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Measurement and theoretical modeling of quantum beats in picosecond time-resolved degenera
four-wave mixing and polarization spectroscopy of OH in atmospheric pressure flames

A. A. Suvernev, R. Tadday, and T. Dreier*
Physikalisch Chemisches Institut, Universita¨t Heidelberg, Im Neuenheimer Feld 253, 69120 Heidelberg, Germany

~Received 6 April 1998!

Using tunable ultraviolet picosecond laser pulses pump-probe degenerate four-wave mixing~DFWM! and
polarization spectroscopy experiments were conducted in atmospheric pressure flames to investigate the tem-
poral signal behavior in selected rotational transitions of the OHA 2S –X 2P (0,0) electronic band. The
relaxation behavior of simultaneously excited main and satellite transitions in theQ and P branches was
studied in premixed stoichiometric methane-air and hydrogen-oxygen flames. Experimental signal traces are
compared with expressions from a detailed theoretical treatment of the signal generation process using pertur-
bation calculations. The theoretical approach consists in calculating the energy density in the signal field mode
taking into account the frequency spread of the pump and probe beam radiation, collisional relaxation effects,
and the polarization configuration of the incident beams. Relaxation times for population and orientation
deduced from the fitting algorithm are in good agreement with DFWM line-shape studies@S. Williamset al.,
J. Chem. Phys.104, 3947~1996!#. It is shown that quantitative agreement with experimental data obtained for
different polarization configurations of pump, probe, and signal photons can be achieved when appropriate
time correlated interactions of pump and probe photons are taken into account. In addition, it is shown that due
to the frequency spread of the employed laser pulses the different frequency components in the signal beam
contribute with different amplitude to the oscillating and nonoscillating parts in the temporal development of
the signal intensity depending on the relative strength of the simultaneously excited transitions.
@S1050-2947~98!00211-X#

PACS number~s!: 42.65.Hw, 42.50.Md, 42.65.An, 42.50.Ct
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I. INTRODUCTION

In molecular spectroscopy a common goal of frequen
domain experiments is to interpret the relative intensity d
tributions of the scattered light within a measured opti
branch. These are influenced, however, by polarization,
laxation ~radiative, energy transfer, quenching!, saturation,
and dephasing effects. For predictive capabilities of theo
ical models these contributions have to be taken into
count.

In linear spectroscopic techniques~e.g., spontaneous Ra
man scattering! a one-to-one correspondence exists betw
frequency and time-resolved measurements via a Fou
transform@1#. However, in general this relationship brea
down if nonlinear time-resolved spectroscopic techniques
employed. It has been shown that in a given nonlinear opt
technique, through proper time sequencing of the inter
tions of short light pulses with the molecular species cert
contributions to the macroscopic polarization responsible
the generated signal intensity can be suppressed@2#. This can
lead to a simplification in the interpretation of experimen
performed in the time domain. Time-resolved measureme
also can reveal interaction induced inherent structures in c
gested regions of the spectrum, which in the frequency
main may be significantly smoothed due to inhomogene
broadening. One example is sub-Doppler quantum beat s
troscopy of superposition states excited simultaneou
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within a single laser pulse@3–5#.
In recent years spectroscopic methods that rely on

nonlinear response of the medium have been increasi
used for combustion diagnostics and other gaseous rea
flows @6,7#. These techniques employ the third-order susc
tibility resonantly enhanced through atomic or molecu
one-photon or multiphoton transitions. Due to their high se
sitivity degenerate four-wave mixing~DFWM! @8,9# and po-
larization spectroscopy~PS! @10,11# are especially attractive
among these techniques.

In DFWM, two pump and one probe laser beam of t
same frequency intersect in an absorbing medium
generate—via a four-wave-mixing interaction—a four
beam at the same frequency in a direction determined
phase matching constraints. The DFWM signal genera
can be viewed as the Bragg scattering of a probe beam a
volume grating structure formed by the intersecting pu
beams that generate a sinusoidal variation of the absorp
or dispersive parts of the complex refractive index of t
medium@12,9#. On the other hand, in polarization spectro
copy a strong, linearly or circularly polarized pump bea
creates an anisotropy in an absorbing medium that is pro
by a weak probe beam of linear polarization. Its depolari
tion causes light to be observed through a crossed pola
in the probe beam path. A common feature of both te
niques is the generation of a background free signal be
which can be detected remotely and well isolated from fla
luminosity and stray light from a well defined spatial regio
determined by the interaction volume of the signal gene
ing beams.

Numerous stable and intermediate species importan
combustion chemistry, such as OH@13–15#, CH @16#, C2H2
@17#, CH4 @18#, NH @19#, CN @20#, C2 @21#, and NO @22#

:
i-
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have been studied using DFWM or PS via electronic
ground-state vibration rotation transitions.

Picosecond time-resolved DFWM/PS experiments h
widely been employed for the study of relaxation a
dephasing phenomena in small molecules either using
sorption @23# or Raman induced@24,25# anisotropies in the
medium. Other four-wave-mixing techniques, such as
CARS were employed by Akhmanovet al. @26# to study ro-
tational relaxation processes at low temperatures in mole
lar beams of nitrogen seeded in argon.

The relaxation of laser-induced rotational alignment
low pressure samples of NO was experimentally and th
retically analyzed by Schade and co-workers@27#. After pi-
cosecond excitation of NO transitions in theA 2P –X 2S
band the time-resolved laser-induced fluorescence inten
observed with parallel and perpendicular polarization geo
etry of excitation and detection channels in collisions w
CO2 was investigated. Alignment relaxation times we
similar to those measured in our group for OH in atm
spheric pressure flames@28,29#.

Detailed theoretical models of time-resolved DFWM/P
are scarce or limited to the assumption of cw laser sour
which is quite adequate to describe frequency resolved
periments performed with ns laser pulses. Reichardtet al.
@30# used direct numerical integration~DNI! of the time de-
pendent density matrix equations to investigate theoretic
the use of short pulse lasers in DFWM spectroscopy in g
eous samples. They included Doppler broadening into a t
level model. With parameters most adequate for comm
experimental conditions—equal pump beam intensities
the probe beam intensity set to one-fourth the peak pu
intensity—they calculated for a fixed Doppler width
Dv/2pc50.1 cm21, a delay of the DFWM signal pulse
when the collision rate decreases, whereby the signal p
length is almost the same as that of the pump pulse. Th
calculations—although extremely useful for a better und
standing of practical measurements—only analyze the d
and shape of the signal pulse relative to the input pu
simultaneously present in the sample. Instead, in the exp
ments described below the probe is delayed with respec
both pump pulses and the signal pulse is integrated in ti
irrespective of its relative delay with respect to the pro
pulse.

