at the sample. It should then be possible for the
terference to take place. Further, the absorption line of
absorber should be inhomogeneously broadened. This
PRA 581050-2947/98/58~6!/4348~11!/$15.00
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plies that even if the absorption linewidthGhom ~where
1/pGhom5T2.td.tc) of any individual atom is so smal
that its phase memory time is longer thantd , the macro-
scopic absorption of the sample, involving a very large nu
ber of atoms, is described by a line shape with a linewi
G inhom.1/tc .

With such a material placed at the crossing pointC, first
assume that the wave packet entering on the left hand sid
Fig. 1 contains many photons. After the two parts of th
wave packet taking path 1 and path 2, respectively, h
passed the crossing point, path 2 is blocked. A timet after
the first packet (t@DL/c), a second packet is sent in. S
t50 as the time when the first packet taking path 1 intera
with the sample. The sample consequently will be expose
three wave packets at timest50,DL/c, andt, respectively.
The sample may then respond to this excitation by emittin

FIG. 1. Schematic illustration of the proposed experime
Single-photon wave packets are incident on a 50% beam spli
There are then two different paths to the crossing pointC where a
photon-echo material is placed. The grating resulting from an ac
mulation of consecutive single-photon wave-packet excitation
probed by a readout pulse. The time-delayed output signal is re
tered by the detectorD.
4348 © 1998 The American Physical Society



h
te

es
s
s

ve

t
rp
a
o
a

in
n
e
-
o
i

in
o

ct
nc
hi
tte
ls
se
e
a

m
to
be

s
ve
ne
n

o

d
en
dis
e
re
tin
th

ct
d

o
r
n

le

si-
the
lace
time
ow
few
with
o
cy
to

im-
ion
is-
ith

de-
m-
dy

ton
sti-

has
ed
re-
e

his
oes

ase
tput
ap-

uld
ird
en-
his

the
a

ible
he

r of
mu-
nd,
the
le-

ge-
nent
s. In

are

urn
me-

on

ave

ill

PRA 58 4349DELAYED SINGLE-PHOTON SELF-INTERFERENCE
coherent pulse towards the detectorD at the time t5t
1DL/c. A sufficient condition for this to occur is thatt
,t l , wheret l is the upper state lifetime of the absorbers. T
experiment described above is a conventional stimula
photon-echo experiment, e.g.,@4#.

A reasonable description of the photon-echo proc
would be that the first wave packet puts the atoms in a
perposition between the ground and excited states. This
perposition state will emit radiation~free induction decay,
e.g., @5#!. The electromagnetic field in the second wa
packet~reaching the sample at timeDL/c) will interact with
the atoms in this superposition state and depending on
relative phase between the radiation emitted by the supe
sition state and the electromagnetic field of the second w
packet the upper state admixture in the absorber superp
tion state will either increase or decrease. This relative ph
will be different for different frequency components with
G inhom. This will result in a frequency domain populatio
grating@6#. Simply put, two pulses emitted at the same tim
with slightly different frequencies will give an intensity os
cillation in time at the difference frequency and similarly tw
pulses emitted at different times will cause a modulation
frequency space~see also the Appendix!. Further, a properly
phased grating in frequency space will diffract pulses
time. Specifically, this diffraction in time will cause the ech
output to be delayed with respect to the third pulse exa
by an amount of time that corresponds to the time differe
between the first and second pulses. Thus part of the t
wave packet is absorbed by the grating and later emi
towards the detector. This means that the excitation pu
do not coincide in time with the signal. From signal-to-noi
point of view this can be an advantage. Since scattered
citation light does not become a problem it is only necess
that the signal is stronger than the fluorescence.

Now if the intensity in the first wave packet sent in fro
the left hand side in Fig. 1 is reduced to the single-pho
level we mean that a frequency domain grating will still
generated. In accordance with Ref.@3# we will use the term
delayed single-photon self-interference for this proce
When the intensity is reduced to the single-photon le
these single photons are actually carrying out what is ge
ally regarded as a multiphoton process. In the conventio
mathematical formulation using photon creation,a†, and an-
nihilation, a, operators the interaction of each single phot
contributes to an operator combinationa†a. Normally one
would require one photon for thea† contribution and one
photon for thea contribution. This issue is further discusse
in the calculations in Sec. II C. We believe the experim
described here can stimulate a fruitful discussion of the
tinction between single-photon and multiphoton process
Using the view of the photon-atom interaction process p
sented here, one condition for the frequency domain gra
to occur is that we should regard the interaction between
radiation and the absorber as taking place at two distin
different times. One key issue of the experiment discusse
this paper is that it aims to demonstrate that a photon~single-
photon wave packet! can not only simultaneously take tw
different routes in space but also interact with an absorbe
two distinctly different times. This feature of single-photo
wave packets has not been demonstrated before.

The observation of an interference pattern in a sing
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photon wave-packet experiment would normally imply
multaneous detection of the wave packets. One may on
other hand debate whether excitation processes taking p
on a time scale shorter than the homogeneous dephasing
(51/pGhom) can be considered as separate. We do not kn
whether this issue has been discussed explicitly, though
related issues have been debated earlier in connection
quantum jumps@7#. However, two actions occurring at tw
distinctly different times are necessary to form the frequen
domain modulation in a photon-echo process according
the description given here. The description may be too s
plistic, but we are not aware of a better physical descript
of the photon-echo phenomenon. In the experiment d
cussed here the detection of interference is intertwined w
the photon-atom interaction process. The control and
scription of the detection is therefore quite different co
pared to electronic registration normally used to stu
single-photon interference, e.g.,@1,2#. Further motivation for
investigation of the phenomenon of delayed single-pho
self-interference and some new possibilities such an inve
gation could open up are given in Sec. V.

