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Density of the generalized oscillator strength of atomic hydrogen: A semiclassical approach
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An expression of the density of the generalized oscillator stre(@@®S for electron impact ionization of
atomic hydrogen using a classical trajectory to describe the state of the ejected electron is presented with the
help of its linear-response representation in the framework of the first Born approxirtféén. Based on the
reproduction of the GOS density of the FBA, the target polarization and the postcollision interd@tn
effect are included within the expression. The target polarization expressed by the decreasing of the initial
expectation momentum of the atomic electron decreases the GOS density for small energy Earsler
moves the Bethe ridge toward higher momentum trankfdor larger E. The PCI effect should not be
remarkable for the GOS densify51050-29478)03511-7

PACS numbdrs): 34.80.Dp

[. INTRODUCTION tively, andE=E;—E is the energy transfer witg,E; the
energies of the incident and the scattered electrons, respec-
The inelastic collision of an electron with matter is one oftively.

the elementary processes in various fields of physics such as The GOS density per unit range of excitation for impact

plasma physics, atmosphere physics, astrophysics, and eldonization of H(1s) is exactly known in FBA, written as

tron microscopy{1]. The study of the ionization of atomic [1,4]

hydrogen by electron impact which leads to three free par-

ticles in the final state is of fundamental importance for un- 9 P

derstanding the collision processgd. Many efforts have 91(E.K) = 2E(K"+ 2E/3)

been made to deal with this many-body Coulomb problem, JE C[(K+V2E—1)2+113[(K— V2E—1)2+1]3
especially the description of the final std8]. 1

=2
electron is fast. In this case most of the ionizing collisions x 1—exp( 2E—1)
proceed with asymmetric geometry, i.e., one of the outgoing

Pioneer workg1,4] studied the case in which the incident
electrongscattereflis fast and the othgejected is slow. So '{ 2
X ex

2\2E-1
the collision can be well studied by the first Born approxi- - \/ﬁ arctan m .

mation (FBA) in which the states of the incident and scat-
tered electrons are described by plane waves and the state of
the ejected electron is described by the Coulomb waveBeyond FBA, for the GOS density, there is only one calcu-
Within the same framework, corrections can be made byation carried out by integrating the triple-differential cross
considering the correlation of the two outgoing electrons angection(TDCS) in the Coulomb-wave Born approximation
the interaction between the scattered electron and the réCWBA) over the solid angle of the ejected elect{@n.
sidual ion outside the reaction zofe-7]. As in this region The linear-response representation of the GOS density
the electrons are in their continuum states, this postcollisiogiven by Inokuti[1] is a more general expression with which
interaction(PCI) effect can be represented with the help ofthe concept of GOS can be adapted to electron impact ion-
the classical trajectories of the two electrgbs-8]. ization in condensed matter by the relationship between the
In the framework of FBA, i.e., with the states of the inci- GOS density for electron impact ionization and the general-
dent and the scattered electrons described by the plariezed complex dielectric constant describing the response of
waves, the generalized oscillator stren¢gB0S is the key the medium to a small electromagnetic disturbance. It is de-
dynamic factor which characterizes the response of the targeluced from Eq(1) using
to the transient field of the charged particles. For H it is
written as[1]

2 [n)(n=1 3
af(E K) 5
2 D Knlexp(iK NIO)RS(E,~E), (1 and
where On are initial and final target eigenstates, respectively, f expixt)dt=274(x), (4)

the summation runs over all excited statdiscrete and con-
tinuum), K=ky—k; is the momentum transfer wit, ,k; the
momenta of the incident and the scattered electrons, respegiven as[1]
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of(E,K) E J’wd (E—K2/2 J“ ixt)dt= 7 8(x) 4+ ix L ®)
E7K2) . texd —i(E— )] 0exp(lx) =78(X)+ix",
><<exp{i JtdtK- p(t)D, ®) instead of Eq(4), as
0
of(E,K) 2E R fwdt d—i(E—KZ2)t]
=——>Re exd —i(E—
where the angular brackets denote the initial-state expecta- JE G
tion value andy(t) is the Heisenberg momentum operator of .
the atomic electron, which is given by ><<exp{iJ' dtK- p(t) > )
0

p(t)=exp(iHt)pexp —iHt) i )
Then we break up(t) into two parts according to the con-
=p+it[H,p]+ 3(it)’[H,[H,p]]+ - - -. (6) cept of the reaction zone and the postcollision region used
for treatment of the PCI effect in Refi6—8], as

