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Electron-radiation interaction in a Penning trap: Beyond the dipole approximation
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We investigate the physics of a single trapped electron interacting with a radiation field without the dipole
approximation. This gives physical insights in the so-called geonium thE®t50-2947®8)04610-]

PACS numbg(s): 42.50.Vk, 03.65.Bz, 42.50.Dv, 12.20m

I. INTRODUCTION the positivez axis, and a static quadrupole potential

Simple systems such as a single electron or an ion provide Y I Iy
: : - X“+yc—2z

a useful tool to investigate the fundamental laws of nature. V=Vy—————, (1)
Hence, in the past decades there has been increasing interest 44?2
in trapping phenomenfl]. It is now routinely possible to _ _ _
trap a single iori2], which would allow us to study quantum Wwhered characterizes the dimension of the trap afyds the
electrodynamics when the trapped ion interacts with a radiapotential applied to the trap electrodgs. In this work, in
tion mode. On the other hand, the electron stored in a Peraddition to the usual trapping fields, we embed the trapped

ning trap[3] permits accurate measurements {dd This  electron in a radiation field of vector potentii},,. To sim-
system has been called a geonium atom since it resemblesyfify our presentation, we assume tagoriori knowledge of

hydrogen atom, for which the binding for the electron is 0" glectron spiri8]. Neglecting all spin-related terms, the
an external apparatus residing on the efsih The geonium janjtonian for the trapped electron can then be written as

system was _recently §tudled to implement some lnteres.t_lnghe guantum counterpart of the classical Hamiltonian
guantum optics situations, such as quantum nondemolition

measurements] and the generation of nonclassical states 1T, e 12 .
[7]. Here, 100 years after the discovery of the electron, we H= p—-A| +eV, 2
would show quantum features of a trapped electron interact- 2m = ¢

ing with the radiation field, when no dipole approximation is
made. It is well known that in the geonium syst¢fj the
motion of the electron can be separated into three indepen- R

dent harmonic motions: axial, cyclotron, and magnetron. It is A= o X B+ Aext, 3
also well established that entangled systems are extremely

interesting for many purposes. wherer=(x,y,z) and p=(p,.py.p,) are, respectively, the

In the pres_ent work We propose a way of coupllng the osition and the conjugate momentum operators of the elec-
three harmonic oscillators of the geonium system by simpl ron

superposing a radiation field on the trapping fields. More The motion of the electron in the absence of the external
concretely, we show that when the trapped electron oscillates =~ . . . .
in a standing wave field, there could be linear or nonlineaf€!d Aex:iS the result of the motion of three harmonic oscil-

coupling among the axial motion and the other motions, allators[5]; the cyclotron, the axial and the magnetron, which

though, in particular, we will consider only the axial- &€ Well separated in the energy sc@@ahertz, megahertz,

cyclotron interaction. Hence we shall present the more im@nd kilohertz, respectivelyThis can be easily understood by

mediate consequences of such an entanglement, such g&roducing the ladder operators

indirect measurements on the cyclotron mode. Then we shall i \/mowp \/ 1
Z

wherec is the speed of light and

investigate the generation of nonclassical features. Moreover,

the analysis in all cases will be performed by taking into

account the environmental effects as well. 1 5
The paper is organized as follows: Section Il is devoted to s 7 [Mow T / A

the description of the model. The first-ordénean coupling ac_z[ 2% (x=iy)+ ﬁmowc( Py+ 'pX)}' ®

between axial and cyclotron motion is considered in Sec. Il

while in Sec. IV the second-order coupling is discussed. In - 1 mowe ~ - 2 . .

Sec. V we further discuss the possibility of generating non- ~ @m=5 o7 (XFiy)— W( Py—=ipy) |, (6)

classical states. Finally, we present conclusions in Sec. VI.