Using the diagrammatic density-matrix perturbation te
nique Fujimotoet al. have calculated the time evolution o
the third-order nonlinear susceptibility for monochroma
external fields@31# and in the case of very short pulses@32#.
The theory of DFWM with strong incoherent pump beam
has been developed by Cooperet al. @33#. Their results de-
scribe the steady-state DFWM signal when intense, bro
bandwidth pump lasers interact with a weak monochrom
probe in an optically thin medium composed of two-lev
atoms. Williamset al. @34# developed a perturbative trea
ment with a spherical tensor analysis to describe DFW
signal intensities taking into account the polarization prop
ties of the molecule-photon interaction. They analyz
DFWM line shapes from selected OHA 2S –X 2P (0,0)
transitions in atmospheric pressure methane-oxygen fla
diluted with helium @35#. Furthermore, Liet al. have suc-
cessfully used this theory to interpret DFWM signal inten
ties in supersonically cooled pyrazine@36#. These investiga-
r
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tions showed that important contributions arise fro
population, orientation, and alignment in the multipole e
pansion to the overall DFWM line intensity.

There are several motivations for the present investi
tion:

~a! In atmospheric pressure flames, besides Doppler
collisional broadening an important part in the contributio
to the overall line shape are elastic collisions that reorient
absorbing molecules, i.e., change its orientation and al
ment. Therefore, it would be desirable for spectrosco
techniques such as DFWM/PS to determine these individ
contributions to the total relaxation rate in different enviro
ments in either the frequency or time domain. Williamset al.
@35# obtained nearly Lorentzian DFWM line profiles for a
polarization configurations of the excitation beams for m
of their probed transitions, with polarization independe
linewidths of 0.043 cm21. In the present work relaxation
times are determined directly from time-resolved picoseco
pump-probe DFWM/PS intensity measurements for so
OH transitions in atmospheric pressure flames.

~b! It has been suggested that for diagnostic purpose
atmospheric pressure flames the use of picosecond
pulses in nonlinear optical spectroscopy shortens the inte
tion time to less than the typical time duration needed
collisional quenching processes to occur, thereby reduc
the sensitivity of DFWM/PS to the collision rate.

~c! Finally, of special interest in the present work a
simultaneously excited transitions to create superposi
states, which can be exploited in high-resolution tim
resolved quantum beat spectroscopy@3,4#. For instance, us-
ing the two-color laser-induced grating technique with nan
second laser pulses McCormacket al. @5# observed hyperfine
quantum beats of NO probed in a molecular beam and d
onstrated a spectral resolution almost two orders of ma
tude better than the employed laser bandwidths. However
quantitative theoretical analysis was given to analyze
temporal behavior of the signal traces in different polariz
tion configurations of the excitation and probe beams. A
tailed theory would also be beneficial to quantitatively e
plain recent time-resolved femtosecond four-wave-mix
experiments by Schmittet al. @37# who studied the wave-
packet dynamics in the ground and excited states of iod
by CARS and DFWM, respectively.

Recently, we determined relaxation rates within electro
transitions of OH@28# and reported the observation of qua
tum beats in DFWM and PS experiments in atmosphe
pressure flames@29,38#. In the present work these data a
analyzed using a perturbative treatment of the tim
dependent molecular density matrix. This procedure allow
us to address the various contributions of the trans
DFWM/PS signal intensity, and enabled us to determine
laxation times of population and orientation of coheren
excited states in the OHA 2S –X 2P (0,0) electronic band.
It is shown that a detailed modeling of the polarization a
plitudes as well as the time ordering in the perturbative tre
ment of the density operator in nonlinear spectroscopic te
niques using short laser pulses are necessary for satisfa
agreement with experiment.

The remaining sections of the paper are organized as
lows: Section II gives the theoretical derivation of the tim
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resolved DFWM/PS signal intensity. Section III contains
short description of the experimental setup. Sections IV
V present the experimental results together with theoret
modeling and relevant discussions. Finally, concluding
marks are offered in Sec. VI.

II. THEORY

A. General approach

In this section we derive the intensity of the tim
dependent four-wave-mixing process. The polarization sp
troscopy is treated as a special case of DFWM with copro
gating beams. The double interaction of the molecule w
the pump beam in a PS experiment is equivalent to inte
tions with two pump beams in DFWM. Here, the theoretic
analysis is conducted using the density matrix formalis
This approach is developed to properly describe relaxa
phenomena in the medium. The collisional relaxation p
cesses are treated in this work using a Markovian appr
mation.

The whole system~radiation1matter! is generally de-
scribed by the time dependent density matrixr(t) @2#. Then,
the total energy density of the field modea existing in the
interaction volumeV is

«a~ t !5
\va

V
Tr$aa

†aar~ t !%, ~1!

whereaa is the annihilation operator and the dagger deno
the Hermitian conjugate~creation! operator. The trace give
the number of photons produced within the interaction v
ume until timet. A nonequilibrium state of the medium i
produced by the preceding pump and probe beams. Fur
more, it is assumed that the external field consists of th
laser beams: one probe beam~3! and two pump beams~1, 2!.
Subsequently, the emission of the signal photons from
probe volume is calculated within the dipole approximati
for the interaction between the electric field and the m
ecules:

Va52 iA2p\va

V
aa

†~d–ea* ! exp~2 ika•r !, ~2!

whereea is the polarization unit vector of the field modea.
The dipole moment operator and spatial coordinates of
molecule are denoted byd and r , respectively. In this work
the direction of polarization of the electric field vectors in
laboratory Cartesian frame of reference (X,Y,Z) is denoted
from left to right by, e.g., ‘‘XXYX, ’’ for pump beams 1, 2,
probe beam 3, and signal beama, respectively. A circularly
polarized field vector is denoted with a ‘‘†’’ sign.

The signal emission is described in terms of a sec
order perturbation expansion in powers of the interaction
erator~2!. For this purpose we represent the Liouville equ
tion governing the time evolution of the system, in the in
gral form:

r~ t !5r02
i

\E2`

t

exp@2L~ t2t8!#~Va1V a
† !3r~ t8!dt8,

~3!
d
al
-

c-
a-
h
c-
l
.
n
-
i-

s

-

er-
e

e

-

e

d
-

-
-

where the cross is a shorthand notation for the commut
andL is the Liouville operator. We further neglect the ter
r0 , which represents the thermal equilibrium~blackbody!
radiation. Considering the permutation symmetry of pho
operators, one obtains for the total (t→`) energy density
(J/m3) emitted from a unit volume:

«a52Ap\S 2va

V D 3/2

3ReE
2`

`

Tr$~d–ea! exp~ ika•r !aar~ t !%dt. ~4!

