
PHYSICAL REVIEW A JULY 1998VOLUME 58, NUMBER 1
Classical motion of a photoelectron interacting with its ionic core: Slow photoelectron imaging

Christian Bordas
Laboratoire de Spectrome´trie Ionique et Mole´culaire, UMR CNRS 5579, Universite´ Claude Bernard, Lyon 1, Baˆtiment 205,

43 Boulevard du 11 Novembre 1918, F69622 Villeurbanne Cedex, France
~Received 13 January 1998!

Photoelectron imaging spectroscopy relies on the properties of the ballistic trajectories of photoelectrons
moving in a homogeneous electric field. In this paper we show that the simple picture of parabolic trajectories
is no longer valid when slow photoelectrons produced in the vicinity of the zero-field ionization threshold, and
especially just above the saddle-point energy, are concerned. The discussion presented here is based on the
exact classical simulation of the trajectories of photoelectrons in the combined Coulomb and Stark field. It is
shown that under rather common experimental conditions the influence of the Coulomb interaction on the
projection pattern of photoelectrons at large distance is dramatic. In standard photoelectron imaging spectros-
copy a single feature corresponds to a given ionization channel, while we show here that the observed features
are much more complex for slow photoelectrons. We then discuss the relevance of our classical simulations as
compared with wave-packet calculations. Finally, the application of this effect to the precise characterization of
near-zero-energy resonance in atoms in external fields and to the dynamics of zero-kinetic-energy electrons is
presented.@S1050-2947~98!09006-4#

PACS number~s!: 32.60.1i, 32.80.Fb
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I. INTRODUCTION

The study of the Stark effect in hydrogenic systems is o
of the oldest problems in quantum mechanics@1#. The high
degree of symmetry of the problem of one electron in
combined Coulomb and homogeneous Stark field allows
exact separation of the equations of motion in parabolic
ordinates. This topic has been the subject of many theore
papers, even in recent years@2–8#. Essentially, the Coulomb
plus Stark problem contains many ingredients which ma
it of universal interest. Among these ingredients, one of
most essential is that, strictly speaking, this problem does
possess any true discrete state owing to the divergence o
potential along the field direction. However, below the cla
sical ionization limit, quasidiscrete states exist and many
proaches have been used to calculate the Stark resona
from low-lying states to very excited states, even above
zero-field ionization limit. One of the many reasons of t
great interest in Stark effect is the extreme sensitivity
Rydberg states to external electric field@9#. This has gener-
ated a huge amount of literature in this field, both theoret
@2–8# and experimental@10–15#. Moreover in this area, the
use of classical mechanics has been the basis of many i
pretations for a long time. Indeed, since the electron mo
is open in one direction, it is always relevant to discuss s
cific features of Stark spectra in comparison with class
trajectories. This approach has been very fruitful to analy
in particular, the time evolution of the Rydberg states in
presence of a field@16–18# or the resonances above the io
ization limit @19,20#, signatures of quasiclosed classical o
bits.

The understanding of the structure and dynamics o
simple nonhydrogenic quantum system in an external elec
field is a fundamental problem relevant to various physi
processes such as photoionization or Rydberg state spec
copy. Of particular interest is the specific shape of the eff
tive potential experienced by the external electron in
581050-2947/98/58~1!/400~11!/$15.00
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combination of the Coulomb and Stark field. It is well know
that the shape of this potential, which presents a saddle p
at energy 2A2F, is responsible for the so-called field
induced ionization. The study of field-induced ionization h
been the subject of many articles@21–24# and is directly at
the origin of the ZEKE~zero-kinetic-energy! spectroscopy
@25,26#. Moreover, in the vicinity of the saddle-point energ
the Coulomb plus Stark potential behaves like a bottlen
which strongly affects the classical trajectory of the electro
excited above the critical saddle-point energy. For exam
in the pure Coulomb plus Stark field, even above the sad
point energy, some classical trajectories are stable for cer
initial conditions@19,20#. In a series of famous papers, Kon
dratovitch and Ostrovsky@27# have discussed the classic
motion of electrons in a hydrogenic system in a static ex
nal field and have derived a semiclassical analysis of
quantum interferences which result from the coexistence
multiple trajectories leading to the same impact positio
These papers are directly at the origin of the photodeta
ment microscope described recently by Blondel, Delsart,
Dulieu @28#. However, these concepts of microscopy and
terferences are more relevant to the case where no lo
range interaction affects the escaping electron: i.e., photo
tachment. The principle of the photoelectron imagi
spectrometry developed by Helm and co-workers@29–31# is
also more or less contained in these papers. In this article
discuss more specifically the classical motion of slow el
trons and we examine what can be learned from the g
metrical patterns of electrons projected onto a position s
sitive detector using the technique of photoelectron imag
spectroscopy. In particular, the connection between s
photoelectron imaging and continuum Stark spectrosc
@32–35# will be outlined.