The experimental investigation as described above
many limitations. Clearly a problem with observing delay
single-photon self-interference experimentally is that a f
quency domain grating written by a single photon will b
very weak. However, it might be possible to overcome t
problem by using the so-called accumulated photon ech
@8#. ~It may be mentioned that in the nonaccumulated c
new nonclassical features have been predicted for the ou
field @9#. These features cannot be manifested in the
proach suggested in this paper.! For accumulated photon
echoes two pulses are sent in to form the grating that co
then diffract a third pulse. But instead of sending a th
pulse to be diffracted by the grating, a new pulse pair, id
tical to the first one, is sent in. The excitation created by t
second pulse pair then enhances the grating created by
first pair and a sizable grating can be built up by using
large number of such pulse pairs. This obviously is poss
only if there are no mechanisms destroying the grating. T
idea is then to accumulate a grating from a large numbe
single-photon absorption events and later probe the accu
lated grating with a stronger pulse. As far as we understa
the physics of the absorption process should still be
same. A suitable material for demonstrating delayed sing
photon self-interference should then have an inhomo
neously broadened transition and be able to form perma
or near permanent frequency and space domain grating
this paper we will explicitly consider the7F0-5D0 transition in
Eu31-doped Y2SiO5 crystals~site 2!. At a temperature of 4 K
the relevant material parameters for this crystal
G inhom54 GHz, Ghom,1 kHz, t l51.6 ms @10#. However,
ions decaying from the upper state do not immediately ret
to the ground state. Instead, they are trapped in an inter
diate state for many hours@11# before returning to the
ground state. The minimum path length differenceDLmin
allowed is approximately determined by the relati
c/DLmin,Ginhom. With G inhom54 GHz the minimum time
difference allowed between the path one and path two w
packets is approximatelyG inhom

21 5250 ps. Allowing the single
photons to be separated by ten timesDLmin implies that more
than 1013 single photons can be accumulated in 10 h. As w
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be shown later, this seems more than sufficient for observ
a signal.

The paper will be organized as follows. The number
accumulated photons needed to observe the delayed si
photon self-interference phenomenon is calculated in
next section using a model based on the Dicke sup
radiance@12,13#. Since this is not a very commonly use
approach, we first perform the calculation using a more c
ventional four-wave mixing~FWM! approach. Considering
that the light intensity in the experiment goes down to
single-photon level the most appropriate approach for ca
lating the signal would be to use quantum field operato
Although the Dicke model and FWM approach do agree w
with each other we have also performed calculations
quantized input fields. These calculations give no indicat
that the semiclassical calculations would be in error. On
experimental side single-photon data do not exist at
time. However, the theoretical calculation can readily be
trapolated to nonaccumulated higher energy pulses. In
III the theoretical calculations are compared with prelimina
data on Pr-doped Y2SiO5 crystals. In Sec. IV we discuss i
some detail what materials would be suitable for a dela
single-photon self-interference experiment. In the discuss
section we briefly continue our motivation for investigatin
the phenomenon of delayed single-photon self-interfere
and mention some possibilities such an investigation co
open up. The paper is concluded in a final section.

II. THEORY

To assess the viability of the proposed experiment an
pression for the number of photons in a stimulated pho
echo from a grating built up from a large number of acc
mulated single-photon absorption events is needed. We h
calculated this quantity in three different ways. All the
methods do have some weaknesses, but they are essen
consistent with each other. They are briefly described bel
The first method is the conventional perturbation theory
proach for a third-order nonlinear process. The second
proach is the Dicke model of super-radiance which de
with a signal-to-noise ratio analysis based on the calcula
number of photons in the photon-echo data output sig
Although we are discussing an experiment at the sing
photon level neither of the two first approaches involv
quantization of the input fields. A third approach wi
~partly! quantized fields is therefore also presented. All
three models give similar results.

A. A perturbation expansion approach

One approach is to perform a standard perturbation
pansion in the incoming fields, implicitly assuming that t
incident fields are weak. This, in any case, is certainly t
for the first two pulses, which in principle consist of ‘‘1/2
photon’’ each. Photon echoes can be considered as a de
erate FWM process and the third-order contribution to
nonlinear polarization is given by

P~3!~ t !5«0x~3!A1
* A2AR . ~1!

In the above expressionA1 and A2 are the electromagneti
field amplitudes for the two paths of the single photon,AR is
g
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the field of the third pulse, andx (3) is the third-order suscep
tibility. Although it is not seen from the expression abo
there is also a strict time ordering in the photon-echo p
cess.@The order is pulse 1 (A1), pulse 2 (A2), and then the
read pulse (AR). A time ordering different from this canno
generate an output in the direction of the detector~D!.# The
nonlinear polarization acts as a source term in reradiating
FWM signal in accordance with the wave equation

“

2E2m0«0«
]2E

]t2 5m0

]2Pnl

]t2 . ~2!

E is the electromagnetic field,Pnl is the nonlinear polariza-
tion, «0 andm0 are the permittivity and permeability of fre
space, respectively, and« is the index of refraction squared
This wave equation can be simplified using the slowly va
ing envelope approximation~e.g.,@14#! yielding

2ik
]Ae

]z
52

v2

c2 x~3!A1
* A2AR . ~3!