In this linear-response representation, the information of .
the ejected electron stata) in Eq. (1) is transformed into _ f :
p(t). The GOS density expressed by K. was studied by PL=p(0)+ o*p(t)dt' (19
Inokuti [1] in the simplest case when the second and higher
terms ofp(t) in Eq. (6) were neglected, i.e., the ejected elec-wherep(0) is the momentum of the atomic electron in the
tron was approximated by the free one. A simple formula ofreaction zone at the moment of collision go(d) reflects the
the GOS density for ionization from HEl was then ob- effect on the ejected electron by the potential field of the ion
tained, which is in accord with the binary-encounter approxi-and the scattered electron from the boundary of the reaction

mation (BEA) result[1,10] zone to infinity.
With they axis representing the outgoing direction of the
If (E,K) 29E K3 ejected electron and theaxis representing the other axis in

= . (7)  the trajectory plane, we can write
JE 37[(2E—K?)?+4K?]®
K- p(t) =Kx(t) +Kyy(t). 11

The purpose of this paper is to obtain further information
given by the linear-response representation from the stat8ecause of the symmetry of the process and the integration
description of the ejected electron, i.e., the faqior) and  of the outgoing directions of the ejected electron, the aver-
the initial momentum distribution so as to make some cor-aged values
rections to the standard FBA result Eg) within the same _
framework limited by Eq(5). Kx=0, Ky=Kcos¥, (12

An expression is presented in Sec. Il which allows the use
of the classical trajectory to describe the ejected electronwhere 6 is the angle between the outgoing direction of the
The FBA result for GOS is reproduced by the expression irejected electron and the direction Iéf The averaged value
Sec. lll, which demonstrates the reliability of the expressiorncosg is a function ofK andE, related to the distribution of
and serves as a base to include some corrections in Sec. lyhe outgoing directions of the ejected electron at the bound-
such as the target polarization, by considering the change efry of the reaction zone. From Eq4.0—(12) we have
the initial expectation momentum of the atomic electron and
the PCI effect by evaluating the contributions from the scat- t -
tered and ejected electrons with the help of the new expres- JodtK' p(t)=K-p(0)t+K cosof(t), (13
sion. Conclusions are made in Sec. V. Atomic units are used.

with
II. AN EXPRESSION FOR GOS

— N +
The time limits in Eq.(5) indicate that the Heisenberg FO=y(O)=y(0t. (14

operator of momentum of the atomic electnat) may con- . _ o
tain the information of the polarization process of the target’ the ejected electron is freey(t)=y(0")t. Generally

by the incident electron frorh= — to t=0, and the affec- Y(t)<y(0")t, thereforef(t)<0. With Egs.(13) and (14),

tion of the surrounding field to the ejected electron includingnoting that the only term related to the initial state expecta-
the PCI effect fromt=0 to t=o. Becausep(t=—x—0) tion value isp(0), wehave

describes the state of the bounded atomic electron, and this

time-dependent state cannot be described by classical me- .f‘ _ _ s L
chanics and is also complicated for quantum-mechanics d ex;{l OdtK p(t) (exiK-p(0)t])exdiK cosof(t)].

scription, we just consider hepgt=0), where the polariza- (15)
tion effect can be expressed by the change of the initial
momentum distribution at=0. Now inserting Eq(15) with Eq. (14) into Eq. (9), we obtain

So first, we rewrite Eq(5) for t=0, using an expression for the GOS density of H as
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1.8

2E o -
=mRef dtexp{i[ (K?/2—E)t+K coséf(t)]} 16l
0

of (E,K)
JE

X(exdiK-p(0)t]). (16

To obtain the GOS density from E¢l6), three factors
have to be determined: the momentum distribution of the
atomic electron at=0 to calculate the initial-state expecta-
tion value denoted by); f(t), which is related to the trajec-
tory of the ejected electron from the boundary of the reaction
zone to infinity; anctos#, which describes the averaged out-
going direction of the ejected electron at the boundary of the
reaction zone.

The BEA result given by Eq(7) is approached by Eq.
(16) with an unpolarized initial momentum distribution when
E becomes larger so th#{t) — 0. FIG. 1. GOS densities per unit range of excitation for impact

With the proper determination of these factors, the FBAionization of H(1s) for different energy transfers calculated by Eq.
result Eq.(2) should be reproduced and some corrections td19) with cos#=1 andp,=1 (dashed linesalong with the FBA
FBA such as target polarization and PCI effects can be inones by Eq(2) (full lines). BEA results(dot lineg are plotted to

df/dE (atomic units)

cluded conveniently. show improvement by introducing the factfit).
lIl. REPRODUCTION OF GOS DENSITY OF FBA y(0*)=2E. (22)

For H(1s), the momentum distribution of the atomic The trajectory Eq(20) gives
electron for the projection axisgives

54 y(0Y)=\2E—1(e+1)/(e—1). (23
f 8 pO P, 1
(t(p2))= p2)37-r (p27+ p02)3’ 17 Comparing Eq(22) with Eq. (23), we have
where p, is the expectation value of momentum of the e=4E-1. (24)

atomic electron. The integration results in ) ) )
Inserting Egs(21) and (24) into Eq. (20), the trajectory of

(exdiK-p(0)t])={(cog K-p(0)t]) the ejected electron from HE) as a function of the energy

transfer is obtained as
= (paK>2t2/3+ poKt+1)exp — poKt).