The technique of photoelectron imaging spectrosco
@29–31# allows direct visualization on a position sensitiv
detector~PSD! of the initial velocity and the angular distri
bution of electrons emitted in a photoionization process. T
400 © 1998 The American Physical Society
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PRA 58 401CLASSICAL MOTION OF A PHOTOELECTRON . . .
technique is based on the following principle: electrons em
ted at a given position with a kinetic energyW in a static
field F detected on a PSD at a distanceL from the origin
give rise to a circular image of radiusR'2LAW/qFL with a
filling pattern that reveals the original angular distribution
the electrons. In a first approximation, the interaction of
photoelectron with its ionic core is neglected. This is realis
for the case of electrons of kinetic energy large enough~typi-
cally W.10 meV!. However, the Coulomb attraction be
tween the electron and the ionic core cannot be negle
when slow~or ZEKE! electrons are concerned. In this pap
we examine more carefully the classical trajectories of e
trons emitted in the vicinity of the ionization threshold
weak electric field. From a classical point of view, the m
tion of an electron in the combination of a static plus a Co
lomb field is, despite its relative simplicity, one of the mo
complex problems having exact analytical solutions. In
first section of this paper we present a reminder of the c
sical motion of the electron in the combined Coulomb a
Stark field based on the results of Kondratovitch and Os
vsky @27#. Beside the interference effects discussed by th
authors, another property of the classical motion of sl
electrons has not been addressed so far: namely, the i
ence of the Coulomb field of the residual ion on the patt
of impacts of slow electrons on a two-dimensional~2D! de-
tector in a weak electric field. This aspect is discussed in
second section of this paper where we examine the br
down of the ballistic approximation near the zero-field io
ization threshold. It is shown that, at low initial kinetic e
ergy, it is possible to obtain a photoelectron ima
displaying a complex structure which carries additional
formation on the initial velocity distribution, instead of th
single ring expected for a single ionization channel. The
evance of our classical model in comparison with wa
packet quantum calculations@16,17# is then discussed. Be
side the new approach of continuum Stark spectroscopy@32–
35# provided by the effect described here, we demonst
that photoelectron imaging at threshold provides a too
discriminate between electrons emitted in various directi
with respect to the laser polarization but also with respec
the external field, which has not been achieved up to n
except indirectly in the time domain@17,36#. The last section
is thus devoted to some of the many applications offered
this technique: direct visualization of the localization of t
wave function for quasidiscrete resonances in the continu
dynamics of photoionization, and finally the relevance of t
phenomenon in the field of ZEKE spectroscopy and es
cially the influence of neighboring ions.

II. THE CLASSICAL ELECTRON MOTION

The technique of photoelectron imaging spectroscopy
scribed in detail in Refs.@29–31# allows us to directly visu-
alize the initial velocity and the angular distribution of ele
trons emitted in a photoionization process. In this meth
electrons emitted at a given position with a kinetic energyW
are projected by a homogeneous electric fieldF on a position
sensitive detector~see Fig. 1!. This results in an image which
is the superposition of circular rings of radiu
Ri'2LAWi /qFL for each energy channelWi . The filling
patterns of the various concentric rings reveal the origi
t-
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angular distribution of the electrons after inversion of t
image by means of an Abel inversion. In the standard im
ing technique@31#, the interaction of the photoelectron wit
its ionic core is neglected. This is realistic for the case
electrons of kinetic energy large enough so that the Coulo
interaction which prevails on typical distances of a few m
crometers is low as compared to the kinetic energyW. When
this approximation holds, electrons follow simple ballist
~parabolic! trajectories and the coordinates of the impact
the detector can be derived using very simple algebra. Us
the coordinate axis defined in Fig. 1, one finds

X5
2L cosF sin Q

r
~Asin2F sin2Q1r2sin F sin Q!,

Y5
2L cosQ

r
~Asin2F sin2Q1r2sin F sin Q!, ~1!

where

r5
qFL

W0
~2!

is the ratio between the electrostatic energy accumulate
the external fieldF over a lengthL, and the initial kinetic
energyW0 .

However, the Coulomb attraction between the elect
and the ionic core can no longer be neglected when v
slow electrons are concerned. In that case, the simple ba
tic flight must be replaced by a more refined calculation
lowing for both the electrostatic potential (2qFz) and the
Coulomb potential (2q/r ). The problem of an electron in
the combination of a Coulomb and a Stark field has ex
analytical solutions in classical mechanics. The nature
these solutions has been extensively studied by Beletzky@37#
in the context of celestial mechanics. Similarly to the qua
tum problem, the equations of the classical motion are se
rable in parabolic coordinates~j5r 1z; h5r 2z; f!. But,
as opposed to the quantum mechanics, the classical pro
is fully integrable and has exact analytical solutions. Inde
the presence of the infinite motion along theh coordinate

FIG. 1. Principle of the photoelectron imaging. The laser pro
gates along theOx axis and is polarized along theOy axis. The
electric fieldF is oriented along theOz axis. Q is defined as the
angle between the laser polarization and the initial velocityv0 of the
photoelectron, whileb is the angle betweenv0 and the external field
F.
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402 PRA 58CHRISTIAN BORDAS
prevents the existence of exact discrete states and, alth
the perturbation series may be calculated to an arbitrary
cision @4# it leads to a numerical divergence of the seri
The classical motion has been described thoroughly by K
dratovitch and Ostrovsky in Ref.@27#. Let us recall the main
results of this analysis. Introducing the reduced time varia
t according todt5dt/r the equations of motion for an elec
tron of total energyE ~with respect to the zero-field ioniza
tion threshold! in a static fieldF become~in atomic units!

dj

dt
52jS 1

2
E1

Z1

j
2

pf
2

4j22
1

4
Fj D 1/2

,

dh

dt
52hS 1

2
E1

Z2

h
2

pf
2

4h2 1
1

4
Fh D 1/2

. ~3!