Integrating this over the interaction lengthL, the amplitude
of the FWM signal, in our case the photon echo, is obtain
as

uAeu5
p

nl
ux~3!A1

* A2ARuL. ~4!

l is the excitation wavelength andn is the index of refrac-
tion. To obtain this result it is assumed that the field amp
tudes were constant over the interaction lengthL. This is not
true for the single-photon fields as they would become z
in case an interaction occurs. Nevertheless, we proceed
the calculations. However, this is a strong reason to a
verify the calculations using a different approach as is do
later in this section.

The amplitudesA1 and A2 are assumed to be of equ
magnitude,A0 say. In front of the beam splitter the electro
magnetic field amplitude will beA2A0 . A0 can be calculated
assuming a pulse durationT, and beam cross sectionS.

I ph5
hn

ST
52nA«0 /m0uA2A0u2⇒A0

5@~hc/4nSTl!Am0 /«0#1/2, ~5!

where I ph is the intensity and the photon energy ishn
5hc/l.

One straightforward method to estimate the third-ord
nonlinearity is to use a density matrix calculation assum
degenerate wave mixing and a resonant interaction.
third-order susceptibility in the steady state resonant exc
tion in the low power limit can be written as~e.g.@14#, Chap.
3!

ux~3!u5
N

«0\3

umu4

g3 , ~6!

where N is the concentration of active atoms/ions that
within the spectral Fourier bandwidth of the pulses,m is the
transition dipole moment, andg is the homogeneous trans
tion linewidth. For transient excitations using pulses of wid
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T, where T!1/g, the atomic polarization created in th
sample will start from zero and increase proportionally toT
at rateg. For such short times the polarization would n
have had time to develop to its full steady state value.
compensate for this Eq.~6! should be multiplied by a facto
gT for each transient excitation. Since this process is be
viewed as a FWM process with three excitation pulses
multiplication factor becomes (gT)3. For the case in which
we are interested, viz., the accumulated photon echo,
nonlinear susceptibility can be obtained as

ux~3!u5
N

«0\3 umu4T3M , ~7!

where it is assumed thatM pairs of pulses, each with a widt
T, contribute and that no shift of phase occurs between
pulses within each pulse pair.

The amplitude of the readout pulseAR is chosen such tha
the pulse area equalsp/2 which ensures that the output si
nal is maximized. Hence

2umuAR

\
T5

p

2
⇒AR5

h

8umuT
. ~8!

Substituting Eqs.~5!, ~7!, and~8! into Eq. ~4! and using the
fact that uA1u5uA2u5uA0u, the output signal amplitude ca
be obtained as

uAeu5
p4

4 S m0

«0
D 1/2 Nc

«0n2hl2 umu3T
ML

S
. ~9!

The intensity of the output pulse is given byI e

52nA«0 /m0uAeu2. This can be used to calculate the numb
of photons in the output signal given byNph15I eSTl/hc.
Assuming confocal focusing (L/S52/l), the number of
photons in the output field using this model can be obtai
as

Nph15
p8

4

1

~n«0hl!3 umu6N2T3M2
L

l
. ~10!

The numerical estimates using typical experimental par
eters will be shown in a later section.

B. An approach based on the Dicke super-radiance model

An expression for the number of photons in a stimula
photon echo has been derived earlier@13# based on the de
scription by Abella, Kurnit, and Hartmann@15#. The under-
lying idea in this analysis is that the photon echo is emit
from an ensemble of excited atoms that together have a
croscopic dipole moment~a super-radiant state!. It will be
sufficient to calculate the number of atoms that will em
radiation in order to determine the signal strength. The nu
ber of photonsSe emitted from such a super-radiant sta
during a timet is approximately

Se5
Natom

2 p~ t !

4
. ~11!

Natom is the number of excited atoms andp(t) is the prob-
ability that any single atom will radiate during the timet
t
o

g
e

he

e

r

d

-

d

d
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t
-

@12,15#. Consider a material doped with active centers
some concentrationN, which has a transition with an inho
mogeneous linewidth 1/2pT2

* , whereT2
* is the inhomoge-

neous relaxation time. Assuming that the laser linewidth
Fourier limited, the number of centers in a sample of len
L, excited by a laser pulse, of cross-sectional areaS and
durationT, is

Natom5a fNSL
T2

*

T
. ~12!

T2
* /T is the fraction of centers within the inhomogeneo

linewidth that are excited by the pulse of durationT anda f is
the fraction of atoms within the frequency bandwidth a
volume excited to the upper state (a f<1). The probability
for any single atom to make a transition by spontaneou
emitting a photon during the timeT is AT, whereA is the
transition probability. If the first two pulses in the photo
echo process have a pulse area equal tou (u52mTE/\, E is
the electromagnetic field amplitude of the excitation puls!
and the readout pulse hasu5p/2, the number of photons
emitted in a photon echo can be written@13#

Ne5S N

2
SL

T2
*

T D 2

~TA!S 3l

8LnDh2sin4u. ~13!

The factor (3l/8Ln) arises when the photon-echo signal
integrated over all angles of propagation~assuming S
!4lL @15#, appendixC!. Here l is the transition wave-
length andn is the index of refraction.h is basically the
fraction of the originally excited atoms that will participa
in the generation of the echo signal. For a two-pulse pho
echoh may equal unity since the rephasing of the individu
atomic dipole moments here can be perfect. For a stimula
echo this is not the case andh can at the most take the valu
1/2. The ratioT2

* /T can never be larger than unity. Thus
generalT2

* should be replaced by min$T2
* , T%. However,

this has been suppressed in the subsequent equations o
to notational simplicity.