4

2% 27N 2hmge,?

where the indiceg, ¢, andm stand for axial, cyclotron, and
magnetron respectively. The above operators obey the com-

The geonium system consig8] of an electron of charge mutation relation[a;,a]]=1, i=z,c,m. The angular fre-
e and massn, moving in a uniform magnetic field, along  quencies are given by

Il. MODEL
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2 lll. THE CASE OF ¢=mw/2
_ eV _eB w5
wz= mocd? “eT mec’ Om™ 20, 7 In this section we consider the cage= 7/2. Developing
sin(kz) in a power series and keeping only the first-order term
So whenA,,=0, the Hamiltoniar(2) simply reduces to we can approximate the Hamiltoni&h0) by

= he,| ATA T ATAt A5 F=o] Ala+ 2| +hod AlAct =

H=%w, azaz+§ +hog acac+§ —hony amam+§ . 7| 887 5 c| clc™ 5
+hle*a M+ eale  Mkz (13

Instead, when the external radiation field is a standing wave )
along thez direction (with frequencyQ and wave vectok) N the case of perfect resonanfe=w. and in a frame ro-

and circularly polarized in the-y plane[9], we have tating at that angular frequency we get the solution
A= {—i[ ai®— g* e i01] 2(1)=[2(0) —| kX, ]cog w,t)
- i i - 1. -
X cogkz+ ¢),[ ae' M+ a* e " M]cog kz+ ¢),0}. + — P,(0)sin(w,t)+|e[kX,, (14
) i

PA(1)=p,(0)cog w,t) — Mw,[2(0) — /2| e[k X, ]siN(w,t),

In such a case, for frequenciB@sclose tow., we can neglect (15

the slow magnetron motion and the Hamiltoni@hbecomes
where we have introduced the cyclotron quadrature

Nt ~gn 1 5 Agn 1
H=%w,| a,a,+ > +hoazact > A éce‘<"+é2e“¢’
P (16)
+h[e*ae' M+ eale M cog kz+ ¢) 2
- Equation(15) suggests an indirect way to determine the
+hy cos(kz+ ¢) (10 probability distribution for the cyclotronic quadrature
where P(X,). We recall that in the geonium system the measure-
ments are performed only on the axial degree of freedom due
_ 263 | 2 e? to the nonexistence of good detectors in the microwave re-
e=|ele'?= 53 X= 2|a|2, (1) gime. The oscillating charged particle induces alternating
hmgc fimoC image charges on the electrodes, which in turn cause an os-

cillating current to flow through an external circuit. The cur-

rent will be proportional to the axial momentupg; hence a

center of the axial motion with respect to the standing Wavemeasurement of this current will also give the value of the

The third and fourth terms on the right-hand side of theduadratureX,,. Measurements when the standing wave is
Hamiltonian(10) describe the nonlinear interaction between ©ff” should be done preventively to set the initial condi-
the trapped electron and the standing wave, which gives risdons: Then repeated measurements lead to the desired statis-
to a coupling between the axial and the cyclotron motion fics P(X,). If the procedure is further repeated for several
whose effect will be analyzed in the following sections. In Values of the phase, we obtain the set of marginal prob-

: 2 bilities P(X, ¢), which allows the tomographic imaging of
the usual Penning traps the quantity) can reach values up a
to approximately 0.15], when Q~w.. This leads us to the quantum state of the cyclotron mdde).

. . - . We now consider the effects of the thermal damping
explore the physics beyond the usual dipole approxmanor,ghrough the resistance of the external circuit connected with

for the cosine term in Eq(10). The cosine factor cost  the measurement apparatus. In such a case the equations of

and the phase is the phase of the applied radiation field
(i.e., arga). The other phaseb defines the position of the

+¢) can be split as motion for the axial degree of freedom become
cogkz+ ¢)=cos¢ cogkz) —sing sinkz)  (12) dz p,

and two typical situations corresponding #=0 and ¢ HZHO’ 4

approximation these b cases curreepond (o a mere drving P, s % -

tepr[r)n on the cyclotron motiong=0) orpto no effect at all ’ at | @zMo?™ m_opz_ V2nklelX + & (18)

(p=ml2).

