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Two-photon pattern in a second-order interference
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1Departamento de Fı´sica, Universidade Federal de Minas Gerais, Belo Horizonte 30161-970, MG, Brazil

2Avenida Portugal 1558, Belo Horizonte 31550-000, MG, Brazil
~Received 21 May 1998!

An interferometric arrangement utilizing a pair of twin photons, generated by parametric down-conversion,
is devised to show second-order interferences revealing de Broglie’s wavelength of the photon pair as a whole
and the Pancharatnam phase depending on the number of photons. This proposed experiment utilizes the
phenomenon ‘‘induced coherence without stimulated emission’’ to generate a coherent superposition of states
distinct from the usual superposition with beam splitters, where the photons areindependentlyscattered. In this
experiment interference occurs due to recombination of photon trajectories on a beam splitter and also through
frustration or enhancement of the down-conversion processes.@S1050-2947~98!04211-5#
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I. INTRODUCTION

Recently Jacobsonet al. @1# showed that interferometric
measurements ofde Broglie’s wavelength of a composite
object depends fundamentally on the interaction between
object and the beam splitters of the interferometer. This
teraction determines the quantum state of the scatt
beams and, in principle, different beam splitter interactio
can besimulated if one knows how to modify the wave
function of these beams appropriately.

Two-photon particle sources are easily produced
pumping nonlinearx (2) crystals with ultraviolet laser beam
@2# in the process ofparametric down-conversion lumines
cence~PDC!. The availability of these particles suggests th
their de Broglie’s wavelength could be measured to che
the lack of energy interaction between the constituent p
tons as well as to have the transition from a two-photon t
one-photon particle followed. This transition can be obtain
in an interferometer designed to allow careful control of t
interference processes.

This work explores a viable interferometric arrangem
to measure the associated wavelength of controlled supe
sitions of one- or two-photon states and discuss the obta
results. This arrangement includes the possibility of int
ducing a geometric phase~Pancharatnam’s phase@3#! in a
trajectory, depending on the number of photons present. T
basic interferometric elements are used on the trajecto
defining interfering possibilities: lossless—passive a
linear—beam splitters~constant transmissivity and reflectiv
ity! and a nonlinear two-mode converter.

The beam splitter exposes the inherent lack of phot
photon interaction at optical frequencies due to the fact t
whenever a two-photon wave packet is incident upon it,
output state shows a binomial probability of occurrence
single photons in either side of the beam splitter, as aninde-
pendentscattering process for each constituting photon.
the other hand, the phenomenon ofinduced coherence with
out stimulated emissionis used in the two-mode converter
produce enhancement or inhibition of photons, as an ac
quantum ‘‘beam splitter’’ able to interact on a two-photo
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state as a whole. The induced coherence without stimula
emission phenomenon has no classical analog as has
demonstrated by Mandel and collaborators@4#. Spontaneous
emission in this case is several orders of magnitudelarger
than any contribution coming from stimulated emission a
in this sense, the situation analyzed is purely quantum
chanical and cannot be explained by a classical theory
longitudinal multimode theory of PDC is applied to th
analysis.

II. PRINCIPLE OF THE PROPOSED EXPERIMENT

The proposed interferometer is outlined in Fig. 1. The t
crystals NL1~centered atR5R0) and NL2 ~centered atR
50) have nonlinear susceptibilitiesx (2) and are optically
pumped by the same laser beam of midfrequencyv̄p .
Down-converted fields of type I~horizontally polarized! on
trajectories~0,1! and ~4,5! are generated at NL1 and NL2
respectively. The conjugated beams emerging from NL1
mixed by the beam splitter BS1 and then superposed to
down-converted beams emerging from NL2. This superpo
tion process on NL2 is a key step in the sense that it era
the signature of the absence of photon-photon interact
i.e., the binomial statistics of the scattered beams produce
BS1. The superposed beams are again mixed by the b
splitter BS2 so that the detection system~detectorsD6 and
D7) cannotdistinguish from which crystal a photon was ge
erated@5#.

Distances between the nonlinear converters and the b
splitters can be piezoelectrically controlled. An arrangem
to introduce a Pancharatnam phaseu on the trajectory 3 is
represented byU(u). This arrangement is composed of th
following succession of wave plates: a quarter-wave pl
with the fast axis at 45° from horizontal followed by a ha
wave plate that can be set at an arbitrary angleu relative to
the first plate axis and a last quarter-wave plate also set
the fast axis at 45° from the horizontal. A horizontally p
larized photon reaching the first plate will be circularly righ
polarized and passing by the half-wave plate will be set le
polarized and will emerge again horizontally polarized af
the last quarter-wave plate. In Poincare´’s sphere of polariza-
tion @6# this will be represented by a closed circuit on
surface defining a sector of angle 2u.