If the incident single photon is considered to be split
the beam splitter then the pulse area of the individual w
packets can be considered as that of half a photon, theu
52mTA0 /\, whereA0 is the individual wave-packet ampli
tude. Now the incident field corresponds to a beam of p
tons of wavelengthl, pulse widthT, and area of cross sec
tion S. The amplitudeA0 which is being considered as that o
half a photon is given by Eq.~5!. For weak pulses

sin4u'u45
16umu4T4

\4 A0
4. ~14!

The transition probabilityA is related toumu @16# through

A5
16p3umu2

3«0hl3 . ~15!

An expression for the number of photons in the output sig
can be obtained for this model, by substituting Eqs.~5!, ~14!,
and ~15! into Eq. ~13!, as
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Nph25
p7

2

1

~n«0hl!3 umu6~T2
* N/T!2T3

L

l
h2. ~16!

Extending this calculation for the accumulated photon-e
case, the signal strength, whenM pulse pairs contribute an
assuming no shift of phase between the pulses within e
pulse pair, can be obtained as

Nph25
p7

2

1

~n«0hl!3 umu6S T2
* NM

T D 2

T3
L

l
h2. ~17!

The expression in Eq.~15! probably should be considered a
being more accurate than the expression in Eq.~10!. For one
thing the efficiency in the process of engraving the freque
domain grating into the material has been considered
then the integration over the volume where the coher
emission takes place is also implicitly included through
treatment described in Ref.@15#. Here a cylindrically shaped
area is assumed while confocal focusing is assumed in
riving Eq. ~10!. Significantly, the two estimates of the acc
mulated photon-echo signal strength in Eqs.~10! and ~17!
differ only by a factor ofp/2, which must be considere
reasonably satisfactory since the values have been deriv
two quite different ways. However, since the experiment
volves intensities close to a single-photon level it is, in pr
ciple, necessary to deal with a complete quantum mechan
treatment. The consistency between the above two semi
sical approaches probably indicates that no major cha
would occur even if the field quantization is considere
Nevertheless we also present a preliminary and somew
simplified study on the quantum mechanical approach.

C. A quantized field approach

As a starting point we note that the stimulated photo
echo process basically can be described as a degen
FWM process. For example, in the phase-conjugate confi
ration of degenerate FWM, two strong waves commonly
as pump fields and two counterpropagating weak waves
amplified. The relevant term in the interaction Hamiltoni
H int is proportional toH int}afabap

†ac
† , where thea† are the

creation operators and thea are the annihilation operators fo
the forward~f! and backward~b! pumps and the weak prob
~p! beam and its conjugate output~c! beam. The basic pro
cess therefore involves an annihilation of one photon fr
mode f (atv f) and one from modeb (atvb) and a simulta-
neous creation of one photon atvp and one atvc . Here we
consider the incident forward field, comprised ofA1 andA2
in our case, to be generated by a single photon, the rea
pulse~corresponding to one of the pump fields in the FW
configuration! is modeled as a classical intense pulse, and
echo~corresponding to the conjugate output pulse in FWM
generated at the appropriate time and in the appropriate
rection ~the output here is not necessarily phase conjuga
in fact other phase matching arrangements could be m
appropriate!.

We consider the case of three interacting fie
A1(r ), A2(r ), andAR(r ), at the frequencyv. If the output
field is taken asAe(r ) then the field interaction Hamiltonia
density can be written as
o
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U52x~3!«0A1A2ARAe . ~18!

Since we are considering a strong readout pulse, we t
AR(r ) classically but the other fields are quantized by us
their corresponding quantum mechanical operators. The
resentation is of the form

Al~r ,t !52 i S \v

2V«0
D 1/2

Al~r !@al
†~ t !2al~ t !#, ~19!

whereV is the mode volume.
The field interaction Hamiltonian can be written as

H int5E
n
Udn52 i«0x~3!S \v

2V«0
D 3/2

AR
8

3E
n
A1~r !A2~r !AR~r !Ae~r !dn

3cosvt~a1
†2a1!~a2

†2a2!~ae
†2ae!,

~20!

where the readout field has been taken as

AR~r ,t !5AR
8 AR~r !cosvt ~21!

and the integration is performed over all space. We defin
parameter

s52 ix~3!\1/2S v

2V«0
D 3/2

«0AR
8 E

n
A1~r !A2~r !AR~r !Ae~r !dn,

~22!

which can be treated as the strength of the interaction an
is proportional to the readout pulse amplitudeAR

8 . The func-
tionsAl(r) have to be so chosen such that the integral yie
the interaction volume which is the region of interest,

E
n
) Al~r !dn5Vi . ~23!

We can rewrite Eq.~20! as

H int5s\ cosvt~a1
†2a1!~a2

†2a2!~ae
†2ae!. ~24!

The total Hamiltonian is taken as the sum of the unpertur
(s50) Hamiltonian, obtained by considering the field as
ensemble of independent harmonic oscillators, and the in
action Hamiltonian given above. This can be written as

H5 (
l 51,2,R,e

\v~al
†al1

1
2 !1s\ cosvt~a1

†2a1!

3~a2
†2a2!~ae

†2ae!. ~25!

The equation of motion in the Heisenberg representation,
any operatorA is

dA

dt
52

i

\
@A,H#. ~26!

Using this on the operatorae
† , we obtain
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dae
†

dt
52

i

\Fae
† ,(

l
\vS al

†al1
1

2D G
2

i

\
@ae

† ,s\ cosvt~a1
†2a1!~a2

†2a2!~ae
†2ae!#.

~27!