In the following sections the behavior of the trapped elec-where the noise terng(t) is that of Johnson noise with ex-
tron in these two paradigmatic limits is studied. All the otherpectation values(Z(t))=0 and (&(t)&(t'))=2y,kgT(t
possible values o® will give rise to combinations of these —t’), the damping constant, is proportional to the readout
two cases and can be easily studied. We further note that thesistor,kg is the Boltzmann constant, afidis the equilib-
last term in EQ.(10) can be neglected since the parametersium temperature.

(11) are such thay/|e|~| €|/ . By using the Fourier transforms, we immediately obtain
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= 2hK X (@) —E(w) R 5 N
Po(0)=—3 wz“’iw o (19) W='Aa§—?°a3:+ie*(1—,<222)+J;[a'cn]f,
Tz z/Mo
(23
hence the correlation R
dz .
3 5 a=wzpz, (24)
(PA@)p(—w))
~ ~ ~ o~ dF . e .
2(fik|e)* (X (@)X p(— @) + (&) E(— w)) dtz=—wZZ+2K2(E*aC+6aI)Z+f—%PZ—E,
= - . 0
|02~ w3 —iwy,/m|? (25)

(20 whereA=w.—Q, f is a driving term for the axial motion,

v. IS the cyclotron damping constant, aé@‘ 2 are the
Equation(20) imposes some limits on the observability of noise termgwe shall consider the situation where only the
nonclassical effects on the cyclotron motion; in fact, thevacuum contributes to the cyclotron nois&V/e have intro-
added thermal noise should be much less than the cyclotrauced the scaled variablesZ= ‘/mowz/ﬁi, |5Z
vac;ltjm 2n0|sze for the chosen frequency, i.e,kgT _ mﬁz, = mg and K2=hk2myw, .
<(fik|€)". From Eg. (25 we can see that the cyclotron quadrature
causes a shift of the resonant frequency of the axial motion,
so its indirect measurement is feasible.
Let us consider now the case @f=0. Keeping only The system of equation&22)—(25 can be Imearlied

terms up to the second order k¥, the Hamiltonian(10) ~ around the steady staf@1]. The stationary values., Z,

IV. THE CASE OF ¢=0

reduces to and P, can be obtained from
A=ty 813+ 2| +hod Bt = 0= L +iA |ag—ie(1-222) (26)
=hw, a,a, 2 we| acac 2 2 c )
* 2 QlOt, 2t —i0t k?Z? 0=— E—'A at Fie*(1— k272 2
+hle*ae +eace M) 1- ——|, (21 =—| 5 —iA]ag tie*(1-x°2%), (27)
which clearly shows the nonlinear coupling as a consequence 0=w,P,, (28)
of the higher-order expansion with respect to the case of the
preceding section. We study the general case including 0=—[w,~ 2kX(€* a+ ea’)]Z+f. (29)

losses. The latter are present in the axial degree of freedom _ _
once the connection with the external circuit is establishedThe linearized system is then

as pointed out in Sec. lll. Instead, the noise on the cyclotron . . ~in
degree of freedom could arise, e.g., from radiative damping ac ac Yclc
(though it can be strongly reduced with an appropriate trap af af sinqt
a
geometry. i ‘=Ml |+ Vrdad] 1 (30)
Hence, by starting from the Hamiltonid@1), we obtain dt| 2 z 0
the quantum stochastic differential equations P P e
z z ol
da R R R N - .
dac _ —iAA— ﬁac—ie(l—xzzzw— yar, (22 W_here now the operators indicate the quantum fluctuations
dt 2 with respect to the steady state and
~[ Ze+ia 0 2iex’Z 0
0 —(ﬁ—m) —2ie*k?Z 0
M= 2 (31)
0 0 0 w,
—2e*k%Z —2exk?7  —w,+2kX(€* ac+ E;é) e

Mg
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-500 300 16 T 100
o-10 8 (s’l) FIG. 2. Variance for the cyclotron quadratur¥g_, (dashed
line) and X,,— 1> (solid ling) as a function of the detuning. The
FIG. 1. Spectrum of axial momentum fax=1.5x10% s°% values of other parameters are the same as in Fig. 1.
=105 y.=15 s, y,/my=20 s!, |¢]=1.4x10" 571, o
=37/4, f=10" s, andN,,=10%. The peak on the right repre- V. NONCLASSICAL STATES

sents the resonance in the absence of coupling. The separation be-We now demonstrate the generation of nonclassical ef-
tween peaks is proportional to the cyclotron quadrature amplitude . €9 sical
fects due to the nonlinearity induced by the Hamiltonian