Without lack of generality, let us focus our discussion on
case of the plane motion which is distinguished by the z
value of the orbital momentumpf on the field axisF. The
separation constantsZ1 andZ2 ~Z11Z25Z atomic charge of
the ion core! may be related to the ejection angleb between
the initial velocity of the photoelectron and the field axis:

Z15Z cos2~b/2!, Z25Z sin2~b/2!. ~4!

The integration of Eqs.~3! gives the parabolic coordinatesj
andh as a combination of the Jacobi elliptic functions of t
reduced time variablet.

(i) Motion along thej coordinate.Along this coordinate,
the classical motion is periodic int and confined in a limited
region. Depending on the initial conditions the electron m
perform one or several oscillations~with Nj turning points!
along thej axis before escaping:

j~t!5
uj2usn2~wumj!

mj
212sn2~wumj!

, ~5a!

where

uj2u5pF S 11
Z1

Zc
D 1/2

2sgn~E!G and p5
uEu
F

. ~5b!

The variable and argument of the elliptic sine function a
defined as

w5221/2S 11
Z1

Zc
D 1/4

x, mj5
1

2 F11sgn~E!S 11
Z1

Zc
D 21/2G ,

~5c!

with

Zc5
E2

4F
and x5uEu1/2t. ~5d!

(ii) Motion along theh coordinate.Along h, the motion is
either bound and no ionization occurs, or it is open andh~t!
increases monotonically with time. The nature of the mot
along theh coordinate strongly depends on the relative p
sition of the total energyE with respect to the saddle-poin
energyEc defined as

Ec522AZF. ~6!
gh
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Let us define the reduced energy« as

«5
E

uEcu
5sgn~E!S Zc

Z D 1/2

. ~7!

For E<22AZ2F the electron motion is bound. In class
cal mechanics, the electron launched at an angleb,bc such
that E<22AZ2F can never escape the attraction field of
ion, even though its energy lies above the saddle point.
critical anglebc is

bc52 arcsinS 2E

2AZF
D . ~8!

The consequence of this classical feature in quantum
chanics is the longer lifetime of the blue Stark states~states
whose energy increases withF! whose wave function is pre
dominantly located in the upfield region. On the other ha
red Stark states, mostly localized in the downfield regi
have a lifetime shorter by several orders of magnitude.

For uEu<2AZ2F:

h~t!5uh1uS 12cn~uumh!

sn~uumh! D 2

, ~9a!

where

uh1u5pS Z2

Zc
D 1/2

, u5S Z2

Zc
D 1/4

x,

mh5
1

2 F12sgn~E!S Z2

Zc
D 21/2G . ~9b!

And finally for E>2AZ2F:

h~t!5uh1u
sn2~cumh!

12sn2~cumh!
, ~9c!

where

uh1u5pF12S 12
Z2

Zc
D 1/2G , c5

1

2 F11S 12
Z2

Zc
D 1/2G1/2

x,

mh52F11S 12
Z2

Zc
D 21/2G21

. ~9d!

The geometrical properties of the classical motion r
evant to photoelectron imaging at threshold will be discus
in the following section. For the moment, let us simply ou
line that the classical model allows us to divide the ene
range in three regions: below the saddle-point energyEc the
classical motion is bound; between the saddle-point ene
and the zero-field ionization energy (E50) the motion is
bound along thej coordinate and along theh coordinate if
b,bc , otherwise it is open alongh if b>bc ; finally, for
positive energy, the motion is always open along theh co-
ordinate.

The inspection of the set of equations~5! and ~9! shows
that the topology of the electron trajectories, and hence of
pattern of impacts at large distance, depends only on the
of E and on the dimensionless parameterZc @Eq. ~5d!#. In
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PRA 58 403CLASSICAL MOTION OF A PHOTOELECTRON . . .
the following, we consider only the case of photoionizati
of a neutral atom. In that case,Z11Z25Z51 and the re-
duced energy is simply related toZc by «5sgn(E)AZc. The
parameterZc ~or equivalently«! is thus a measure of th
relative strength of the Coulomb and Stark field. On the ot
hand, the actual dimension of the image depends essen
on the parameterp @Eq. ~5b!# which represents the ratio be
tween initial and final kinetic energy, and of course onL,
distance between the ionization region and the detec
From Eqs.~5! and ~9!, we can deduce the maximum radiu
of the image, i.e., the maximum distance an electron
reach with respect to the centerO8 of the projection pattern
This radius depends on whether or not the Coulomb fiel
taken into account. Neglecting the Coulomb interact
~photodetachment or fast electron in photoionization! it is
easy to demonstrate@31# that this maximal radius is

Rmax
0 52~pL1p2!1/2 for E>0 ~10!

while, for E,0, the electron does not leave the core.
If the Coulomb interaction is taken into account, the m

tion is bound ifE<22AF, otherwise

Rmax
c 5~2p12F21/2!1/2~2L !1/2 for 22AF<E<0,

~11a!

Rmax
c 5Fp1S p21

4

F D 1/2G1/2

~2L !1/2 for E>0. ~11b!