Using the commutator relations

@al ,am#5@al
† ,am

† #50 and @al ,am
† #5d l ,m ~28!

from Eq. ~27! we obtain

dae
†

dt
5 ivae

†2 is cosvt~a1
†2a1!~a2

†2a2!. ~29!

Since the interaction in which we are interested is of
degenerate FWM type we need to choose only those te
that would contribute to a field atv. The phase matching
constraints do also further govern the choice of the cont
uting terms. Thus we obtain

dae
†

dt
5 ivae

†1
is

2
a1

†a2eivt. ~30a!

Similar equations can be obtained for the other operator

da1
†

dt
5 iva1

†1
is

2
a2ae

†eivt, ~30b!

da2

dt
52 iva21

is

2
a1aee

2 ivt. ~30c!

By substituting ae
†(t)5A(t)eivt,a1

†(t)5B(t)eivt, anda2(t)
5C(t)e2 ivt in the above equations and choosing thedc
terms, they can be reduced to

dA~ t !

dt
5

is

2
B~ t !C~ t !, ~31a!

dB~ t !

dt
5

is

2
C~ t !A~ t !, ~31b!

dC~ t !

dt
5

is

2
A* ~ t !B* ~ t !. ~31c!

This set of coupled equations leads to solutions that take
form of Jacobi elliptic integrals. For now we restrict ou
selves to looking at the solutions when either two or all
fields are treated classically. It is also illustrative to look
both the time and spatial evolution of the operators. This
form a logical basis for comparison with the semiclassi
results described in the earlier section.

1. Case (i): One quantized field

If all the three incoming fields are treated as classi
fields given in Eq.~21!, then the interaction Hamiltonian ca
be rewritten as

H int5s1\ cos3vt~ae
†2ae!, ~32!
e
s

-

as

he

e
t
n
l

l

where the parameters1 is defined in terms of the field am
plitudes and the interaction volume as

s152
i

\
«0x~3!S \v

2«0VD 1/2

A1
8A2

8AR
8 Vi. ~33!

Following the procedure outlined above, the equation of m
tion for the output signal photon creation operator, in t
Heisenberg representation, can be written as

dae
†

dt
5 ivae

†2 is1cos3vt. ~34!

choosingae
†(t)5A(t)eivt and choosing only thedc terms we

get

dA~ t !

dt
52

3

8
is1 . ~35!

Integrating and using the initial conditionae
†(0)5A(0), the

solution is obtained as

ae
†~ t !5ae

†~0!2
3

8
is1t. ~36!

2. Case (ii): Two quantized fields

In typical FWM the pumps are generally assumed to
much more intense than the probe and conjugate beams
can be treated classically in a nondepleted pump approxi
tion. ConsiderA1 andAR to be classical as given in Eq.~21!.
Then the interaction Hamiltonian can be rewritten as

H int5s2\ cos2vt~a2
†2a2!~ae

†2ae!, ~37!

where the parameters2 is defined in terms of the field am
plitudes and the interaction volume as

s252x~3!S v

2VDA1
8AR

8 Vi. ~38!

Considering the total Hamiltonian, the equation of motion
the Heisenberg representation for the creation and annih
tion operators for the two interacting fields can be writte
Once again choosing only those terms which contribute t
signal field oscillating at the frequencyv, and neglecting the
nonsynchronous terms a set of coupled equations can be
tained. These coupled equations can be solved and the c
plete solution for the field operators can be written in ter
of V(5s2/4) as

ae
†~ t !5@ae

†~0!coshVt2 is2a2~0!sinhVt#eivt, ~39a!

a2~ t !5@a2~0!coshVt1 is2ae
†~0!sinhVt#e2 ivt.

~39b!

D. Calculation of the number of signal photons

Our main interest is to estimate the number of quanta
the output echo signal. This can be calculated using the n
ber operatorae

†(t)ae(t) for the output field. The expectatio
value of a quantum mechanical operatorA is given by^A&
5^C(0)uAH(t)uC(0)& where AH(t) is the operator in the
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Heisenberg representation andC~0! is the solution of the
time-dependent Schro¨dinger equation taken att50. Thus the
number of photons in the signal state is calculated using

^ne&5^C~0!uae
†~ t !ae~ t !uC~0!&. ~40!

Let us assume for the sake of generality that the radia
field at t50 hasn2i photons in the incident field andnei
photons in the echo field. The corresponding wave functi
for the two cases discussed above can be written as

C~0!5 H unei& for case ~i!
unei,n2i&5unei&un2i& for case ~ii !,

~41!

~42!

where uni&, for example is the harmonic oscillator wav
function that obeys the usual relations with the operatorsai

andai
† . The states also satisfy the orthonormality conditi

^nk1punk1q&5dpq .
Thus for case~i! we obtain the number of output photon

as

^ne~ t !&5nei1
9s1

2t2

64
. ~43!

For case~ii ! the time evolution of the number of photons
the signal field is given by

^ne~ t !&5neicosh2Vt1~n2i11!sinh2Vt. ~44!

E. Spatial evolution

It has been shown that for the standard FWM geome
with counterpropagating beams in a nonlinear medium
length L and a third-order susceptibilityx (3) the following
relation holds@17#:

ae
†~0!5

ae
†~L !

cos~ ukuL !
1 i

k

uku
a1~0!tan~ ukuL !, ~45!

where the operatorae
†(t) denotes the creation operator f

the output beam anda1(t) is the annihilation operator for th
probe beam.k, the coupling constant, is defined in terms
nonlinear susceptibility and the pump amplitudes asuku
5(v/2)Am/«ux (3)A2ARu.