B. Calculation of the DFWM/PS signal intensity

The signal observed in coherent spectroscopy, such
CARS, DFWM, or PS is produced due to the interaction
each electric field mode with two independent molecu
@39,40#. Therefore, expanding Eq.~4! up to second perturba
tion order we only consider terms relating to such a coher
scattering. In this case, the trace in Eq.~4! in the phase space
of the whole system is reduced to the summation over v
ables of radiation and a single molecule:

Tr$~d–ea! exp~ ika•r !aar~ t !%

52
i

2\
N~N21!TrradH Tr1$~d–ea!eika•rr1~ t !%

3E
2`

t

dt8Tr1$aae2~L11Lrad!~ t2t8!V a
3r1~ t8!%r radJ ,

~5!

where the subscripts ‘‘1’’ and ‘‘rad’’ label one-particle an
field density matrices, respectively. The classical picture
be used for all incident beams because the number of p
tons in each of these modes is sufficiently large. Then,
evaluation of the trace in the phase space of radiation
straightforward. Taking into account the conservation
the density-matrix trace in time@Tr1$exp(2L1t)br1%
5Tr1$br1%, where b is any molecular operator# one can
show that the traces in Eq.~5! lead to complex-conjugate
results. Using the following identity for the convolution o
complex-conjugate functions

2 ReE
2`

`

f ~ t !E
2`

t

f * ~ t8!dt dt85U E
2`

`

f ~ t !dtU2

~6!

we derive from Eqs.~4! and~5! the desirable expression fo
the energy density of the coherent signal

«a5p~nva!2U E
2`

`

Tr$~d•ea!exp~ ika•r2 ivat !r~ t !%dtU2

,

~7!

wheren is the gas density and the subscript ‘‘1’’ is omitte
for the sake of simplicity. Note that the density matrix in th
expression is modified from the equilibrium distribution d
to the interaction of the molecule with the applied elect
fields.
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C. Calculation of individual interactions
of pump-probe photons

The interaction with a relatively weak probe mode can
described by a perturbative approach. Performing the i
gration in time in Eq.~7! we find

E
2`

`

exp~2 ivat !r~ t !dt

52
i

\E2`

` E
2`

t

exp@2 ivat2L~ t2t8!#

3V~r ,t8!3rp~ t8!dt dt8

52
i

\
~L1 iva!21E

2`

`

exp~2 ivat !V~r ,t !3rp~ t !dt,

~8!

where V(r ,t)5V1(r ,t)1V2(r ,t)1V3(r ,t) and rk(t) is the
molecular density matrix distorted by the interaction with t
pump-probe field modek. For the incident pulses a Gaussia
temporal shape is assumed with dispersions. The pump and
probe beams are centered at times zero andt, respectively;
e.g., one has for the probe photon:

V3~ t !5E3exp@ ivt2~ t2t!2/2s#~d–e3* !. ~9!

The interaction of the molecule with the probe pulse en
lope propagating in the directionn3 is described by the inte
gral

V3~r ,t !5S s

2p D 1/2

E3~d–e3* !E
2`

`

exp@ ivt2 ik3~v1x!•r

1 ix~ t2t!2sx2/2#dx, ~10!

where k3(v)'n3v/c is the wave vector andx denotes a
frequency variable. In order to accomplish the time integ
tion in Eq. ~8!, it is convenient to expressrp(t) in terms of
the Fourier transformr̃(x) defined as

rp~ t !52
i

\E2`

t

exp@2L~ t2t8!#

3@V~r ,t8!1V1~r ,t8!#3rp~ t8!dt8

5E
2`

t

dt8E
2`

`

dx exp@2L~ t2t8!1 ixt8#r̃~x!.

~11!

A simplified solution forr̃(x) is obtained within second or
der perturbation theory:

r̃~x!'2
1

2p\2E
2`

`

dt e2 ixt@V~r ,t !1V1~r ,t !#3

3E
2`

t

dt8e2L~ t2t8!@V~r ,t8!1V1~r ,t8!#3req,

~12!

wherereq is the equilibrium density matrix of the molecule
e
e-

-

-

Now, we have to consider the coherent part of Eq.~12!,
namely, diagrams~e.g., Fig. 1!, which provide light scatter-
ing in the phase matching direction of the signal be
ka'k32k21k1 . Note, that the operatorV(r ,t) in Eq. ~8!
describing the last interaction with the applied field is t
sum ofV3(r ,t) andV1(r ,t). These terms determine the sig
nal kinetics at long and short~or negative! delay times (t).
In the following we call them case I and II, respectivel
Correspondingly, one has to calculate two separate cohe
contributions in Eq.~12!:

r̃~x!b52
1

2p\2E
2`

`

dt exp~2 ixt !E
2`

t

dt8

3$Vb~r ,t !3exp@2L~ t2t8!#V 2
1~r ,t8!req

2V 2
1~r ,t !3exp@2L~ t2t8!#reqVb~r ,t8!%,

~13!

where b51,3. Substituting Eqs.~8!–~13! into Eq. ~7! and
integrating over both time variables we arrive at the follo
ing result:

«a52s~pnva /\!2UTrH ~d–ea!~L1 iva2 ika–v!21

3E
2`

`

dx exp@2~x1v2va!2s/2#3E3~d–e3* !3

3exp$ i @ka2k3~va2x!#•r1 i ~x1v2va!t%

3~L1 ix !21r̃1~x!1E1~d–e1* !3

3exp@ i ~ka2k1~va2x!#•r #

3~L1 ix !21r̃3~x!J U2

, ~14!

where the permutation property of the Liouville operato
exp(ika–r )L5(L2 ika–v) exp(ika–r ) @41# has been em-
ployed.

D. Polarization properties of DFWM/PS signal intensity

One of the most important questions for any pump-pro
measurements in the gas phase is to find out which relaxa
times govern the decay of the signal, i.e., which informat
about the rotational relaxation process can be extracted f

FIG. 1. Energy level diagrams for the time-resolved degene
four-wave-mixing process. Pump photons are denoted as 1 an
the probe photon as 3, anda constitutes the signal photon. Tw
scattering channels are distinguished: the case where the intera
with the probe wave follows the scattering of both pump photo
~case I!, and where the probe wave interacts with the molec
before the pump photons~case II!. t is the delay time between
pump and probe pulses.
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the measured kinetics. The problem is usually treated
terms of the rotationally irreducible vectors in the Liouvil
space of the molecule@42#:

u i ;~ f !1;K,Q&&5 (
mi ,mf

~21!Jf2mfCJi ,mi ;Jf ,2mf

K,Q

3uJi ,mi ,ki&^Jf ,mf ,kf u. ~15!