This experimental setup is able to produce either tw
photon or one-photon states through controlled variations
4163 ©1998 The American Physical Society
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FIG. 1. Two nonlinear crystals NL1 and NL2 are optically pumped by the same laser beam. Down-converted fields propa
trajectories~0,1!, ~2,3!, and~4,5!. The conjugated beams emerging from NL1 are mixed by the beam splitter BS1 and then superpose
down-converted beams emerging from NL2. The superposed beams are again mixed by the beam splitter BS2 so that the detec
~detectorsD6 andD7) cannotdistinguish from which crystal a photon was generated. A Pancharatnam phaseu on the trajectory 3 can be
introduced by the set of wave plates represented byU(u).
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wave-packet superpositions at the output of beam spl
BS1. Pancharatnam’s phaseu can be introduced throug
U(u) on path 3 and the superposition of states genera
from down-converters NL1 and NL2 on BS2 makes it po
sible to obtain second-order interference patterns of o
photon and two-photon states at the detection system.

The analysis of these possibilities given by this expe
mental arrangement demands a study of the complete q
tum state produced at beam splitter BS2. This quantum s
should contain all information that can be obtained with
photon counting system, such as dependence on contr
variations of the photon trajectories and on Panchratna
angleu.

III. QUANTUM STATE
OF THE DOWN-CONVERTED FIELD

The pump beam will be represented classically by a co
plex analytical signalV(t)5(vp

v(vp)exp(2ivpt) and such

that its mean intensitŷI p&5^V* (t)V(t)& is in units of pho-
tons per second~approximation of narrow bandwidth dete
tion!. The phase-matching conditions define basic directi
for the down-converted modes. These directions will be
perimentally specified by pinholes placed along the pho
trajectories and in such a way that transverse effects du
the finite size of the pinholes can be neglected. Under
usual approximation of considering only longitudinal var
tions, the first-order approximation for the unitary time ev
lution operator, in the interaction picture, reads@7#

Û~ t,0!511
h1~dv!3/2

A2p
(
v

(
v8

(
vp

f1~vp ,v,v8!v~vp!

3
sin~Vt/2!

~V/2!
eiVt/2ei ~Kp2K2K8!•R0â0

†~v!â1
†~v8!

1
h2~dv!3/2

A2p
(
v

(
v8

(
vp

f2~vp ,v,v8!v~vp!

3
sin~Vt/2!

~V/2!
eiVt/2â4

†~v!â5
†~v8!. ~1!
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HereV5v1v82vp , h j ( j 51,2) is the quantum efficiency
of the crystalj andf j (vp ,v,v8) is the spectral function of
the down-converted light, symmetric inv andv8, peaked at

v5v85v̄p/25v̄ and normalized so that

2pdv(
v

uf j~v̄p ,v̄p2v,v!u251. ~2!

Similar crystals will be considered such that the indexj in
the spectral function can be dropped out.

In the case where the time interval between two succ
sive down-conversions is long compared to the cohere
time TDC of the down-converted beams, the first-order a
proximation ~1! for the unitary time evolution operator i
sufficient to describe the main features and characteristic
the system@8#.

The following identifications are introduced after consi
eration of the transformations on the beam splitters:

v~vp!eiKp•R05v~vp!e2 ivtp, ~3!

â0
†~v!e2 iK•R05@Tâ4

†~v!eiueivt31Râ5
†~v!eivt2#eivt0,

~4!

â1
†~v!e2 iK•R05@Râ4

†~v!eiueivt31Tâ5
†~v!eivt2#eivt1,

~5!

whereR, T are the complex reflectivity and transmissivi
@9# of the beam splitter BS1, andcta is the length of the arm
labeleda of the interferometer outlined in Fig. 1. Substitu
ing Eqs.~3!, ~4!, and~5! in Eq. ~1! and considering that the
down-converted modes are in the vacuum state at timt
50, we find the final form for the state of the field at a lat
time t:
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uc~ t !&5uvac&1
h2~dv!3/2

A2p
(
v

(
v8

(
vp

f~vp ,v,v8!v~vp!
sin~Vt/2!

~V/2!
eiVt/2u1v&4u1v8&5

1
h1~dv!3/2

A2p
(
v

(
v8

(
vp

f~vp ,v,v8!v~vp!
sin~Vt/2!