Using this to construct the number operator and also us
an appropriate wave function it can be shown that the nu
ber of output photons is given by

^ne~ l !&5
nei

cos2~ ukuL !
1~n2i11!tan2~ ukuL !, ~46!

wherenei andn2i are the initial photon occupation numbe
in the two propagation modes. These operators can be
to calculate the number of photons in the output field an
comparison with the semiclassical models can be made.

F. Comparison with semiclassical models

Let us consider the spatial evolution to start with. Igno
ing the noise terms in Eq.~46! and withnei50, the number
of photons in the output field at low coupling strengths is

Nph'uku2L2n2i . ~47!
n

s

y
f

g
-

ed
a

-

Using the coupling constantuku5(v/2)Am/«ux (3)A2ARu,
and expressing the photon numbers in terms of intensity
subsequently the field amplitude (Ai5A2I 1 /«0nc), the fol-
lowing expression can be arrived at:

Ae5 i
p

nl
x~3!A1

* A2ARL, ~48!

which is the same as Eq.~4!.
The time-dependent expressions also reproduced

semiclassical results~under reasonable choices of interacti
volume and interaction time!. For example, Eq.~43!, with no
input photons in the echo mode (nei50), can be rewritten in
terms of the amplitudes and the interaction parameters given
in Eq. ~33!. With ne5(2STc«0Ae

2)/hn ~choosing the index
of refraction to be unity! we obtain

Ae5 i
3

8
x~3!A1A2AR

vt

2n

Vi

V
. ~49!

Since the volume of interactionVi5SL and the mode vol-
umeV5STc, whereS is the spot area,T is the pulse width,
andc is the velocity light, this expression is equivalent to E
~4! or Eq.~48! apart from a factor 3/8. A similar result can b
obtained for the case with two quantized fields@Eq. ~44!#, for
weak interaction strengths,VT!1.

G. Conclusion of the theoretical considerations

As two different semiclassical approaches largely ag
and they concur with the calculations with one and tw
quantized fields it is reasonable to believe~but clearly not
explicitly shown! that the expressions that have been deriv
would hold also when all input fields are quantized. W
therefore feel that we are on reasonably solid ground in
next section when we use the derived equations to estim
the signal strength in real experiments.

III. NUMERICAL ESTIMATION OF SIGNAL STRENGTH
AND COMPARISON WITH EXPERIMENT

Prior to the design of the experimental setup it is essen
to have a numerical estimate of the signal strength base
the above analyses. It is enough to consider just one of
semiclassical expressions to have an estimation of the ou
signal strength.

A. Numerical estimate

We choose the approach described in Model 2. Equa
~16! can be further modified to a more suitable form by e
pressingumu in terms of the oscillator strengthsf. This rela-
tion assuming two singly degenerate levels is given by

um2u5
3he2l

8p2cm
f . ~50!

Then Eq.~17! can be modified to give the number of outp
photonsNph, for M incident pulse pairs, as

Nph5
27p

1024S e2

mcn«0
D 3

~MT2* N!2T
L

l
h2f 3. ~51!
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Before going to the single-photon case it is illustrative to s
the estimates when pulses with a larger number of pho
are used. This is a multiphoton case and the number of
put photons can be calculated from Eq.~51! under the as-
sumption of small pulse areas. The number of output phot
is proportional to the product of the number of photons
beam 1 and beam 2~Fig. 1!. Equation~51! is derived assum-
ing amplitudes corresponding to 1/2 photon in each be
With the same number of excitation photons,Nexc, in beam 1
and beam 2 one obtains for a single exciting pulse pair t

Nph
m 5

27p

1024S e2

mcn«0
D 3

~T2* N!2T
L

l
h2f 3S Nexc

1/2 D 2

. ~52!

With G5(2pT2* )21 we obtain

Nph
m 51310217

1

n3l
LTS Nh

G D 2

f 3Nexc
2 . ~53!

This equation expresses the number of output photons
function of material parameters and the input pulse dura
and intensity.

B. Experimental verification

In order to make a comparison between experimental d
and the theoretical calculations, a stimulated photon-echo
periment is performed on the site 2,3

H4-1D2 transition of a
Pr31:Y2SiO5 crystal. The sample has the following param
eters: crystal lengthL55 mm, Pr ion number densityN55
31024/m3 ~there are Pr ions in 0.05% of the Y2SiO5 cells!,
the oscillator strengthf 5231028, and the inhomogeneou
linewidth G inhom53.53109 Hz @18#. The other relevant pa
rameters are the excitation pulse durationT51 ms which
corresponds to ap/2 pulse at the experimental excitatio
power of 22.4 mW,l5607.9 nm which is at the line cente
of the inhomogeneous line profile, andh51/2 for stimulated
photon echo with threep/2 pulses. Using these values an
Eq. ~53!, we obtain

Nph
m 59.9310214Nexc

2 . ~54!