Equations~10! and ~11! are compared in Fig. 2.Rmax
0 and

Rmax
c are plotted for« values smaller than 2.0 together wi

RI defined later. At large« values,Rmax
0 and Rmax

c do not
differ significantly while it is clear that for21<«<1, the
effect of the Coulomb interaction can hardly be neglecte

FIG. 2. Maximum radius of impact neglecting the Coulom
term Rmax

0 ~dotted line! and taking the Coulomb term into accou
Rmax

c ~solid line! as a function of the reduced energy«. At large «
values,Rmax

0 andRmax
c do not differ significantly while for21<«

<1, the effect of the Coulomb interaction cannot be neglected.
r
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III. PROPERTIES OF THE CLASSICAL TRAJECTORIES
AND SIMULATED IMAGES

In this section we discuss the properties of the class
trajectories from different points of view. First, we compa
the exact classical trajectories with those computed negl
ing the influence of the Coulomb field. Then, we examine
evolution of the radius of impact of photoelectrons on
plane detector far from the ionization region as a function
the ejection angleb. On this basis, we discuss the gene
properties of the classical trajectories. After this discussi
two-dimensional images obtained under various initial co
ditions and regimes are presented. Finally, we discuss
limitation of our calculations and how they can be compa
with wave-packet quantum calculations.

A. Comparison between exact and ballistic trajectories

If one neglects the long-range Coulomb interaction,
electrons in a homogeneous electric field follow simple pa
bolic ~ballistic! trajectories: the electron motion is equivale
to a free fall with constant acceleration. Let us first comp
exact and ballistic trajectories in the case of a rather
photoelectron. As mentioned above, the key parameter de
ing the nature of the trajectories, and hence the fast or s
character of the electron with respect to the external field
the parameterZc ~or «!. Typically, a slow electron corre
sponds toZc values in the range 0–1 (21<«<1), while a
fast electron corresponds to values larger than 1
(«>10). In Fig. 3 both kinds of trajectories are plotted f
photoelectrons ejected at various angles withZc51000. At
the scale of the figure, no difference is visible between ex
and ballistic trajectories. Under these conditions the infl
ence of the Coulomb field may be neglected and the stan
approximation used in photoelectron imaging spectrosc
applies. Note that, under experimental conditions applied
far in photoelectron imaging@29–31#, Zc values smaller than

FIG. 3. Comparison between ballistic trajectories~thick dotted
lines! and exact trajectories~thin solid lines! for fast electrons (Zc

51000) and various ejection angles. The following numerical v
ues have been used:F51 V/cm, E5193.57 cm21. No difference
between exact and ballistic trajectories is visible. Here and in
following, the electric fieldF is oriented along the positivez axis.
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404 PRA 58CHRISTIAN BORDAS
1000 are seldom used. The same comparison is present
Fig. 4 for the case of a very slow electron withZc50.1. The
exact trajectories are now extremely different from sim
parabola.

In the case of a fast electron, it is only when it is eject
in a direction almost parallel to the external field~upfield!
that it passes again very close to the core, thus experien
a distorted potential and a significant scattering. This h
pens only at very small ejection angleb. It can be shown tha
for any energy valueE.Ec one can define a critical angl
b0(«) such that an electron launched with ener
E5«uEcu at b0(«) falls at a distanceR50 from the center
O8 of the plane detector at ‘‘infinite’’ distanceL. The evo-
lution of the critical angleb0 as a function of« is shown in
Fig. 5. Forb.b0(«), the classical trajectory is not signifi
cantly different from a simple parabola~Nj50 or 1!, while
for b,b0(«), significant departure from parabolic trajecto
appears and the number of turning points along thej coor-
dinate (Nj) is strictly larger than 1. As« increases, the angl
b0(«) becomes infinitely small and this effect has no obse
able consequence. In other words, as is visible in Fig. 5,
energy range is divided in three distinct regions according
the value of the ejection angleb with respect tobc andb0 :
for b,bc the electron motion is bound andNj→`; for
bc<b,b0 the electron motion is complex andNj>2; for
b0<b the electron motion is simple andNj<1. The particu-
lar shape of trajectories at small angles and large energ
schematized in Fig. 6 forZc51000. Figure 6 shows tha
even under conditions where the Coulomb field isa priori
negligible, the influence of the Coulomb well is not total
zero at small ejection angle.

Between the saddle-point energy and the zero-field i
ization energy, the comparison with ballistic trajectories
no longer possible. In that case, according to the ejec
angleb, two different regions of the space may be dist
guished. Forb,bc , the electron is classically bound. I
motion is confined by the potential barrier and by the ‘‘lim
cycle’’ which corresponds to a stable orbit as defined

FIG. 4. Comparison between ballistic trajectories~thick dotted
lines! and exact trajectories~thin solid lines! for slow photoelec-
trons (Zc50.1). The following numerical values have been us
F51 V/cm, E51.936 cm21. Exact and ballistic trajectories are to
tally different.
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Refs. @18–20#. For b>bc , the electron can be ejected fo
lowing a complex trajectory with a number of turning poin
Nj which decreases asb increases. Figure 7 presents such
case forZc50.1 and an ejection angleb close tobc .

B. Evolution of the radius of impact of photoelectrons
as a function of b

From the point of view of photoelectron imaging spe
troscopy, or more generally if we are interested in the pr
erties of the electron trajectories at macroscopic distan
from the atom, the relevant quantity is the distanceR of
impact of the electron from the centerO8 of the image~see

:

FIG. 5. Critical anglesbc andb0 as a function of the reduced
energy«. For a given energy value, the space is divided in th
distinct regions according to the ejection angleb: for b,bc the
electron motion is bound andNj→`; for bc<b<b0 the electron
motion is complex andNj>2; for b0<b the electron motion is
simple andNj<1.