Here,J andm are the total angular momentum and its pr
jection along a laboratory fixed axis, whereask labels all
other quantum numbers of the selected state. Contrary to
magnetic quantum numbers (m), the rankK of the multipole
moment and its projectionQ along a laboratory fixed axis ar
conserved. This is because the relaxation operator has t
invariant with respect to any rotation in the isotropic m
dium. According to the Wigner-Eckart theorem, the polariz
tion dependence of the dipole operator matrix element
completely determined by the Clebsch-Gordan coefficie
@43#:

^J8,m8,k8u~d–en!uJ9,m9,k9&

5A p\e0c3

vJ8.k8;J9,k9
3 AJ8.k8;J9,k9

1/2 CJ9,m9;1,n
J8,m8 , ~16!
ed
r
-
e

nd
in

-

he

be
-
-
is
ts

where en is a spherical basis vector andAJ8,k8;J9,k9 is the
Einstein coefficient for the transitionJ8,k8→J9,k9. Expand-
ing r̃ in the irreducible basis set~15! we calculate the trace
over magnetic quantum numbers in Eq.~14! for the matrix
elements~16!. The result is represented in the rotationa
invariant form where the polarization dependence of the s
nal intensity is determined by the factors@28#

P~e1 ,e2 ;K,Q!5 (
n1 ,n2

~21!n2~en1
•e1!~en2

•e2!* C1,n1 ;1,2n2

K,Q .

~17!

In the Appendix mathematical details can be found desc
ing DFWM signal deconvolution in terms of the multipo
moments~15!.

E. Time dependence of signal intensity

For arbitrary pulse duration the signal kinetics describ
by Eqs.~A11!, ~A13a!, and~A13b! is rather complex. How-
ever, in the particular case of very short pulses (s→0) the
equation is simplified:
«a~t.0!5
16p4

k2
z~T!n2s3E1

2E2
2E3

2U(K,Q
P~e3 ,ea ;K,Q!* P~e2 ,e1 ;K,Q! (

n18 ,n28
V„~L n9,n

28
~1!

1 iva!/kvT…An
18 ;n9An

28 ;n9

3~2J1811!~2J2811!F ~21!2J18 exp~2Ln
18 ,n

28
~K !

t !H J9, J18 , 1

K, 1, J28
J 2

1~21!J181J28 exp~2Ln9,n9
~K ! t !H J18 , J9, 1

K, 1, J9
J H J28 , J9, 1

K, 1, J9
J GU2

, ~18a!

«a~t,0!5
4p4

k2 z~T!n2s3E1
2E2

2E3
2exp@2~kvTt!2/2#U(

K,Q
P~e1 ,ea ;K,Q!* P~e2 ,e3 ;K,Q!

3 (
n18 ,n28

V„@L n9,n
28

~1!
1 iva2~kvT!2t/2#/kvT…An

18 ;n9An
28 ;n9

3~2J1811!~2J2811!F ~21!2J18 exp@~Ln9,n
28

~1!
1 iva!t#H J9, J18 , 1

K, 1, J28
J 2

1~21!J181J28 exp@„Ln9,n
18

~1!
1 iva!t] H J18 , J9, 1

K, 1, J9
J H J28 , J9, 1

K, 1, J9
J GU2

, ~18b!
ms

his
where V(x) is the complex Voigt function~A7!, and vT

5A2kBT/m is the average thermal velocity of the prob
species. It is interesting to mention that the signal behavio
negative delay times~18b! is strictly nonexponential and de
termined by the thermal distribution over translational v
locities. The difference between DFWM at positive a
at

-

negative delays is illustrated in the scattering diagra
shown in Fig. 1. The density matrix is diagonal~with respect
to the main quantum index! after two interactions with the
pump photons~case I!. The contribution from Doppler mo-
tion is canceled if both pump beams are copropagating. T
decay of populations is known in the literature as ‘‘T1 relax-
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ation’’ @44#. In contrast, at negative delays~case II! the t
dependence of the signal is observed after the one-ph
interaction of the molecule with the probe wave. In this ca
the density matrix is off diagonal and the Doppler term
significant. The temporal decay of the off-diagonal dens
matrix elements is known as phase relaxation, or ‘‘T2 relax-
ation’’ @44#.

III. EXPERIMENT

Using a picosecond laser system time-resolved DFW
and PS signal intensities from selected transitions in the e
tronic A 2S –X 2P (0,0) band system of OH were acquire
in one-color pump-probe experiments. Tunable ultravio
radiation was provided by an amplified and frequen
doubled distributed feedback dye laser~DFDL!, which was
pumped by the second and third harmonic output of a
Nd:YAG laser. The laser system as well as the experime
PS setup are more fully described in@28,29#. Therefore, in
Fig. 2 only the optical arrangement realized in the DFW
experiments is shown schematically. The uv beam aro
310 nm was split into two pump beams and one probe be
~pr! by beam splitters BS1,2, and the probe beam was
through an optical delay line~DL!, which consists of a roof
prism mounted on a computer controlled translation st
~PI, M-535.22!. To avoid saturation effects of the pumpe
transitions all three beams are combined without focus
into a forward folded box phase matching configuration@34#.
The pulse energy in each beam under all conditions
below 1 mJ, which corresponds to less than the calcula
spectral saturation intensity of 500 kW/(cm2 cm21) for the
main Q-branch transitions in the investigated band at 1 a

FIG. 2. Experimental setup for pump-probe DFWM in atm
spheric pressure flames using a 3D forward folded box beam
rangement. BS1/2, beam splitters; pr, probe beam; DL, optical
lay line; P, polarizer;l/2, half wave plates; M1/2, masks; PMT
photomultiplier; BI, boxcar integrator; M, monochromator; PH, pi
hole.
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@45,46#. The alignment of all beams was facilitated by pla
ing two masks with circular holes in the corners of a squ
at 400 mm on either side from the crossing point above
burner. This arrangement also determined the beam cros
angle of 2.86°, which corresponds to a grating spacingL
5l/2sin(Q/2)56.2 mm for the excitation beams. The sig
nal beam emerging from the interaction region then pas
through the fourth unoccupied corner of one of the ma
and was directed through a lens-pinhole~PH, diameter
100 mm) combination onto a photomultiplier~Hamamatsu!.
The electrical outputs from the photomultiplier and an e
ergy monitor were captured by gated integrators BI~SI, SRS
250! and were further averaged and processed on a PC.
integrators are triggered by a fast photodiode~rise time
,1 ns, not shown in Fig. 2!, which monitored the 532-nm
pulse at the exit of the Nd:YAG pump laser.