[ 2E
(18 - i
y=2 5E 1smhg,

Inserting Eq.(18) into Eq. (16) gives the expression for

H(1s),
t= ———[(4E—1)sinh¢—¢]. 25
H(EK) 2E (= , _— (2B pyaet(4E~ Dsinhe =] (25
TUE  wKZ), dtcog (K</2—E)t+K coséf(t)]

f(t) is now determined by Eq.14) with the trajectory Eq.
210242 _ (25).
X(POK I3+ poKt-+1)exp = poKt). - (19 To examine the role played bf(t), i.e., the classical
For unpolarized Hpy=1. trajectory given by Eq(25), we first consider the fact@mosé
Corresponding to the description of the state of thein the case of larg&k, when the outgoing direction of the
ejected electron by the Coulomb wave in FB&{) in the ejected electron can be approximated by the directiok,of
expression is determined by the classical trajectory in theée.,
Coulomb field, written a$11]

lim cosf=1. (26)

K—o

Y= 5 e’—1sinh¢, t= Lg/z(esinhg— é),
a (2Ey) Figure 1 shows the GOS densities as a function of the mo-
(20) mentum transfeK for different energy transfefs calculated
by Eg. (19) with py=1 for large K along with the GOS
densities by FBA[EQ. (2)]. The BEA resultEq. (7)] are
also plotted to show the improvement by the expression.
E,—E-%, z=1, (21) Conforming with the largd< approximation, the whole peak
for largeE and the largek side of the peak for smaltt of the
The eccentricitye can be determined by the initial velocity GOS density are well reproduced. The GOS density is better
of the ejected electron at the boundary of the reaction zoneeproduced withcosé=1 for largerE, because the binding

whereZ is the charge of the ion arid, is the energy of the
atomic electron, for H(%),



E=0.6

df/dE (atomic units)

In(K?)

FIG. 2. The reproduction of the FBA GOS densiti&sl lines)
by Eq. (19) with cos# expressed by Eq29) and a=0.12 (dashed
lines).

energy of the atom becomes negligible in the involved col-

lision and the ejected electron, behaving as if it were free
has an outgoing direction which is only determined Ky
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FIG. 3. Polarization effect to GOS densities given by Ec)

with po= 0.9 (dashed linesgives the correction to the FBA results

(full lines).

IV. CORRECTIONS TO FBA

’ A. Target polarization

This fact is reflected in the TDCS as a larger ratio of the The polarization of the target by the incident electron has

binary-to-recoil intensity.
Further, we develop a simple formula foosé to give a

been included implicitly through the use of the Hartree-Fock

wave function of the atomic electrdd2,13 and explicitly

better reproduction of GOS density of FBA which can servebY introducing anad hoc polarization potentia[14]. This

as a base to make corrections to FBA. From Ef) we
have

i 9t (E,K) i
m =1m
K—0 JE K—0

2E Fd K22—E
vl t[ cog —E)t

+siN(Et)K cosof(t)]

2Ecosf [»
_JO dtsinEt)f(t). (27)

lim

koo 7K

WhenK—0, the GOS density of the electron impact ioniza-
tion tends to the density of the optical oscillator strength, i.e.
the photoabsorption cross sectigapart from a universal

constant, which has a limited value. So, according to Eq.

(27), cos6 should have the tendency

lim cosf=g(E)K,
K—0

(28)

whereg(E) is a function only depending oB. This behav-
ior is easy to understand. K—0, the ejected electron car-
rying the momentum/2E will go out with uniform distribu-

effect was also studied by introducing into the Hamiltonian
of the atomic electron a potential from the incident electron
at a fixed distancgl5].

In the expression Eq.16) the polarization effect can be
reflected in the initial-state momentum distribution of the
atomic electron. In the first-order approximation, considering
the total energy of the system, the attractive polarization po-
tential used in the treatments in Ref9,14] should be in
accord with the decreasing of the initial expectation momen-
tum po of the atomic electron in Eq19).

Figure 3 shows the polarization effect to GOS density
with po=1 (FBA) being changed t@,=0.9 calculated by
Eqg. (19). The left side of the Bethe ridge is decreased while
the right side of the Bethe ridge is increased. For srRall
the left side is changed more than the right side. For I&ge
the change is to move the Bethe ridge toward lafge

Because the integration of GOS density olfeis related
to the single-differential cross secti¢g8DCS as[1]

J J

dO’_ 2
dE  EoE

Jf(E,K) dK

JE K EoE

v

f(E,
HEK)

°E (InK?)