FIG. 6. Classical trajectories at small angles and large ene
(Zc51000) ~not to scale!. In this particular case, electrons ejecte
at b0'0.45° are found, at large distance from the core, aty50
(R50). Below this critical value, the electron is scattered by t
core.
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PRA 58 405CLASSICAL MOTION OF A PHOTOELECTRON . . .
Fig. 1! as a function of the emission angleb. As mentioned
above, Eqs.~5! and~9! show that the topology of the trajec
tories depends only on the quantityZc and on the sign of the
energy, while the actual dimensions depend primarily on
parameterp. In other words, the overall shape of the po
plot R(b) depends only on the value of«, while its size
depends onp. This is exactly true if the distanceL between
the ionization region and the detector is infinite. Under m
realistic conditions where the distanceL is finite, the polar
representationR(b) slightly varies withE for a given Zc
value, but this can be neglected as long asL@R(b). In Fig.
8, R(b) is plotted for Zc50, 1, 10, and 100 for positive
energies, while in Fig. 9,R(b) is plotted for negative ener
gies andZc50.0, 0.3, 0.6, and 0.9. Let us first discuss t
case of positive energies. For large values of the param
Zc , the evolution ofR(b) is almost not affected by the pres
ence of the Coulomb field, i.e.,R(b)'Rmax

0 sin(b). As Zc

decreases~see Zc510!, a sharp feature peaked aroun
b50 appears in the polar plotR(b). This is the manifesta-

FIG. 7. Complex classical trajectory close to the critical an
bc for E,0 ~Zc50.1: F51 V/cm, E521.936 cm21!. The elec-
tron oscillates several times along the limit cycle before escap
the Coulomb attraction.

FIG. 8. Polar plotR(b) ~arbitrary units! of the radius of impact
as a function of the emission angle forZc50, 1, 10, and 100 and
positive energies~see text!.
e

e

ter

tion of the scattering of electrons at small angles mentio
above. AsZc decreases further, this effect becomes more
more important. For example, in Fig. 8 for lowZc values
~seeZc50! it is clearly visible that the space is divided i
several regions according to the value ofb: region I, down-
field (P.b.b0), where electrons are directly ejected a
follow a simple trajectory close to a parabola@first lobe in
R(b)#. We defineRI ~see Fig. 5! as the maximum value o
R(b) in this region; region II (b0.b.b1), where the elec-
tron is scattered once by the ionic core (Nj52) and impacts
on the detector on the side opposite to its initial emiss
@secondary lobe inR(b), maximum radiusRII.RI#; and so
on with trajectories presenting an arbitrary number of turn
points. In any caseR(b)<Rmax

c defined Eq.~11!. For posi-
tive energies, it is possible to demonstrate that arou
b50 there exists an infinite accumulation of lobes inR(b),
each lobe corresponding to a givenNj value, with an angular
extension that reduces roughly withNj

22. This results from
the metastable character of theb50 orbit, i.e., an electron
launched atb50 stays on a finite linear orbit along th
positive z axis, while an electron launched at an infinite
small angle follows a complex orbit before leaving the co
~extreme sensitivity to the initial conditions!. From the ob-
servation of the polar representation ofR(b) one can imme-
diately conclude that the final image is a superposition
several rings of radiusRI,RII,¯,Rmax

c corresponding to
the various lobes inR(b). Another significant feature is tha
as opposed to the case where the Coulomb field is negle
(Zc→`), a significant portion of electrons is emitted
R50. Indeed, as already mentioned, when the Coulomb fi
is neglected, only electrons ejected atb50 andP fall on the
centerO8 of the image atR50. On the contrary when the
Coulomb field is taken into account, and especially for lo
values ofZc , several critical anglesb iÞ0 andP correspond
to a central impactR(b i)50 (b0.b1.b2¯). Since the
total number of electrons ejected at a given angleb is pro-
portional to sin(b) the relative contribution atR50 increases
dramatically as« decreases~see next paragraph!.

The situation is quite different at negative energy since
that case, one can define in addition the region of bou
trajectories forb,bc where electrons cannot escape. Th
situation is exemplified in Fig. 9 whereR(b) is plotted for

g

FIG. 9. Same as Fig. 8 for negative energies andZc50, 0.3, 0.6,
and 0.9.
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E,0 andZc50.0, 0.3, 0.6, and 0.9. Similarly to the ca
E.0, the open region (b.bc) is divided in several subre
gions corresponding to different values ofNj with a primary
lobe of radiusRI and secondary lobes of radiusRII , ...,Rmax

c .