The pulse duration was estimated from fitting a sec2

function to a measured Kerr signal trace obtained in met
nol. The frequency distribution of the uv pulse was det
mined from the spectral intensity distribution in the ex
plane of a 0.7-m spectrograph~SPEX, Model 1877! recorded
with a charge-coupled-device camera~EG1G, OMAIII !
with a spectral resolution of 0.017 nm/pixel. OH radica
were generated in methane-air flames stabilized on a M
enna flat flame burner. Its porous stainless steel plate
60-mm diameter was kept at 323 K through a cooling wa
supply. Measurements were done in the center of the flam
mm above the burner surface, where a temperature of 2
6250 K can be assumed@47#. For the hydrogen-oxygen
flames a homemade burner of similar design with a 25-m
diameter brass sinter plate was used, which was supp
with a stoichiometric mixture of 3.6 slm~standard liter per
minute! hydrogen and 1.8 slm oxygen. For this mixture
temperature of 1600 K can be estimated@48# 5 mm above the
burner surface.

IV. RESULTS

The DFWM and PS signal intensities in Eqs.~A11!,
~A13a!, and ~A13b! were calculated numerically using
computer algebra program~MAPLE V!. The sums overQ pro-
jections of the polarization factors Eq.~17! for ‘‘case I’’ in
Eq. ~A13a! and for ‘‘case II’’ in Eq. ~A13b! are represented
in Table I for different polarization configurations of the in
put beams. We have summed Eq.~A11! over the frequency
spread of the signal photons (va) and varied the center fre
quency of the spectral intensity distribution within the sign
beam for best agreement with experimental data. This va
tion can be justified because the exact frequency position
spread of the~degenerate! input beams may change from
shot to shot and, therefore, was not known during the exp
ment in which, in addition, several pulses were averaged
each position of the optical delay line. The frequency ran
to be considered in the modeling is determined by the ba
width of the incoming beams. Also, the relative strength
the two simultaneously excited transitions determines wh
part of the spectral intensity distribution of the incomin
beams dominates the signal intensity. This situation is sc
matically illustrated in Fig. 3. In the experiment the cen
wavelength of the laser beam, as determined with the sp
trometer, was chosen to be located between the two clo
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TABLE I. Polarization factorsP(e1 ,e2 ;K,Q) @from Eq. ~17!#, which determine the DFWM-PS signa
strength as a function of polarization configuration of input and output beams. Subscripts on the polar
unit vectore denote the pump beams~1 and 2!, probe beam~3!, and signal beam (a), respectively. The
values for two scattering cases I and II~discussed in the text! are listed separately for each component in t
multipole expansion~K! of angular momentum coupling.X,Y,Z denote the polarization along the Cartesi
coordinate axis in the laboratory frame, and ‘‘1’’ a circularly polarized beam.

Polarization Population (K50) Orientation (K51) Alignment (K52)
configuration cf.
e1e2e3ea Fig I II I II I II

XXXX 6~a! 1/3 1/3 0 0 2/3 2/3
XXYY 6~b! 1/3 0 0 1/2 21/3 1/2
XYYX 6~c! 0 1/3 1/2 0 1/2 21/3
XYXY 6~d! 0 0 21/2 21/2 1/2 1/2
11XY 5 0 2 i /6 2 i /2 2 i /4 0 5i /12
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spaced lines of the main and satellite transition of OH. Ho
ever, its precise value was not known during the experim
tal run. In particular, in the simulation of the polarizatio
spectroscopy experiment in the methane-air flame with
multaneous excitation of theP24 and P124 transitions the
laser frequencyv was fixed at 32 214.3 cm21. The corre-
sponding resonance frequencies and Einstein coefficient
given in Table II. In the following, to simulate the exper
mental PS signal trace the different contributions to the s
nal intensity of the various frequency components were
culated as a function of the temporal delay between pu
and probe photons. As Fig. 4 demonstrates, the signal c
ponent at the laser frequency (va5v) shows an almost mo
noexponential decay, whereas the kinetics at frequency c
ponents shifted from the laser line center by less th
0.5 cm21 exhibit an oscillatory behavior. As a result, th
sum over all signal frequencies contains an observable o
lating contribution above the noise level of the experimen
data~crosses in Fig. 5!. In this plot, three theoretical curve
are shown in addition to the data points of the PS exp
ment: the solid line is a fit to the experimental data as
scribed above, where only the relative frequency posit
and width of the incoming beams are varied within expe
mental uncertainty. The dotted line is a calculation assum
infinitely short laser pulses~delta function in time!. This sim-
plification @cf. Eqs. ~18a! and ~18b!# significantly shortens

FIG. 3. Schematic representation of upper state OH energy l
structure for main and satellite transitions excited in the DFWM/
experiments (N85J861/2). Also shown is the approximate fre
quency spread and position of the 36-ps excitation pulse.
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computation time for calculating the whole signal trace b
clearly does not correctly reproduce the experimental dat
zero time delay. Finally, the dashed line also results from
simplification of physical assumptions in the theoretic
model in that it only considers the intuitively more obviou
contribution of case I in the set of important permutations
pump and probe photons in the relevant energy level d
grams depicted in Fig. 1. However, as is obvious from
full simulation the case II interaction of pump and pro
photons more properly accounts for the ‘‘negative de
time’’ effects at the beginning of the signal trace and has
be included in the simulation.

One of the most interesting features in time-resolv
pump-probe DFWM experiments is the strong dependenc
the signal kinetics on the polarization geometry of the pu
photons, which has been recognized by several author
frequency-resolved measurements@34–36#. For coherent ex-
citations of transitions with short laser pulses the polarizat
dependence of the coupling strength of the angu
momentum states of the participating transitions is decis

el
S

FIG. 4. Calculated time-resolved PS signal intensities for sim
taneous excitation of theP24 and P124 transitions of OH with
circularly polarized pump pulses. The pulse duration of pump a
probe pulses was 36 ps. The solid line is the PS signal at the ce
frequency of the laser pulse envelope atva532 214.3 cm21 ~cf.,
Fig. 3!. The dashed curves show, respectively, the signal at
frequency of theP124 line with va532 214.74~lower curve!, and
at the frequency of theP24 transition withva532 213.95~upper
curve!. The horizontal axis is the delay timet between pump and
probe pulses.
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TABLE II. Transition frequencies and Einstein coefficients for OH in theA 2S –X 2P (0,0) electronic
band@49# excited in the DFWM/PS experiments. The listed relaxation times are deduced from model
the experimental DFWM/PS signal traces. The contributions due to relaxation of population and orie
are listed separately.

