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Effective homogeneity of the exchange-correlation energy functional

David J. Tozer
Department of Chemistry, University of Cambridge, Cambridge CB2 1EW, United Kingdom

~Received 7 April 1998!

Following Zhao, Morrison, and Parr@Q. Zhao, R. C. Morrison, and R. G. Parr. Phys. Rev. A50, 2138
~1994!#, we examine the effective homogeneity of the exact exchange-correlation energy functional for a set of
open-shell atoms. By explicitly considering the influence of the integer discontinuity in the exact exchange-
correlation potential, our results suggest that on the limiting electron deficient and electron abundant sides of
the integer, the exact functional is poorly represented by any functional that is approximately homogeneous in
the electron density. In contrast, a functional whose potential averages over the exact discontinuity must be
approximately homogeneous of degree 4/3 in the density, and this is particularly so for the heavier atoms. This
observation supports the view that continuum functionals, dominated by local density exchange, must exhibit
such an average behavior. The asymptotic breakdown of this average behavior in conventional continuum
functionals has important consequences for the computation of long-range properties.
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I. INTRODUCTION

It is now possible to compute routinely~within an addi-
tive constant! accurate exchange-correlation potentials for
oms and small molecules from high qualityab initio electron
densities@1–3#. These potentials provide an important i
sight into Kohn-Sham density functional theory~DFT! @4,5#,
and the aim of this study is use them to investigate homo
neity properties of the exact exchange-correlation ene
functional. Following an earlier study by Zhaoet al. @1#, we
use an ‘‘effective homogeneity parameter’’ to quantify o
results, and place particular emphasis on how this quanti
influenced by the integer discontinuity in the exa
exchange-correlation potential. In Sec. II we discuss this
continuity and write down simple expressions for the ex
potential in open-shell systems. In Sec. III we use appro
mations to these potentials to examine the effective homo
neity of the exact functional for first- and second-row atom
and in Sec. IV we relate our observations to the behavior
performance of popular exchange-correlation function
Conclusions are presented in Sec. V.

II. EXCHANGE-CORRELATION POTENTIALS

Perdewet al. @6# have demonstrated that a plot of th
exact energy of a system, as a function of the numbe
electrons, consists of a series of straight line segments
necting adjacent integers. By definition, the slopes of
segments on the electron deficient and electron abun
sides of the integerN are equal to2I and2A, respectively,
whereI andA are the ionization potential and electron affi
ity of the N-electron system. Within the Kohn-Sham forma
ism, these derivative discontinuities manifest themselves
integer discontinuities in the exact exchange-correlat
potential—i.e., the exact potential must jump discontin
ously as the number of electrons increases through an int
@6#. Exchange-correlation potentials computed from elect
densities, such as the ‘‘ZMP potentials’’vZMP(r ) of Zhao
et al. @1#, vanish asymptotically by construction. In the lim
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of an exact density, the ZMP potential may therefore
identified as the electron deficient limit of the exa
exchange-correlation potential@7#. For open-shell system
within a restricted formalism~i.e., eN5eN11!, the disconti-
nuity in the potential equals the discontinuity in the slope
the energy, and so the electron abundant limit of the ex
potential is shifted at all points in space from the electro
deficient limit by (I 2A) @6,7#. ~The situation is more com
plicated for closed-shell systems due to an additional kin
contribution to the shift, arising from the occupation of
new Kohn-Sham orbital.! For open-shell systems, the exa
limiting exchange-correlation potentials may therefore
conveniently expressed in terms of the exact ZMP potent

vxc~r !uN2d5vZMP~r !, ~1!

vxc~r !uN1d5vZMP~r !1~ I 2A!. ~2!

III. EFFECTIVE HOMOGENEITY FOR OPEN-SHELL
ATOMS

A functional A@r# is homogeneous of degreek in the
electron density if, for all densitiesr(r ), it satisfies

kA@r#5E dA@r#

dr~r !
r~r !dr . ~3!

Based on this definition, Zhaoet al. @1# have defined an ‘‘ef-
fective homogeneity parameter’’ for the exact exchan
correlation functional

keff5
1

Exc@r#
E vxc~r !r~r !dr . ~4!