The spectral matrix can be calculated as (22).
Sw)=(iwl=M) " ID(—iwl-M")1, (32 A. Central resonance

_ _ _ _ _ If we tune the standing wave at frequenfy= w. and
wherel is the 4< 4 identity matrix, the superscrifit denotes pass to the interaction picture, the Hamiltoni@1) simply

the transpose, and becomes
0 7y O 0 H= \/§ﬁ|e|)A(c 1—«? éléz"‘— (34)
2
0 O
D={0 0 0 0 ' (33 where we have disregarded the rapidly oscillating terms

0 0 o0 2y ale ?“Z anda,e?“# (i.e., we made the rotating wave ap-

th proximation). Starting from initial coherent states for both
modes

with Ny,=KkgT/% w, the number of thermal excitations.

The momentum correlation for the axial motion will be [P (0))=|a).®|B);, (35
S,4; this quantity is plotted in Fig. 1. The dashed line repre-
sents the resonance in the absence of coupling and the solid
line the resonance in the presence of it. The separation e
tween peaks is proportional to the cyclotron quadrature am-
plitude. So it gives us an indirect value of that cyclotron 5
observable. [w(t)y=e A7

Furthermore, the variance for the amplitude cyclotron n=0
quadrature is given by integrating the quanty;+S,,
+S,,+S,;, Which is plotted in Fig. 2(dashed ling The  where 6,=iex?n. In writing the state(36) we have disre-
figure also shows the variance for the orthogonal quadraturgarded, for the sake of simplicity, the quantity—ie(1
(solid line). It can be seen that the system exhibits squeezing- x?/2)t, which is common to each cyclotron component
effects depending on the detuning. It is worth noting that(this corresponds to an overall displacement in the cyclotron
such effects are not very sensitive to thermal noise. The stgshase spage
bility of the system, for the values of parameters used, is Therefore, the electron motion evolves classically as a
checked through the signs of the eigenvalues of the matrixiixture of coherent states. Thus, during the evolution, no
M. nonclassical states of the electron are generated. However,

In this section and Sec. Ill we have shown that the term$ecause of the entanglement between the cyclotron and the
beyond the dipole approximation could play an importantaxial degrees of freedom, it is possible to generate nonclas-
role and should not be neglected abruptly. As a matter o$ical states of the cyclotron motion by performing condi-
fact, we have presented a variety of effesse, e.g., Figs. 1 tional measurements on the axial degree of freedom. In par-
and 2 that could be measured in common Penning traps. Iticular, a measurement of the axial current corresponds to the
the following, we shall explore other possibilities. projection onto an eigenstatp,) of the axial momentum

e obtain from the HamiltoniafB4) the state at the timg

= g
\/m|'9nt>c®|n>2a (36)
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w(Q.,P)

0.4.
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FIG. 3. Wigner function of Eq(38) plotted for the parameters FIG. 4. Same as Fig. 3, but including the effects of the finite-

B=1 and ex’t=—2.4i, after an axial momentum measurement time measurement. Hefér=0.1 andN,,=10.

yielding the most probable value pf,.
degree of freedom. The negative parts and several oscilla-
tions show the nonclassicality of such a state.