Frequency Einstein coefficient Relaxation times~ps!
Transition (cm21) (105 s21) 1/G (0) 1/G (1) 1/G (2)

P24 32 213.95 3.822 240
P124 32 214.74 1.376 240
Q11 32 474.56 4.104 215 145
Q211 32 474.22 5.712 215 145
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for the appearance or nonappearance of quantum beat o
lations in the temporal DFWM intensity profiles. As show
in parts ~a! and ~b! of Fig. 6, if the polarization vectors o
both pump beams are parallel, the decay curve does not s
any oscillations caused by the coherent excitation of the
upper molecular levels, at least within the scatter of exp
mental data taken in the methane-air flame. The respec
polarization configuration applied in the experiment is sho
as an inset in the upper right corner of each figure. T
theoretical trace, however, exhibits some residual oscilla
behavior. This is visible in the full calculations~solid line! as
well as in the two limiting cases of infinitely short las
pulses~dotted line! and the case I photon interaction on
~dashed line, cf. Fig. 1!. On the contrary, in the case o
orthogonally polarized pump beams the decay curve exh
oscillations with a beat frequency corresponding to the sp
ting of the excited state energy levels@parts ~c! and ~d! of
Fig. 6#. To illustrate the relative importance of the nonosc
lating ~n! and oscillating~o! contributions to the total signa
intensity, we have calculated the maximum amplitudes
these terms in the particular case of infinitely short pul
@Eq. ~18a!#. The results are shown as a bar graph in the low
right corner of each figure. Note that the heights of the
bars in each figure are summed up to the vertical size of
graph.

FIG. 5. Experimental PS data~crosses! and model calculation
~solid line! for the simultaneous excitation of theP24 and P124
transitions of OH. The calculated kinetics is summed over the en
range of possible signal frequencies (va). The dotted line shows
the limiting case of very short pulse lengths given by Eqs.~18a! and
~18b!. The signal contribution for the case when the probe wa
arrives after double interactions of the molecule with the pu
beam~case I! is shown by the dashed line. The delay time is giv
in ps along thex axis.
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As one can see from Table I, the DFWM signal intens
in the case of parallel polarized pump beams (XXXX and
XXYY) contains a nonvanishing isotropic part (K50). The
isotropic term provides a dominant contribution, which
determined by values of the 6-j symbols in Eqs.~A13a! and
~A13b!. Specifically, for theQ11 line (J95J185J2851) we
have

H 1, 1, 1

K50, 1, 1J
2

'0.1,

H 1, 1, 1

K51, 1, 1J
2

5H 1, 1, 1

K52, 1, 1J
2

'0.028. ~19!

On the other hand, the oscillating part is forbidden for pu
population gratings (K50), because the two excited mo
lecular states have different total angular momentum,
one obtains

H J9, J18 , 1

K50, 1, J28
J }dJ

18 ,J
28
. ~20!

Therefore, it turns out that the oscillating term is mu
smaller relative to the nonoscillating contribution if the p
larization vectors of both pump beams are parallel. When
polarization vectors of the electric fields are orthogonal
isotropic term is forbidden~see Table I!, and the relative
contribution of the oscillating term to the total signal inte
sity becomes much more important. This is obvious in Fig

V. DISCUSSION

In time-resolved pump-probe techniques for combust
diagnostics picosecond laser pulses constitute a compro
between sufficient spectral and temporal resolution: cha
teristic vibronic spectra of many small radicals important
flame chemistry exhibit open spectral regions which all
the excitation of single transitions with coherent radiation
modest bandwidth (0.5–2 cm21). These pulse characteris
tics can be achieved with transform limited ps laser pulse
the uv, which simultaneously are sufficiently short to pro
relaxation and quenching processes at atmospheric pres

From the theoretical derivations and the experimen
findings~cf. Fig. 6! it has been shown that in the weak-fie
limit the signal intensity in time-resolved DFWM/PS is d
pendent on the spatial anisotropy of the total angular m
mentum distribution induced by the input fields, which tur
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out to be especially important when multiple transitions
different strengths are excited simultaneously. For our pu
envelopes oftL'38 ps full width at half maximum the gen
erated signal is in a transient regime, and the signal inten
will be dependent on the total collision rate. Using simp
ideal gas law one calculates 120 ps for the time between

FIG. 6. Experimental DFWM data~crosses! and model calcula-
tion ~solid line! for the simultaneous excitation of theQ11 and
Q124 transitions of OH~see Fig. 5 for explanation of individua
curves!. Four different polarization configurations of input and ou
put beams are displayed as insets in the upper right portions~a!–~d!
of each figure:~a! XXXX, ~b! XXYY, ~c! XYYX, and~d! XYXY.
In addition, next to each polarization geometry are depicted
relative amplitudes for the nonoscillating~n! and oscillating~o!
contributions in Eq.~18a!, respectively. See text for further expla
nations.
f
e

ity

as

kinetic collisions of OH and nitrogen in atmospheric pre
sure gas at 1900 K.

In their DNI calculations Reichardet al. @30# found that
the inclusion of Doppler broadening, which is the most im
portant molecular contribution to the overall linewidth fo
the present flame conditions, leads to destructive interfere
~the different excited velocity groups radiate—with slight
different frequencies—out of phase with each other!, which
shortens the length of the signal pulse. This was shown to
different for a purely homogeneously broadened line, wh
the nonlinear polarization—provided collisional dephasing
slow compared to the pulse length—persists in the med
for quite some time after passage of the pump pulses. C
sequently, in our experiments the deduced relaxation tim
as listed in Table II are dominated by rotational energy tra
fer and population relaxation caused by the environmen
both the ground and excited electronic state manifold c
nected by the exciting laser radiation.

Considering ground- and excited-state populations as w
as the polarization properties of angular momentum distri
tions, DFWM signals can be regarded as arising from c
tributions of 12 different gratings@34,35#. In addition, in
frequency-resolved experiments contributions from therm
gratings can even dominate the DFWM signal at high den
ties when collisional relaxation and quenching processes
place on a time scale short compared with the temporal p
length of the signal generating beams@50,51#. This often
complicates the interpretation of experimental data obtai
in both the frequency and time domains. However, the f
mation of thermal gratings can be avoided by polarizat
selection of the incoming beams, and the number of differ
grating contributions may be reduced by multicol
frequency-resolved experiments@52#, or through proper time
sequencing in short pulse pump-probe measurements.

The relaxation times determined in the present work~cf.
Table II! are in good agreement with our previous resu
@29,38#. In addition, although slightly larger, they correspon
well with fitted relaxation rates of OH in helium dilute
hydrogen-oxygen flames deduced from high resolution
larization sensitive DFWM line shape studies in@35#. They
estimate an average homogeneous dephasing rate for
(J51.5) and high (J58.5) rotational excitation of OH of
0.047 and 0.038 cm21, respectively. However, our mea
surements are only sensitive to contributions from populat
and orientation relaxation in the multipole expansion. T
variation of the rate for alignment relaxation in the fittin
algorithm does not have any significant influence on the c
culated transients.