C. Simulated images

The physical information obtained in a photoelectron i
aging experiment is the total distribution of impacts of ele
tron at macroscopic distance from the ionization region. T
is two-dimensional information that contains both the init
kinetic energy and angular distribution. When the Coulo
field is neglected, a single energy channelW0 corresponds to
a single circular ring in the 2D image with a radius propo
tional to AW0 @31#. If the Coulomb field is taken into ac
count, the initial angular distributionf (Q) must be com-
bined with theR(b) function calculated above in order t
obtain a simulated image. Such images are presented in
10 for positive energies, and in Figs. 11–13 for negat
energies. Let us first discuss the case of positive energ
Figure 10 presents images computed with an isotropic in
angular distribution@f (Q) constant# for Zc50, 1, 10, and
100. The images are scaled such thatRI corresponds to the
same effective size. The relative number of electrons fall
in a given pixel~2563256 pixel images! is represented by a
gray scale ranging linearly from white~0% of maximum
intensity! to black~for intensities larger than three times th
minimum intensity inside the main ring!. This truncated
scale is used in order to enhance low intensity features, a
scale being not very meaningful since the maximum int
sity in the central peak may be extremely high. In fact, b
fore discretization, the signal intensity diverges atR50 and

FIG. 10. Simulated images computed with an isotropic init
angular distribution and positive energies forZc50, 1, 10, and 100.
The images are scaled such thatRI corresponds to the same effe
tive size. The relative number of electrons falling in a given pix
~2563256 pixel images! is represented by a gray scale rangi
linearly from white~0% of maximum intensity! to black~for inten-
sities larger than three times the minimum intensity inside the m
ring!.
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at eachRI ,RII , . . . value. This divergence disappears sin
the image is discretized on a 2563256 grid. For the case
where the electron is launched at an energy just equal to
zero-field ionization threshold (Zc50), the image~bottom
left! displays three distinct structures: a very intense and n
row central peak corresponding to the electrons emitted
the vicinity of the various anglesb i @R(b i)50#, an intense
ring of radiusRI corresponding to the primary lobe, and
secondary ring of radius close toRmax

c corresponding to the

l

l

in

FIG. 11. Simulated images computed with an isotropic init
angular distributionf (Q)5k and negative energies forZc50, 0.3,
0.6, and 0.9. All images have been computed with the follow
actual values:F51 V/cm, L5500 mm, dimension of the squar
imageD image56 mm. These values correspond to realistic expe
mental conditions. The truncated intensity scale is optimized in
der to enhance low intensity features.

FIG. 12. Same as Fig. 11 exceptf (Q)5k cos2Q. The laser
polarization is oriented along the vertical axis.
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superposition of the other lobes. When the energy is
creased significantly above the zero-field ionization thre
old, the secondary ring disappears while the central p
remains (Zc51) although it becomes rapidly less inten
(Zc510). At higher relative energy (Zc5100) the central
peak is practically no longer visible and we find the stand
conditions of photoelectron imaging where a single ioni
tion channel leads to a single ring of radius proportional
the initial velocity of the photoelectrons. The situation pr
sented in Figs. 11–13 for negative energy values is m
interesting and leads to a much larger variety of phenome
These figures collect images withZc50.0, 0.3, 0.6, and 0.9
(E<0) for three different initial angular distributions
f (Q) constant ~Fig. 11!, f (Q)5k cos2Q ~Fig. 12!, and
f (Q)5k sin2Q ~Fig. 13!. All simulated images are com
puted for the same field value and represented at the s
geometric scale. The intensity gray scale is optimized in
der to enhance low intensity features. When the energy
creases~i.e., Zc increases for negative energies! the ratio
RI /RII,1 decreases rapidly as is visible, for example,
Zc50.3 where the inner ring is extremely intense and sm
as compared to the outer ring. When the energy decre
further, the primary ring progressively disappears as is
ible for the caseZc50.6 while forZc50.9 two separate rings
are again visible. ForZc51, the image finally reduces to
single spot. Depending on the initial angular distribution,
upfield-downfield specific features are more or less emp
sized ~compare Fig. 11 to 13! and the detailed structure i
more or less visible. Most common angular distributions
slow photoelectrons ejected in a single photon ionizat
process are of the kindf (Q)5k cos2Q ~the electron is pref-
erentially ejected along the laser polarization axis! and it is
likely that a ‘‘real’’ experiment would lead to results qual
tatively similar to those presented in Fig. 12.

According to our simulations, the most favorable regi
to observe the influence of the Coulomb field on the pho
electron trajectories is the region just below the zero-fi
ionization threshold (E,0) with Zc in the range 0.0–0.3
where three sharply separated features are observed.

FIG. 13. Same as Fig. 12 exceptf (Q)5k sin2Q.
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that realistic values of the variables~E, F, L, and image
size! have been used in the simulated images in order
demonstrate the feasibility of the experiment.

D. Discussion

The simulations presented above show clearly that s
electrons do not behave like fast electrons from the poin
view of photoelectron imaging. Prior to the description of t
various applications of the effect described above, let
briefly discuss the relevance of our classical model as c
pared to an exact quantum wave-packet calculation.
though an exact calculation of the pattern of impacts of p
toelectrons requires a quantum description, it is well kno
that the motion of a quasifree electron is reasonably w
described by classical trajectories. More precisely, in
case of photoionization in a weak external electric field~in
order to observe significant separation between the var
features! between the saddle-point energy and the zero-fi
ionization threshold, principal quantum numbers of the or
of 100–200 are involved. Combined with the Stark effe
induced by the external field, the effective density of sta
~resonances! is of the order of 104– 105 per cm21. This
means that, even under high resolution and taking into
count the finite width of each resonance, the optical exc
tion populates a superposition of states exactly described
a wave packet in time-dependent quantum mechanics.
wave packet is reasonably well described by a bunch of c
sical trajectories, which supports our classical model. Ho
ever, as usual, classical and quantum mechanics differ r
cally on ~at least! two points.