In the experiment, a ring dye laser~Coherent-699-21!
pumped by an Ar1 ion laser~Spectra-Physics 171! is used
for the excitation. The excitation pulses are generated
gating the dye laser radiation using two Isomet 120
acousto-optic modulators in series. The experimental setu
shown in Fig. 2. The loss in cryostat windows etc. when
laser is tuned off resonance was measured to be about
and the absorption at the inhomogeneous line center is a
60%. The excitation power at the front of the crystal is 22
mW which corresponds to 6.831010 photons. The echo pho
ton number measured in the experiment is 7.93108, while
the theoretical echo photon number calculated using Eq.~54!
is 4.63108. Thus the experimental data essentially are
agreement with the theoretical calculation and it is reas
able to believe that the signal strength estimations can
trusted to within an order of magnitude or so.
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IV. DESIGN OF THE EXPERIMENT,
CHOICE OF MATERIALS

The experiment described above indicates that the sig
strength calculations are reasonable. The next step would
to find good materials for the single-photon wave-packet e
periments. We will consider the groups of inorganic and o
ganic solid state materials commonly used in spectral h
burning and photon-echo experiments at liquid helium tem
peratures. In choosing samples for the present experiment
note that the optimum absorption in a sample used for ph
ton echoes@19# ~as well as the optimum absorption for a
sample used in any other typical FWM experiment! is of the
order of unity. Thus we would want

aL5
1

pS 2

p D 1/2 Ns0L

G inhom
'1⇒N f L'43105G inhom. ~55!

a is the absorption coefficient at resonance,s0 is the peak
absorption cross section, andf is the oscillator strength. A
distinction can be made between the organic and inorga
materials based on the difference in the inhomogeneous li
widths. For inorganic crystalsG inhom'109 Hz, and a typical
crystal thickness could beL'1023– 1022 m. For such a
sample the optimum value forNf would be N f
'1017– 1018. Since the oscillator strengths of the inorgan
materials are low, i.e.,f '1029– 1026, the optimum concen-
tration or number density of the absorbing centers wou
then beN'(1023– 1027)/m3.

Organic materials have been used in the form of dopa
in polymer thin films or glasses and have much short
length. Hence the material parameters of interest can
taken as L'1025– 1023 m, G inhom'1012Hz, and f
'1023– 1022. The optimum number density of the absorb
ing centers in this case would beN'(1023– 1026)/m3. This
indicates that both inorganic and organic materials can
tailored to yield optimum absorption. Another criterio
which governs the choice of the material is the dephasi

FIG. 2. Schematic view of the experimental arrangement used
compare the theoretical signal strength calculations with expe
mental data. The excitation pulses are switched on using t
acousto-optic modulators~AOM!. S is the photon-echo sample,
which is placed in a cryostat to eliminate line broadening fro
thermal phonons. The inset schematically shows the relative tim
of the excitation pulses and the echo signal.
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@both homogeneous (T2) and inhomogenous (T2* )] time. A
necessary condition for the pulse widthT, as has been dis
cussed earlier in the Introduction, isT2* ,T,T2 . This sets a
limit on the pulse width of the laser source and a suita
choice has to be made depending on the material.

A. Inorganic materials

The number of output photons is given by Eq.~19! with
Nexc51/2,

Nph52.5310218
1

n3l
~MT!2H N f L

G J 2Fh2
f

TLG . ~56!

The term in the curly brackets has roughly the value
3105 for the optimum case as discussed in connection w
Eq. ~55!. The quantityMT which is the product of number o
pulse pairs used in the experiment and the duration~T! of a
single pulse~basically the coherence time of the singl
photon wave packet! indicates the accumulation time in o
der to detect a signal. The index of refraction and the ex
tation wavelength do not change too much between diffe
samples, thus the term in square brackets can be constru
the material optimization parameter. It can be seen tha
material with larger oscillator strength and preferable thin
but, most importantly, with a highh ~high efficiency for
burning a spectral grating! should be chosen. The lifetime o
this spectral grating puts an upper limit on the productMT. A
short laser pulse width should be chosen, typicallyT'T2* .
For inorganic rare-earth-ion-doped crystals the typical in
mogeneous dephasing times are in the range 1029– 10211s.

We consider a typical numerical example for the sing
photon field case@Eq. ~56!#, and work out the accumulatio
density necessary for an observable output signal. A rea
able choice would be a Eu-doped Y2SiO5, ~site 2! crystal.
For such a crystal the inhomogeneous linewidthG inhom55
3109, which givesT2* '30 ps, f 5331028, and assuming
Eu in site 2 in 0.1% of the Y2SiO5 cells,N'1025. From Eq.
~55! we then obtain thatL50.007 m. A reasonable value fo
the writing efficiency is h51/4. Choosing T5T2* , l
5582 nm,n51.5, we get

Nph
M51.75310218M2. ~57!

In order to get an output signal of 100 photons, i.e.,Nph
5100, the number of single photons that must be accu
lated will be M57.73109. At 80 MHz repetition rate, and
with one photon in every tenth shot this would imply that t
duration of such an experiment would approximately
about 15 min. Since the grating lifetime is about 20 h t
experiment clearly should be feasible. There is an obvi
scope for improvement in the duration time. For example
material with two orders of magnitude increase in the os
lator strength, and with a corresponding decrease in the n
ber of concentration centers, would decrease the accum
tion time by one order of magnitude.

B. Organic materials

Typical homogeneous dephasing times of organic mat
als are in the range 10210– 1029 s.Thus a source with a puls
width of a few picoseconds will be necessary. It has be
e
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mentioned earlier that the material thickness is quite sm
This implies that the assumptionS!4lL, where S is the
spot size, used to obtain Eq.~13!, does not hold. Equation
~13! can then be modified by multiplying the left hand sid
by the quantity (lL/pnS) ~appendix C in Ref.@15#!. The
modified expression for the output signal strength@Eq. ~24!#
can then be written as

Nph52.5310218
1

pn4 ~MT!2H N f L

G J 2Fh2
f

TSG . ~58!