~V/2!
eiVt/2eivt0eiv8t1e2 ivptp@~TRe2iuei ~v1v8!t3u1v&4u1v8&4

1TRei ~v1v8!t2u1v&5u1v8&5)~12dv,v8!1A2~TRe2iuei ~v1v8!t3u2v&41TRei ~v1v8!t2u2v&5)dv,v8

1T 2eiueivt3eiv8t2u1v&4u1v8&51R 2eiueivt2eiv8t3u1v8&4u1v&5] ~6!

IV. RATES OF PHOTON DETECTION

The stateuc(t)& given by Eq. ~6! expresses the input state at the beam splitter BS2. Photon detection rates f
down-converted light on the output side of BS2 can be easily obtained from the electric field operatorsÊ6

(1)(t) and Ê7
(1)(t)

expanded in terms of the annihilation operators at the input of BS2@10#

Ê6
~1 !~ t !5S dv

2p D 1/2

(
v6

@Râ4~v6!eiv6t41Tâ5~v6!eiv6t5#e2 iv6t,

~7!

Ê7
~1 !~ t !5S dv

2p D 1/2

(
v7

@Tâ4~v7!eiv7t41Râ5~v7!eiv7t5#e2 iv7t,

whereR, T are the complex reflectivity and transmissivity of the beam splitter BS2. The rate of photon detection by d
D6 at time t is proportional to

R6~ t !5Š^c~ t !uÊ6
~2 !~ t !Ê6

~1 !~ t !uc~ t !&‹clas., ~8!

where the external angular brackets stand for the average over the classical ensemble of laser amplitudes. The rate
detection by detectorD7 can readily be obtained fromR6(t) by the substitutionT→R, R→T. Equations~6! and ~7! give
directly R6(t):

R6~ t !5K U h2~dv!2

2p (
v

(
vp

(
v8

v~vp!f~vp ,V1vp2v,v!
sin~Vt/2!

~V/2!
@e2 iV~ t/22t4!Rei ~vp2v!~t42t !u1v&5

1e2 iV~ t/22t5!Tei ~vp2v!~t52t !u1v&4] 1
h1~dv!2

2p (
vp

(
v

(
v8

v~vp!f~vp ,V1vp2v,v!
sin~Vt/2!

~V/2!

3 [TRRe2iueiv~t12t02t41t !eivp~t01t31t42tp2t !e2 iV~ t/22t02t32t4!u1v&4

1TRRe2iueiv~t02t12t41t !eivp~t11t31t42tp2t !e2 iV~ t/22t12t32t4!u1v&4

1TRTeiv~t12t02t51t !eivp~t01t21t52tp2t !e2 iV~ t/22t02t22t5!u1v&5

1TRTeiv~t02t12t51t !eivp~t11t21t52tp2t !e2 iV~ t/22t12t22t5!u1v&5

1T 2Reiueiv~t11t22t02t32t41t !eivp~t01t31t42tp2t !e2 iV~ t/22t02t32t4!u1v&5

1T 2Teiueiv~t01t32t12t22t51t !eivp~t11t21t52tp2t !e2 iV~ t/22t12t22t5!u1v&4

1R 2Reiueiv~t01t22t12t32t41t !eivp~t11t31t42tp2t !e2 iV~ t/22t12t32t4!u1v&5

1R 2Teiueiv~t11t32t02t22t51t !eivp~t01t21t52tp2t !e2 iV~ t/22t02t22t5!u1v&4]U2L
clas.

. ~9!

Due to the continuum character of the PDC light, termsdv( summed overv8 can be approximate to an integral inV and,
observing that ast becomes much longer thanTDC the dominant contribution for theV integral comes fromV!Dv, where
Dv is the bandwidth of the downconverted light, one may writef(vp ,V1vp2v,v).f(vp ,vp2v,v) and approximate
the V integral by the standard Dirichlet integral

1

2pE2`

` sin~Vt/2!

V/2
e6 iV~ t/22t!dV5H 1 if 0,t,t

0 if t,0 or t.t
~10!
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Taking the pump beam as quasimonochromatic (Dvp!v̄p) and assuming that the spectral function of the down-conve
light is slowly varying invp , the spectral function can be approximate asf(vp ,vp2v,v).f(v̄p ,v̄p2v,v). Equation~9!
then reads

R6~ t !5^I p&~ uhu21uh1u2!12^I p&Re$h1h2* @TRRT* g~tp1t52t02t32t4!m~t41t02t52t1!e2iu

1TRRT* g~tp1t52t12t32t4!m~t41t12t52t0!e2iu1T 2TT* g~tp2t12t2!m~t21t12t32t0!eiu

1R 2TT* g~tp2t02t2!m~t21t02t32t1!eiu1TRTR* g~tp1t42t02t22t5!m~t51t02t42t1!