[0n1)c®|P2), We have considered the measurement process condition-
ing the cyclotron state as instantaneous; however, it always

(37)  takes a finite time, during which the system undergoes the
back action of the measurement apparatus. To take into ac-

where A is a normalization constant angh,|n), are the  count these effects we should adopt a precise Hamiltonian
harmonic oscillator wave functions in momentum space. It is

immediately seen from the above expression that after thmOdeI describing the measurement of the observble
measuremgnt the system is left in asuper osition of coherer%:\/ertheless’ from @ phenomenological point of view, we
. y Perp ; can model the measurement process, performed on the state

cyclotronic states that could have nonclassical features. i i i
Whenever the number of coherent states that are being s@{) =¥ (D)(¥(1)], during a timer, as the transition
perposed is small, the states are known as Sthger cat - -
States[]_Z]_ p(t)_)Trz[p(t + T)l pz><p2|]1 (41)

It is worth noting that the separation between the super- herea(t+ 1) is obtained fromo(t) th hf luti
posed coherent states is given |layx?t and therefore it can wherep(i+7) is obtained fromp(t) through free evolution

be made truly macroscopic by emphasizing the nonclassical” & thermal batt{representing the back action of the mea-

ity (by simply requiring thaje| <?t>1). However, one has surement apparatus on the systewhile the projector indi-

to be careful when satisfying the above condition since itcat_?s the :)uttpu:hresuflftm% at ftTﬁ end of the meatsuret[:é]it |
also implies a strong excitation of the cyclotron motigime 0 evajuate the effects of the measurement on the cyclo-
overall displacement that has been disregardedich in tron state we should calculate the reduced density operator

turn could give rise to instabilities or even the loss of the‘Ethetngh'g-hgnq S'ge.’ OL EqAE).]' Lt\s corresponding Wigner
particle over the trap’s walls. unction is derived in Appendix A as

The Wigner function of the cyclotron state generated by

o] ) ﬂn
— -
|q,(t)>after Nngo € ﬁ<p2|n>z

conditional measurement can be written as W(Q,P,7)=N?2D, %%2*(”‘*“)’% mn
* |§m|2 |§n|2 2 2
W(Q,P)z/\/’szn cmcnex;{—Qz—Pz— 5 "3 Xex;{—QZ—PZ—%— |§£|
+V2Q(en+ {h) = V2P (Ln= L3 = Lnlh |, F2Q(Lnt )~ 2P (L= ) — Lt
(38) (42

where the variable®,P are associated with the quadratureswhere
X,—0 andX,_ ., respectively, and
l mn=2"m! f dv exp{—[e 2"

n
— A 2/2'6
co=e" TPz (39) +2Ng(1-e 2" Jp2 - 2iP v}
0 X(—ve IHNMLP"M(2p2e727), n>m, (43
Ln=0,t. 40

with L the associated Laguerre polynomials afd
In Fig. 3 we present the Wigner function of the cyclotron = y,/m, the effective axial damping constant.
state generated by the conditional measurement on the axial The Wigner function(42) is plotted in Fig. 4 and shows
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the deleterious effects of finite-time measurement on the P
nonclassical state represented in Fig. 3. Of course, these ef- '
fects strongly depend on the number of thermal excitations

N, as well. Once the cat states are generated by the condi- W(Q ,P)
tional measurements, it would be possible to detect them by ,
using indirect measurements as proposed in the previous sec- 0.5
tions.

B. The sideband resonance

We now return to the Hamiltoniaf21) to consider an-
other resonance, in this cafe= (w.—2w,) — 8, wheres is : P2
a small detuningi.e., 5< w,) introduced for convenience. In P ! -
a frame rotating at frequenay.— &, we then have
el 2 FIG. 5. Wigner function of the cat statg0) plotted for 3=2.

H=ﬁ5&léc—ﬁ7(écé;2e*“”+ alaZe’?). (44 .
W(Z,P,)= e IAF-2*-P;
This is a trilinear Hamiltonian analogous to that studied in ™

nonlinear optical processes such as parametric oscillation or 12
second harmonic generatighi]. x{e" 1P costi2 2P, Re(B) —2y2Z Im(B)]
The equations of motion are +e|3‘zsir{2\/§PZ|m(ﬁ)+2\/§z Re(B)]),
da, . . 1 L., (51)
W——I5aC+IE|E|K as, (45

and is represented in Fig. 5. The fact that only two coherent
states are being superposed is evident from the two hills

%:-|6|K2515C (46)  beside the central structure, which is different from the situ-
dt ation of Fig. 3, where more components contributes to the
cat state.