It can be seen from this expression that shorter pulse wid
high oscillator strengths, as well as largeh are necessary fo
a large output signal. In addition focusing of the laser pu
to a small area would also improve the signal strength.
the materials that are currently available and may be suita
for this experiment, some typical values are@20# h
50.002, G5731012, f 50.01. With the number density o
the absorption centers chosen asN51025 the sample thick-
nessL will have to be about 30mm to ensure that the sampl
absorption (aL) is about unity. Using a source of wave
length 600 nm focused down to a 30mm diameter spot and a
material refractive index of 1.5, the accumulation factorM
can be obtained.

Requiring a signal of 100 photons at the output, for
mode-locked picosecond system withT53310211 one ob-
tainsM51.53109. At 80 MHz repetition rate, and with one
photon in every tenth shot this would correspond to an ac
mulation time of 180 s. This is a very encouraging result a
suggests that the experiment is highly feasible. Once ag
an organic material doped into a thicker host would redu
the accumulation time. An order of magnitude improveme
in the efficiencyh would lead to an order of magnitude de
crease in the accumulation time.

V. DISCUSSION

Though our main motivation for carrying out the expe
ment is to investigate the ideas that what normally is
garded as a multiphoton process is carried out by single p
tons and that an absorption process is separated into
events occurring at two different times, it is also possible
formulate other at least seemingly intriguing questions. F
example, assume that a single photon is incident from the
in Fig. 1 and that the part of the wave packet taking pat
interacts with a certain atom. A question that arises is, w
the second wave packet interact with the same atom? Su
question could, for example, be motivated by the fact t
there would normally be millions of atoms to choose b
tween. A plausible reason as to why the second wave pa
would choose the same atom as the first wave packet w
be that there is some memory from the first wave packe

Suppose that the part of the wave taking path 1 intera
with a specific atom. When all the other atoms see the pa
the wave packet that has taken route 2, would they know
this is a second part of a single-photon wave packet and
the first part has already passed by~and interacted with some
other atom! and if so at what moment in time do they obta
this knowledge? Alternatively one could ask whether o
atom is excited or there exists a superposition of exci
atoms and whether this choice is made at a later stage.
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portantly, why should both parts of the single-photon wa
packet choose the same atom, i.e., why should the ph
wave function not just reduce to a single path? We know t
for a standard Young’s double slit experiment the frin
visibility on a photographic plate placed behind the s
can be very high. From this observation it seems one ne
to conclude that the wave function does not reduce t
single path unless it is forced to do so. Thus in the limit
weak overall absorption there is no reason why the w
function for the single-photon wave packet should reduce
a single path here either. A reasonable point of view could
to say that each single atom in the absorber has an obs
tion window that is so narrow in frequency that the two wa
packets from their perspective do overlap in time. In this w
the issue of two interactions separated in time can
avoided.

On the other hand, one may consider a Ramsey fri
experiment on an atomic beam@21#. After the excitation
in the first interaction zone the dipole moment is precess
while the atom travels in the field free space into t
next interaction zone. Here it is certainly difficult to envisio
that the atoms due to their narrow-band absorption lines
perience a narrow-band frequency component in the fi
with a duration longer than or equal to the time it takes
travel between the interaction zones, since obviously ther
no field at the physical location between the interact
zones.

As photon-echo generation is a coherent FWM proc
there is not necessarily any spontaneous emission pro
occurring. Therefore the wave function actually does
have to collapse at any time during the process.~A first ex-
periment would allow the upper state atoms to decay in or
to form a semipermanent population grating that can be r
out but, in principle, no collapse of the atomic wave functi
is required to read out the signal, because the readout p
may be applied after a time which is much shorter than
upper state lifetime, turning the interaction process into
truly parametric process.! In the absence of a collapse of th
atom wave function there may also be other unsolved iss
within this type of experiment. It is not clear here how ma
photons have to be used to describe this four-wave mix
process where the first two waves are substituted by an
cumulation of split single-photon wave packets and what
energy conservation and phase matching would be, in su
M.
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process. Further, how would the energy conservation
phase matching diagrams look in this case?

VI. SUMMARY

In 1993 Kessel and Moiseev suggested@3# that a single
photon can interfere with itself even if the difference b
tween the two paths in the interferometer is larger than
‘‘length’’ of the photon. We have shown that the interpret
tion of such an experiment raises several interesting qu
tions related to atom-photon interactions and single-pho
interference. In this paper we have made detailed calc
tions on the signal-to-noise and detection limits for such
experiment. We have verified our theoretical calculatio
with experimental data and discussed how to select a m
rial for the experiment. We have emphasized the point
view that the absorption of a single-photon wave packet
curs at two distinctly different moments in time and that th
single photon effectively carries out a multiphoton intera
tion process. We believe that this experiment can stimula
discussion at a fundamental level regarding the absorptio
a photon and the subsequent atom-photon interaction.

APPENDIX

For the case when the electromagnetic field radiated
the atoms in the superposition state created by the first w
packet is in phase with the field in the second wave pac
the interaction with the second pulse basically has the ef
of inducing stimulated emission in the absorber atoms. T
then leads to a decrease of upper state admixture in the
sorber wave function. For absorbers radiating with the op
site phase, the upper state admixture in the superposition
instead increase during the interaction with the second w
packet. The phase of the radiation emitted by the superp
tion state is determined by the interaction of the first wa
packet. The absorbers start to oscillate at their eigen
quency at timet50. Thus two absorbers within the inhomo
geneous line separated in frequency byDn5c/2DL will
have opposite phase when the second pulse enters the sa
at time DL/c. In this way the upper state admixture in th
superposition state will vary in frequency with a period equ
to the reciprocal of the time separation between the first
excitation pulses.
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