~i! Interferences in the projection pattern arising from t
coexistence of various trajectories leading to the same p
tion are absent from our model and the description of int
ference patterns such as those observed in photodetach
microscopy@28# requires a quantum~or at least semiclassica
@27#! description. However, as noted above, classical m
chanics works only if we are dealing with superposition
states, and in that case interferences are probably smoo
by the spreading of the wave packet. This allows us to c
ciliate classical and quantum approaches.

~ii ! The quantum treatment of the Stark effect shows th
even above the saddle-point energy, the wave function of
excited state~or superposition of states! may be described by
the parabolic quantum numbers~or a set of! $n1 ,n2 ,m1%.
The localization of the wave function with respect to t
field orientation and hence the correspondence with the
fective initial distribution versus angleb in classical me-
chanics is dramatic. For example, blue Stark sta
$n1'n,n2'0,m1% which are mostly localized on the hig
potential side~upfield! region correspond to bunches o
‘‘classical’’ electrons launched preferentially aroundb50
while red Stark states$n1'0,n2'n,m1% which are mostly
localized on the low potential side~downfield! region corre-
spond to bunches of ‘‘classical’’ electrons launched pref
entially aroundb5P. Although the classical simulation al
lows us to show in a very simple manner that electro
ejected aroundb50 remain longer in the vicinity of the ion
which gives a simple interpretation to the longer lifetime
blue states, the asymmetric initial effective distributio
which mimics the quantum wave packet and depends on b
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anglesQ ~angle between the initial velocityv0 and the laser
polarization! andb ~angle between the initial velocityv0 and
the external fieldF! may only be included phenomenolog
cally in the classical picture.

IV. APPLICATIONS

To summarize the classical analysis described above
have shown that from the relative intensities and angu
distributions observed in the various features contained
the image of slow electrons, one can obtain a direct meas
ment of various quantities that are not directly accessible
other means. Of course, slow electron imaging allows us
determine the initial kinetic energy together with the init
angular distribution but, in addition the localization of th
initial wave packet~or in other words the set of parabol
quantum numbers! may be determined, at least qualitative
as well as the effect of the scattering by the residual ion
long range~typically on a mm scale!. Beside these funda
mental aspects that are explicitly involved in this pheno
enon, the influence of the Coulomb field and its con
quences at macroscopic distances on the slow photoele
motion may be used as a very powerful tool in order to pro
the local interaction between electron~s! and ion~s! in any
kind of photoionization process. On purpose, actual val
corresponding to realistic situations have been used in
simulated images presented in Figs. 10–13. For example
maximum radius of impact forZc50.0 is about 2.5 mm with
F51 V/cm and a spectrometer lengthL5500 mm~see Figs.
11–13! which means that, under reasonable experime
conditions, the effect described here may be seen experim
tally. Slow photoelectrons may be produced under many
ferent experimental circumstances but schematically, one
distinguish between two categories of experiments: mu
photon ionization or autoionization involving low Rydbe
states on one hand, and continuum Stark spectroscopy
volving very excited states on the other hand. In both ca
it is clear that slow photoelectron imaging may provide d
tailed information on the fundamental processes involved
the following, we will focus on continuum Stark spectro
copy before a brief description of the applications of slo
photoelectron imaging in the area of the dynamics of fi
ionization and in ZEKE spectroscopy.

A. Continuum Stark spectroscopy

The spectroscopy of atomic systems in extreme value
external fields for which the motion of the excited electron
determined equally by the Coulomb field and by the exter
field has been a field of great interest~strong-field mixing!
during recent decades. More particularly, the study of ne
zero-energy resonances in atoms in an external electric fi
or continuum Stark spectroscopy has been the subject
large amount of work@32–35# and corresponds to the typica
experimental situations described here (Zc'1). The main
feature of continuum Stark spectroscopy is the fact th
above the saddle-point energy and also above the zero-
ionization threshold, the photoionization cross section os
lates with an effective period roughly proportional to t
applied external field. It has been shown@19,32,33# that this
resonance structure for positive energies results from the
istence of quasiperiodic classical electron orbits tightly c
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strained along the electric field axis~upfield!. It has been
shown also@35# that the maxima in the photoionization cro
section arise from dominant contribution of blue Stark sta
(n1'n), while the minima correspond to a region where r
Stark states (n1'0) are dominant. In other words, maxim
occur in the photoionization cross section when the wa
function of the system, superposition of many partial wav
$n1 ,n2 ,m1%, is mostly localized in the upfield region~longer
lifetime, sharper resonances!, while minima occur when the
wave function is localized in the downfield region~vicinity
of the saddle point! corresponding to shorter lifetime
~broader resonances!. Therefore continuum Stark spectro
copy represents the typical experimental situation where
localization of the initial wave packet with respect to th
Coulomb center and the field direction has a dramatic in
ence on the spectrum. As described in the preceding sec
photoelectron imaging can provide in that case a direct~al-
though incomplete! measurement of the probability to fin
the excited electron at a given ejection angleb and conse-
quently allows a direct correlation between oscillations in
photoionization cross-section and intensity ratios betw
the various components of the photoelectron image that
veal the initial angular distribution as a function ofb andQ.
The relative intensity of the central peak, inner ring, a
outer ring is indeed directly connected to the initial distrib
tion and it is clear that slow photoelectron imaging can le
to a significant improvement of the understanding of t
regime of strong-field mixing in the continuum.