VI. CONCLUSIONS

A still unresolved question in a theoretical understand
of frequency as well as time-resolved nonlinear spec
scopic techniques is the relative importance of the vari
grating types to the overall signal intensity. In the pres
work the dependence of the DFWM/PS signal intensities
the polarization configuration of the interacting beams w
investigated and compared with a detailed theoretical tr
ment of the signal generation processes in a forward fol
box beam phase-matching geometry. A fully quantu
mechanical picture of the light-matter interaction
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DFWM/PS experiments was developed to describe the t
poral behavior of the transient signals excited in selec
transitions of the OHA 2S –X 2P (0,0) electronic band sys
tem in atmospheric pressure flames. It was found tha
quantum beat experiments a quantitative description of
temporal behavior of the signal intensity rests on th
grounds: first, the polarization dependent factors deri
from the angular-momentum couplings for each spec
scopic branch excited in the experiment are incorporated
the expression for the signal intensity. Second, if not kno
accurately enough from experiment adjustment of the p
position and width of the frequency distribution of the inte
acting laser radiation within experimental uncertainty is a
propriate to correctly predict the relative importance of t
oscillating and nonoscillating contribution to the tempo
signal intensity. Third, it is important to analyze all releva
interaction terms in the perturbative treatment of time
dered energy level diagrams to correctly describe espec
the early temporal behavior of the signal trace where all la
pulses are present simultaneously in the sample.

We have calculated the DFWM/PS signal intensity a
cording to Eqs.~A11!–~A13! assuming that both pump an
probe beams are coherent. In other words, the freque
spread of the radiation is completely determined by the te
poral profile of the laser pulses@see, e.g., Eq.~9!#. However,
the laser beams used in the present experiment conta
significant incoherent contribution. This means that their f
quency distribution is broad in comparison with the Four
transform limit of the temporal pulse profile. To descri
incoherent scattering terms one has to take into accou
complex amplitude factorE→E(v) exp(if) for the pump
and probe beams@e.g., in Eq.~9!#, wheref is the phase of
the photon mode (v). The final result has to be average
over all phases and integrated over all incoherent field mo
v, as was done, e.g., in@33#. This leads to an additiona
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threefold frequency integration in Eq.~A11!. In this case a
direct numeric integration becomes extremely time consu
ing and further theoretical analysis is necessary to solve
problem.

For future work, experiments are underway to extend
measurements to other spectral structures of small rad
such as NH in ammonia-oxygen flames, where different c
lisional environments prevail than in the presently stud
methane-air and hydrogen-oxygen flames. The N
A, 3P –X 3S triplet electronic band system exhibits denseQ-
branch and openR-branch structures, which offers the oppo
tunity to study the gradual change between clearly isolate
well as simultaneous excitation or relaxation phenome
with the short pulse laser system presently available. Furt
more, it is planned to study ground-state relaxation proces
through the selective depletion of one populated energy le
via a saturating pump beam and a subsequent DFWM
probe experiment. This allows a separate study of rotatio
energy transfer rates in the ground- and excited-state m
folds for molecules in collisionally dominated environmen
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APPENDIX A

Our goal is to represent Eq.~14! in a form that can be
directly compared with experimental data. First, we expa
the density matrix in this equation over multipole momen
~15!. Using Eq.~16! one calculates the trace over magne
quantum numbers in Eq.~14! and obtains
«a52s~p2e0c3n/v2!2U E dvE
2`

`

dx exp@2~x1v2va!2s/2# (
n9,n28

~L n9,n
28

~1!
1 iva2 ika•v!21

3(
n18

A~2J1811!~2J2811!An
18 ;n9

1/2
An

28 ;n9
1/2 (

K,Q
H E3P~e3•ea ;K,Q!* exp@ i ~x1v2va!t#

3F ~21!2J282J182J91K@Ln
18 ;n

28
~K !

2 i ~ka2k3!v1 ix#21H J9, J18 , 1

K, 1, J28
J

3Tr8ˆexp$ i @ka2k3~va2x!#r%r̃1~x!un18 ;n28 ;K,Q&&* ‰2~21!J182J9dJ
28 ,J

18
@Ln9;n9

~K !
2 i ~ka2k3!v1 ix#21

3H J18 , J9, 1

K, 1, J9
J Tr8ˆexp$ i @ka2k3~va2x!#r%r̃1~x!un9;n9;K,Q&&* ‰G

1E1P~e1•ea ;K,Q!* F ~21!2J282J182J91K@Ln
18 ;n

28
~K !

2 i ~ka2k1!v1 ix#21H J9, J18 , 1

K, 1, J28
J

3Tr8ˆexp$ i @ka2k1~va2x!#r%r̃3~x!un18 ;n28 ;K,Q&&* ‰2~21!J182J9dJ
28 ,J

18
@Ln9;n9

~K !
2 i ~ka2k1!v1 ix#21

3H J18 , J9, 1

K, 1, J9
J Tr8$exp$ i @ka2k1~va2x!#r%r̃3~x!un9;n9;K,Q&&* %G J U2

, ~A1!
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where the prime means that the summation over translational velocities is excluded from the trace. The dependen
DFWM-PS signal intensity on the polarization configurations of the pump and probe photons is completely described
polarization factorsP in Eq. ~17!. The matrix elements of the Liouville operator are given in terms of transition frequen
and linewidths determined by the relaxation operatorG: Ln1 ;n2

(K) 5 ivn1 ,n2
1Gn1 ;n2

(K) . Here, advantage is taken of the fact th

the relaxation process does not couple multipole moments of different ranks.
We now have to calculate the molecular density matrix distorted by the pump electric field. It is convenient to repres

~12! in the following form:

r̃1~x!52
1

\2E
2`

`

dyE
0

`

dt$Ṽ1~r ,x2y!3exp@2~L1 iy !t#Ṽ2
†~r ,2y!req2Ṽ2

†~r ,y2x!3exp@2~L1 iy !t#reqṼ1~r ,y!%,

~A2!

where the Fourier transform of the interaction operator with the pump field is given by

Ṽn~r ,x!5S s

2p D 1/2

En exp@2 ikn~x!r2~x2v!2s/2#~d–en* !. ~A3!

Substituting Eqs.~A3! into Eq. ~A2! one obtains

r̃1~x!5s
E1E2

2p\2 exp@2 i ~k12k2!•r #E
2`

`

dyE
0

`

dt exp$2s@~x2y!21y2#/22 iyt%$exp$ i @k2~y2x!2k1~y!#r%~d–e2!3

3exp@2~L1 iv2 ik1•v!t#req~d–e1* !2 exp$ i @k1~y2x!2k2~y!#r%~d–e1* !3exp@2~L2 iv1 ik2•v!t#~d–e2!req%,

~A4!

where the wave vector at the average frequency of the pulse envelope is denoted ask[k(v). It is assumed that both pump an
probe photons are almost collinear. In this case, the dependence on the translational coordinates can be neglected in~A4!.
In the present experiments a system with two closely spaced transitions (n9→n18 andn9→n28) in resonance with the externa
field is considered. Equation~A4! describes the change of the equilibrium population in the ground (n9) and excited (n18 ,n28)
levels, which is induced by the interaction with the pump field. Calculating the matrix elements we derive, respective

r̃1~x,v!n9,n952
s

2\2E1E2exp~2x2s/4!(
n8

~e1* •dn9,n8!~e2•dn8,n9!@Vn8,n9~v2x/2;v!1Vn8,n9
* ~v1x/2;v!#req~n9,v!,

~A5a!

r̃1~x,v!n
18 ,n

28
5

s

2\2E1E2exp~2x2s/4!(
n9

~e2•dn
18 ,n9!~e1* •dn9,n

28
!@Vn

18 ,n9~v2x/2;v!1Vn
28 ,n9

* ~v1x/2;v!#req~n9,v!