and, by adiabatic elimination of the cyclotron mode, we get Of course, we should deal again with the problem of mea-

da P surement, v_vhose process renders the system open and hence
RN afa2. (47)  thedissipation tends to eliminate out the nonclassical effects.
dt 20 "t To evaluate this phenomenon we switch off the nonlinearity
This equation corresponds to an effective Hamiltonian forat the time of cat generation ar_1d a subsequent free evolut.ion
the axial motion of the type of the axial degree of freedom in athermal bath, representing

the effects of the external readout circuit. If the latter takes a
. |2k time 7, we have(see Appendix B

Heff=—ﬁw(é;r)zé§7 (48)

W(Z,P,,7)= Ee—\ﬁ\2+52/2+5*2/2
which shows a well known Kerr-type nonlinearity. Hence we 2

should expect nonclassical effects, such as Sthger cat

2 . 2
states, when one starts from the initial conditid85), also X{e? MBI +1,]—ie 2R TI5—1,]},
in the axial mode. In fact, the evolved axial state can be (52)
written as
2 4 where
Atz ats R
|'7Z’(t)>zz exp{le[(azaz) _azaz]t}|ﬂ>z, G= 45 2 2
49 2 BD{+CD&+ AE; )
(49 Ii:w 4AB—CZeX AAB—C? , i=1,2,3,4,
It is easy to show that after a timie= 77/2G the initial coher- (53
ent state evolves into a cat state of the type discussed in Ref.
[14], with
|g(t=m/2G)) = i[e—i”’4|—i3>+ei”/“|iﬁ>] (50) L oarr 102 Nin —ors
\/E ) A:F(e —1) +1+2F(1—e )

This state shows interference in the phase space, which could Ny, Ny,

be detected by measuring an appropriate quadrature. There- —8—2(1—e*“)+4— T, (59
fore, by adjusting the initial conditions we may exploit the r r

axial momentum measurement to see such interference. The

Wigner function of the staté50) results, B=e 2"+ 2Ny (1—e 2'7), (55)
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S also be used to perform some fundamental tests of symme-
R try.
‘\ Ty Finally, based on these considerations, we conclude that it
" should be an interesting challenge to experimentally imple-
ment this model. The realistic values of the parametses,
e.g., Ref[5]) we have used yield that feasible with the actual
technology. The main problem could be represented by the
low values ofN;, in Sec. IV; however, to better evidence the
desired effects one could adjust the experimental setup in
order to increase the inhomegeneity of the field experienced
by the particle(to this end, we note that traps bigger than the
usual ones are available as wilB]).

W(Q.,P)
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N APPENDIX A
+8?th(1—e‘“), (56)
We consider the position space matrix elements of the
and statep(t), i.e.,

(Q+Y|AZ|p(D)]Z"),]Q—Y)e, Al
Di=F2.2i Im(ﬁ)igiRe(,B)eFfigiRe(B)JrZiZ, (QHYILZ']e(D]27Q=Y) (AD

(57) and we denote them gs(Z',Z") since the evolution will
take place only in axial space. The dependence on the cyclo-

2 V2 tron variables remains implicit. Then, with the aid of Eq.
D= T2\2 Re(ﬁ)i?|m(ﬁ)e*“:T|m(ﬂ)+2iz, (36) we get
(58)
9(Z'.2") =2 CuCrexd —(Z'%+2")12]H(Z Hy(Z"),
— . *FT_ . m,n
5%_+2J§| ReB)e 2iP,, (59) (A2)
53: +2\2 Im(B)e ' "—2iP,. (60)  whereH,, are the Hermite polynomials and
The Wigner function(52) is plotted in Fig. 6 and shows ([t o l612 B" Q4Y[Z),  (A3)
that the cat stat€50) is very sensitive to the noise induced ™ \7 2 N Em?-
by the measurement.
1 1/4 1 (,8*)“
x| Z -18Ir2 _
VI. CONCLUSIONS c <77) \/We N (LlQ-Y).  (A4)