(30

tion of the direction as in the case of photoionization. With@nd the higher total cross secti6RCS) for H calculated by
the increasing oK, the averaged direction of the ejected FBA at small and intermediate incident energy is due to

electron will be closer to the direction &f and depends on
the ratio ofK to 2E. With this consideration and Eqg&6)
and(28) we write

cosf= (29

K
K+a\/ﬁ’

wherea is an adjustable parameter chosen to be 0.12.

the higher SDCS at smal, the decreasing of the GOS
density for smallE in Fig. 3 by the inclusion of the target
polarization will improve the FBA calculations.

B. PCI effect

The postcollision interactiofPCl) effect, which is ne-
glected in FBA, for the scattered electron, is the affection
from the ion and the ejected electron system; for the ejected

Figure 2 shows the reproduction of the FBA for GOS electron, it is affection from the scattered one. These affec-

density by Eq(19) with Eq. (29).

tions can give the two outgoing electrons additional accel-
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eration or deceleration, depending on the relative positions adreasing oft andK. In the latter case, the ejected electron

the two electrons with respect to the residual ion or the outwill be accelerated and the scattered one decelerated, which

going direction of the ejected electrd®,7]. Because for makes|f(t)|, E, andK decrease.

GOS density the outgoing direction of the ejected electron with these changes df(t)|, E, andK in Eq. (19), the

has been integrated, the PCI effect contributed either by thgyo electrons will give opposite PCI contributions to the

scattered electron or by the ejected one should be less thafios density. This can also be understood from Fig. 1. The

for the TDCS. . lower | f(t)| makes the GOS density more like the one for a
For smallE, when the collision process has an asym-free_glectron collision, i.e., the BEA one, which is lower on

metrical geometry, the scattered electron is far away from thee |eft side of the Bethe ridge and higher on the right, while

ejected electron, and the ejected electron has an almost uRj;e corresponding loweE and K will move the Bethe ridge

form distribution of the outgoing direction. So, for the scat-fonyard left. In the other case, the contribution of the higher

tered electron the ion field is almost fully screened and fo']f(t)| is also opposite the one of high& and K. So al-

the ejected electron the repulsion potential from the scatteremough for intermediat& the two electrons will give more

electron is weak and averaged out. _ _ contributions to the PCI effect separately, their total contri-
For largeE, the ion potential has less importance in they ion is still small.

collision process, which corresponds to the fact that the fac-
tor f(t) reflecting the contribution from the ejected electron
tends to zero. And from Ed19) most of the collisions will
take place aE=K?/2; any changes of andK which cor- The linear-response representation of the GOS density
respond to the contribution of the scattered electron will nottan reproduce the FBA result by describing the initial state
affect much the GOS density. In fact, when the collision inof the atomic electron with its momentum distribution and
this case is like the one between two free electrons, the PQhe final states of the ejected electron by its classical trajec-
effect loses its meaning. tory. Further, it makes it convenient to include some correc-
For intermediatds, the ejected electron no longer screenstions to the FBA. The target polarization expressed by the
out the ion potential and feels the repulsion potential fromdecreasing of the initial expectation momentum of the
the scattered one. We consider the relative contributionatomic electron decreases the GOS density for siahd
from the two electrons by Eq19). The contribution from moves the Bethe ridge toward highrfor larger E. This
the ejected electron can be included in the fadi@) with effect can improve the FBA calculation for SDCS and TCS.
the correction to the classical trajectory in the Coulomb field.The PCI effect should not be remarkable for GOS because
The contribution from the scattered electron can be includethe contributions from the scattered and ejected electron are
in the changes of and K as in Refs.[6,7]. The relative not only small due to the integration of the outgoing direc-
positions of the two electrons can be classified into twotion of the ejected electron but also are opposite, as given by
kinds: The averaged position of the ejected electron and ththe expression.
position of the scattered one are on the same side or a dif- With the other advantages of the linear-response represen-
ferent side with respect to the ion. In the former case, theation of the GOS density such as the avoiding of the calcu-
ejected electron will be decelerated by the scattered electrdation of the nondiagonal matrix element between the initial
in the outgoing direction and the scattered electron will beand continuum state in Eq1) and the direct relation to the
accelerated by the ion and the ejected electron system in itgeneralized complex dielectric constant of the medium, this
outgoing direction. This can be described by the decreasingxpression can be extended to calculate the more compli-
of y(t), and therefore the increasing fff(t)| and the in- cated targets.

V. CONCLUSIONS
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