1TRTR* g~tp1t42t12t22t5!m~t51t12t42t0!1T 2RR* g~tp2t02t3!m~t01t32t12t2!eiu

1R 2RR* g~tp2t12t3!m~t11t32t02t2!eiu#%, ~11!
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where

m~t!52pdv(
v

uf~v̄p ,v,v̄p2v!u2e2 ivt ~12!

and

gp~t82t!5
^V* ~ t1t!V~ t1t8!&clas.

^I p&
~13!

are the normalized self-correlation functions of the dow
converted and the pump beams, respectively. Finally, s
pose that variationsdta due to changes in the optical pa
travel timeta are much smaller than the second-order coh
ence time of the downconverted light and the pump beam
follows that

m~t1dt!.m~t!e2 i v̄dt ~14!

and

gp~t81dt82t2dt!.gp~t82t!e2 i v̄p~dt82dt!. ~15!

These usual approximations simplify Eq.~11!, giving

R6~ t !.^I p&~ uh2u21uh1u2!12^I p&uh1h2qucos@v̄~dt01dt1

1dt42dt5!1v̄p~dt32dtp!12u1w#

12^I p&uh1h2q8ucos@v̄~dt01dt11dt52dt4!

1v̄p~dt22dtp!1w8#

12^I p&uh1h2q9ucos@v̄~dt01dt11dt21dt3!

2v̄pdtp1u1w9#, ~16!

where the symbolsq, q8, andq9 are given by

q5TRRT* @g~tp1t52t02t32t4!m~t41t02t52t1!

1g~tp1t52t12t32t4!m~t41t12t52t0!#, ~17!

q85TRTR* @g~tp1t42t02t22t5!m~t51t02t42t1!

1g~tp1t42t12t22t5!m~t51t12t42t0!#, ~18!
-
p-

r-
it

q95@T 2uTu2g~tp2t12t2!m~t21t12t32t0!

1R 2uTu2g~tp2t02t2!m~t21t02t32t1!

1T 2uRu2g~tp2t02t3!m~t01t32t12t2!

1R 2uRu2g~tp2t12t3!m~t11t32t02t2!#.

~19!

In these equations,w5arg(h1h2* q) and so on.

V. CONCLUSIONS

The counting rateR6(t) is shown to be able to revea
interference patterns corresponding to wavelengthslp and
2lp , either as separate or in simultaneous patterns.
quantum character of the considered processes establ
these distinct dependencies as signatures of the de Bro
wavelength for a composite and a single particle and can
be obtained from a classical analysis.

The relevant terms to be considered inR6(t) are the ones
connected with the interferences between the two do
converters, namely, terms proportional toh1h2—those with
q, q8, andq9. The explicit expressions of all terms inR6(t)
allow one to study specific variations of any chosen exp
mentally controllable parameter. A large number of pos
bilities then arise. As a guideline one can see, for exam
that the term proportional toq9 is due to the amplitude prob
ability for photons leaving BS1 on distinct trajectories. Th
term vanishes whenever this amplitude probability is ze
that is to say, in cases whereuRu5uT u and the trajectory
lengths 0 and 1 are made equal within the coherent lengt
the photon wave packets such that creation of two-pho
states results and the photon pairs always come togeth
the same trajectory, either path 2 or 3.

Photon trajectory lengths from NL1 to NL2 have to b
also approximately equal to produce a nonzero term and
proximately equal to the laser trajectory length from NL1
NL2. Any differences have to be within the laser coheren
length on NL2. These dependencies have been experim
tally observed and explained@11–13#.

The term inq ~analogous reasoning for theq8 term! is
dependent on the probability amplitude that photons gen
ated in NL1 leave BS1 from port 3 as two-photon stat
This term contributes whenever the laser coherence tim
long enough to assure coherence on BS2 of the photon p
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emitted by both crystals and any imbalance of the inter
ometer arms (0,1) do not differ from imbalances of ar
(4,5) in more than a coherence length of the down-conve
photon packets@14#. This term shows dependence on t
two-photon particle as a whole, either depending on chan
in path lengths or on Pancharatnam’s phaseu. One can also
note that, say, if arm 3 is made very different from arm
@see Eq.~17!# the term inq may be kept different from zero
with a long coherence time laser. Consequently, signat
of photon pairs can be detected in single count experime
ys

.

ys

v.
r-
s
d

es

es
ts.

This dependence on photon pairs in a single counting exp
ment is a novelty made possible by the use of the nonlin
converter NL2 as an effective beam splitter for photon pa
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