B. Dynamics

In Sec. III we have shown that many properties of t
photoionization of an atom may be analyzed from a g
metrical point of view. Analogous properties may also
studied in the time domain. An effect strictly equivale
~time recurrence instead of ‘‘geometrical recurrence’’! has
already been observed at much higher electric field value
the time domain. Indeed, from a classical point of vie
within the simple formalism described in Sec. II, it is easy
show that electrons emitted downfield are ejected first, wh
those emitted upfield are delayed. In the experiment reali
by Lankhuijzen and Noordam@36#, the authors were able to
show that electrons are emitted in bursts separated by a
picoseconds: those ejected downfield~large b! appearing
first, those ejected upfield~smallb! later. In the case of very
slow photoelectrons this time scale is of course larger
falls in the nanosecond range which means that a comb
time-resolved and geometrically resolved experiment
achievable. The experiment of Lankhuijzen and Noord
has been simulated by Robicheaux and Shaw@17# by calcu-
lating the propagation of a wave packet in the combin
Coulomb and Stark field. However, in that case, rather sm
quantum numbers are involved and the quantum approac
possible, which is not trivial in the case ofn'100– 200. In
other words, the comparison of our results with the works
Noordam and Robicheaux shows that slow photoelectron
aging provides a geometrical approach of the dynamics
the ionization process which is very complementary to
time-evolution approach.

C. ZEKE spectroscopy and ZEKE imaging

One of the most interesting aspects of the influence of
Coulomb interaction in slow photoelectron imaging is pro
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ably its crucial importance in ZEKE spectroscopy and d
namics@25,26#. Indeed, the modification of the observed p
tern for a nonhydrogenic core or as a function of the den
of residual ions can reveal the local potentials involved in
dynamics of a ZEKE electron. Let us first mention briefly t
microscopic lens described elsewhere@38#. In a rather differ-
ent context since it concerns fast electrons of about 1
interacting with a few thousand residual ions~qualitatively
sameE/Z value! we have shown that the presence of a fin
number of ions in the interaction region has visible con
quences on the photoelectron image: the higher the num
of charges, the sharper the effect of the perturbation in
photoelectron images. This effect has been evidenced
311 photon ionization of xenon where a thin line, parallel
the laser propagation, appears in the image when more
about 1000 Xe1 residual ions are present in the interacti
region. Now, let us imagine the situation where an elect
excited in the vicinity of the saddle-point energy interac
not only with the ion from which it has been removed, b
also with other ions located at typical distances of a few t
of micrometers. If one looks at the effective potential gen
ated by a distribution of charges of this kind~typically
109 charges cm23 in a very small region!, it is obvious that
the trajectory of the electron is extremely perturbed. In p
ticular, each positive charge in the environment of the el
tron increases the binding energy of the electron in the i
ization region but at the same time lowers the effect
saddle-point energy. A few charges instead of a single
will also severely distort the shape of theR(b) distribution
at large distance and it is not clear at all that the spec
features described in Sec. III~central peak, two concentri
rings! are still visible in the images when a charge distrib
tion is present. This means that, in return, we can take
vantage of this effect in order to analyze the dynamics
photoionization in the presence of distributed charges.
usual ZEKE experiments, very high-n Rydberg bound state
excited just below the ionization limit are ionized by
pulsed electric field~PFI: pulsed-field-ionization! after a de-
lay of a few microseconds, revealing the presence of a
crete level of the positive ion. It has been shown that
lifetime of such ZEKE states, and consequently the inten
of ZEKE signal, is extremely sensitive to the ion density
the photoionization region@39–41#. Strictly speaking, the
process described here does not concern directly PFI-ZE
electrons since ZEKE deals with states lying just below
s
g
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saddle-point energy while the phenomenon described h
appears just above the saddle point. However, the physic
this region is not essentially different for bound and co
tinuum states and the experimental study of the influence
the density of charges on the geometrical aspect of photo
ization could shed a new light on this class of phenomen
In particular, the lengthening of the lifetime of the ZEK
states has been attributed to the breakdown of the local
lindrical symmetry induced by the distributed charges@39–
41# and the subsequent loss of quantum numberm1 which is,
in principle, preserved in the Stark effect. Mixing wit
higher m1 values may be only a partial explanation to t
lengthening of the lifetime of the ZEKE states, and an e
periment based on the principle discussed here could p
ably show what is the respective influence of the breakdo
of the spherical symmetry and of the perturbation of the cl
sical trajectories induced by the charge distribution.

V. CONCLUSION

In this paper we have shown that imaging spectroscop
slow photoelectron is qualitatively different from the trad
tional photoelectron imaging@29–31#. The structure of the
projected image is more complex and the crucial point is t
the strength of the various components of the image depe
on the distribution of the orientation of the initial velocity o
the photoelectron with respect to the electric field axis. T
provides a unique tool to study the properties of the wa
function of an atom excited in an external electric field, a
more particularly the initial localization of the wave pack
after optical excitation. Slow photoelectron imaging see
particularly appropriate to the study of continuum Sta
spectroscopy and a long photoelectron imaging spectrom
specially designed for slow electrons, is presently under c
struction in order to observe the effect described in Sec.
The study of the influence of a finite distribution of charg
on the trajectories of slow photoelectrons is also under w
with a particular attention to its consequences in the field
ZEKE spectroscopy and dynamics.
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