~A5b!

with

Vn8,n9~v,v!5V@As~Ln8,n92 iv1 ik–v!#, ~A6!

where the Voigt functionV(x) can be expressed via the complex error function:

V~x!5exp~x2!erfc~x!. ~A7!

The interaction with a second pump and a probe pulse (r̃3) given by Eq.~13! can be calculated in the same manner. Howev
this procedure leads to a rather complex functional dependence on the delay time (t) between pump and probe pulses.
contrast, the time decay in case I is determined by a simple Fourier transformation in Eq.~A1!. In other words, the entire
kinetics can be obtained by a single integration over frequencies~using the fast Fourier transform algorithm!. The kinetics in
case II also can be written in terms of the Fourier transformation if we change the order of integration in Eqs.~13! and~14!.
After some algebra one arrives at the following result:
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E
2`

`

dx exp@2~x1v2va!2s/2#@~L1 ix !21r̃3~x!#n1 ,n2

5E
2`

`

dx exp@2~x1v2va!2s/21 i ~x1v2va!t#Vn1 ,n2
~v2va1x/2;0!r̃3

~1!~x,v!n1 ,n2

1(
n

@Vn1 ,n2
~v2va1x/2;0!2Vn1 ,n~v2x/2;v!#r̃3

~2!~x,v!n1 ,n2 ;n , ~A8!

wherer̃3
(1) determines the contribution to the DFWM signal when the scattering of the probe photon precedes the int

of both pump photons with the molecule. The transformation of the density matrix in this case is given for the grou
excited states, respectively, as

r̃3
~1!~x,v!n9,n952

s

2\2E3E2exp~2x2s/4!(
n8

~e3* dn9,n8!~e2dn8,n9!~Ln9,n81 iva2 ix2 ikv!21req~n9,v!, ~A9a!

r̃3
~1!~x,v!n

18 ,n
28
5

s

2\2 E3E2exp~2x2s/4!(
n9

~e2•dn
18 ,n9!~e3* •dn9,n

28
!~Ln9,n

28
1 iva2 ix2 ik–v!21req~n9,v!. ~A9b!

Similarly, r̃ (2) describes the scattering signal when the probe photon arrives between the pump photons in the int
region. In this case, due to the preceding interaction with the pump photon (p2) the density matrix is off diagonal. This
intermediate state is of importance in the last sum in Eq.~A8! and is labeled by the third additional index. For the mat
elements in the ground and excited states one has, respectively,

r̃3
~2!~x,v!n9,n9;n852

s

2\2 E3E2exp~2x2s/4!~e3* •dn9,n8!~e2•dn8,n9!~Ln8,n92Ln9,n92 iva1 ix1 ik–v!21req~n9,v!,

~A10a!

r̃3
~2!~x,v!n

18 ,n
28 ;n95

s

2\2 E3E2exp~2x2s/4!~e2•dn
18 ,n9!~e3* •dn9,n

28
!~Ln

18 ,n92Ln
18 ,n

28
2 iva1 ix1 ik–v!21req~n9,v!.

~A10b!

Expanding the distributions~A5!, ~A9!, and~A10! in terms of the multipole moments and using them in Eq.~A1! we derive
the final result for the energy density of the DFWM signal:

«a5z~T!n2s3E1
2E2

2E3
2U E2`

`

dx exp$2s@~x1v2va!2/21x2/4#1 ixt%

3E
2`

`

dv (
n18 ,n28

exp~2mv2/2kBT!

L n9,n
28

~1!
1 iva2 ikv

An
18 ;n9An

28 ;n9~2J1811!~2J2811!(
K

$S1~n18 ,n28 ,n9;K !1S3~n18 ,n28 ,n9;K !%U2

,

~A11!

where the subscript~K! defines the multipole rank of the Liouville operator in Eq.~A7!. The temperature dependence ofz(T)
is determined by the Boltzmann population distribution within the ground level

z~T!5
pm

kT F p2c6e0
2

2\v5Q~T!
expS 2

En9
kBTD G2

, ~A12!

with the partition functionQ(T). The contributions to the DFWM signal provided by the scattering processes in cases
II are denoted asS1 andS3, respectively:

S1~n18 ,n28 ,n9;K !5(
Q

P~e3 ,ea ;K,Q!* P~e2 ,e1 ;K,Q!F H J18 , J9, 1

K, 1, J9
J H J28 , J9, 1

K, 1, J9
J

3~21!J181J28~Ln9,n9
~K !

1 ix !21@Vn
18 ,n9~v2x/2;v !1Vn

18 ,n9
* ~v1x/2;v !#

1~21!2J18H J9, J18 , 1

K, 1, J28
J 2

~Ln
18 ,n

28
~K !

1 ix !21@Vn
18 ,n9~v2x/2;v !1Vn

28 ,n9
* ~v1x/2;v !#G , ~A13a!
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S3~n18 ,n28 ,n9;K !5(
Q

P~e1 ,ea ;K,Q!* P~e2 ,e3 ;K,Q!F H J18 , J9, 1

K, 1, J9
J H J28 , J9, 1

K, 1, J9
J

3~21!J181J28$Vn9,n9
~K !

~v2va1x/2;0!~L n9,n
18

~1!
1 iva2 ix2 ikv !21

1@Vn9,n9
~K !

~v2va1x/2;0!2Vn9,n
18

~1!
~v2x/2;v !#~L n

18 ,n9
~1!

2L n9,n9
~K !

2 iva1 ix1 ikv !21%

1~21!2J18H J9, J18 , 1

K, 1, J28
J 2

$Vn
18 ,n

28
~K !

~v2va1x/2;0!~L n9,n
28

~1!
1 iva2 ix2 ikv !21

1@Vn
18 ,n

28
~K !

~v2va1x/2;0!2Vn
18 ,n9

~1!
~v2x/2;v !#~L n

18 ,n9
~1!

2L n
18 ,n

28
~K !

2 iva1 ix1 ikv !21%G . ~A13b!
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