In conclusion, we have studied a trapped electron inter-
acting with a standing radiation field and have shown thaiThe master equation for the free evolution in a thermal bath
several interesting features can arise when the dipole api5] has the corresponding partial differential equation for
proximation is not invoked. First, the proposed model pro-the probabilityp
vides a method for indirect measurement on the cyclotron
degree of freedom. In addition, the possibilities to generate [ i ( 92 92 )

2

0-)212 0’,2”2

nonclassical states could be useful to test the linearity of ~ ¢-#(Z".Z",7)=
guantum mechanic§16] and to probe the decoherence of a

mesoscopic systefd7]. Furthermore, it is worth noting that r P P
the entanglement induced by the radiation field could also be - E(Z’ -2Z") -
used to explore the quantum logic possibilities of a trapped 9Z"  JZ

electron system.

Hence the geoniL_lm system in such a configuration could —I‘Nth(Z’—Z”)z]p(Z’,Z”,T), (A5)
result as an alternative and/or a complement to other trapped
systems. In addition, it has the advantage of involving a
structureless particle, while, for example, an ion in a Pauwhere we have sdf =vy,/my. Both the damping constant
trap behaves as a two-level system only ideally. Moreoverand the time are scaled by the axial frequency, L€y,
considering the electron as an antiparticle, the model could-=I" and 7w,— 7.
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The differential equatiofA5) is considerably simplified
by the change of variables

Z'=u+tv, (AB)
Z'=u-v, (A7)
leading to
i Fo - — 4T Nyo?
Irp (U, 7) =15 —or —Tv o= 4Ny o (U0, 7).
(A8)
By using the Fourier transform
p(u,v)=f dge? s (q.v), (A9)
Eq. (A8) becomes
I ¥ ~
E+(Q+FU)E—_4FNH]U 9, (AlO)

which can be solved by the method of characteristics. The

solution takes the form

~ ~ a) _ q
JO(Q,U,T):SO{Q, U+F e FT—F},0+
q 2
Xexp{—ZNth v (1—e 27
+ SIthq v+% (1—eFT)]e4q2Nth”F.

(A11)
In our case, from Eq9A2), (A6), (A7), and(A9),

0(d,v,0)
=Vmexd —v°-q’]

n—m

X{ >, CnCr2"ml(—v—iq L™ 2(v2+g?)]

m<n

+ 2 [Chl22MIL [ 2(v2+g?)]
m=n

+ 2 CuCl2™nl(—v—iq)™ "LM "2(v2+0?)],

m>n

(A12)
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results, where." indicates the associated Laguerre polyno-
mials. Therefore, starting from the above expression, the so-
lution (A1ll) can be easily constructed.

The Wigner function of the cyclotron state after a mea-
surement giving the resuft, (or, equivalently,P,) will be

W(Q,P,T)=J\/2f dY(Q+Y]|

X AP lp(t+7)|P,),|Q—Y).e 2P,
(A13)

where is the normalization constant needed after the pro-
jection. By inserting identities in terms of the set of states
{luxv),}, with the aid of the Fourier transfor#9) we get

W(Q,P,T):sz dYJ' dvp (0, 7)e 2ivPe2YP
(A14)

The dependence on the cyclotron variabfgsandY is im-
plicitly on . Hence, by performing the integration one ar-
rives at the expressio@2).

APPENDIX B

If 7is the duration of the measurement, at the end of the
measurement we have

1 N .
W(Z,P,,7)= ;f dv(Z+vlp,7)|Z—v)e 2P?

1 )
=—f dvp(Z,v,7)e 2P
T

1 ~ . _
:_Zf dvfdqgo(q,v,r)efz'PZU”'qZ,
w

(B1)

wherep(q,v,7) is the same as in EqA11), but with the
initial condition determined by Ed50),

P(a.0.0)= ye A AR R a2 Im()2- 2,21 Im(B)a 2021 RelB)v)

+exp 2 Im(B)2+242i Im(B)q+2+2i Re(B)v]—i ex] —2 Re 8)2— 212 R B)q+2+2 Im(B)v]

+iexd —2 ReB)2+2\2 REB)q—2+2 Im(B)v]}.

(B2)

Thus, by performing the double integral in E®1) we get the expressiof2).
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