The degree to which this quantity is system independent
measure of the degree to which the exact functional is
mogeneous in the density. Zhaoet al. evaluated effective
homogeneities for He, Be, Ne, and Ar, using accurate de
ties and exchange-correlation energies, together with the
3524 ©1998 The American Physical Society
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sumptionvxc(r )5vZMP(r ). From Eq.~1!, their calculations
were therefore implicitly on the electron-deficient side of t
integer. We generalize their analysis to examine the effec
homogeneity on both the electron-deficient and electr
abundant sides of the integer. Substituting Eqs.~1! and ~2!
into Eq. ~4! we obtain the open-shell result

keff
N2d5

1

Exc@r#
E vZMP~r !r~r !dr , ~5!

keff
N1d5

1

Exc@r#
E vZMP~r !r~r !dr1

N~ I 2A!

Exc@r#
. ~6!

For a given system, these values indicate the effective ho
geneity that the exact functional must exhibit if accurate
ergies and densities are to be obtained in association with
potentials in Eqs.~1! and ~2!. Approximations to the inte-
grals and exchange-correlation energies on the right-h
side of Eqs.~5! and ~6! have been computed by Morriso
and Zhao@8#, using CI densities, for the first- and secon
row open-shell atoms. They do not present results for th
atom, although since the ZMP potential for this atom is
negative of the Hartree potential, andExc@r# is the negative
of the Hartree energy, we trivially obtainkeff

N2d52.0. Values
of (I 2A) for all the atoms are presented in Ref.@9#. We
have computed values ofkeff

N6d using these data, and prese
the results in Fig. 1.

It is clear that bothkeff
N2d andkeff

N1d are highly system de
pendent. This indicates that for these atoms, the exact f
tional cannot be well represented on the limiting electro
deficient or electron-abundant sides of the integer by
functional that is approximately homogeneous in the dens
Zhaoet al. made an equivalent observation in their electro
deficient study of the closed-shell atoms He, Be, Ne, and
@1#. We observe that the value ofkeff

N2d for the Si atom ap-
pears anomalous. While the value ofkeff

N2d increases approxi
mately linearly fromB→C→N, the analogous behavior fo
Al→Si→P is very different. We also note that Si is one

FIG. 1. The effective homogeneitieskeff
N6d @Eqs.~5! and~6!# and

keff
average @Eq. ~7!# for the first- and second-row open-shell atom

computed using the data in@8# and @9#.
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the two atoms for which Parr and Ghosh@10# have presented
different exchange-correlation energies to Morrison a
Zhao.

In Fig. 1 we also present values of the quantity

keff
average5 1

2 @keff
N1d1keff

N2d#, ~7!

which represents the effective homogeneity of a functio
that gives the exact energy, and a potential for integerN that
averagesover the exact discontinuity, i.e.,

vxc~r !uaverage5
1
2 @vxc~r !uN2d1vxc~r !uN1d# ~8!

or

vxc~r !uaverage5vZMP~r !1
~ I 2A!

2
. ~9!

The dotted line in Fig. 1 corresponds tokeff54/3. For the
atoms H to F, the values ofkeff

averageare reasonably close t
4/3, particularly for the heavier atoms. For the second-r
atoms, the values for Na, Al, P, S, and Cl are strikingly clo
to 4/3. We also observe that if the value ofkeff

N2d for Si is
lowered such that there is an approximately linear incre
from Al to P—as is the case for the first row—then the val
of keff

averageis also very close to 4/3. Further investigation
required to resolve this discrepancy with Si. However, e
cluding this atom, the results of Fig. 1 indicate that for the
open-shell atoms, a functional whose potential averages
the exact discontinuity must be approximately homogene
of degree 4/3 if it is to yield accurate energies. This is
particularly good approximation for the heavier atoms.

IV. RELATION TO CONTINUUM FUNCTIONALS

Conventional local or GGA-type functionals such as LD
@11#, BLYP @12#, and PW91@13# are continuum functionals
Their potentials do not exhibit integer discontinuities, and
has previously been argued that such functionals sho
therefore give potentials that average over the discontin
in the exact potential@14–16#. ~The situation is more com
plicated for functionals involving a fraction of exact orbit
exchange@17#.! The results of the previous section suppo
this requirement of an average behavior. Continuum fu
tionals are dominated by exchange, whose major contr
tion is the local density termCx*r4/3(r )dr . This is exactly
homogeneous of degree 4/3 in the density, and so contin
functionals are also approximately homogeneous of deg
4/3. Figure 1 shows that for the open-shell atoms, any fu
tional that is approximately homogeneous of degree 4/3
only yield accurate energetics and densities if its poten
approximately averages over the discontinuity.

Our previous studies@7,18,19# on both closed- and open
shell systems also support the requirement of such ave
behavior. In the general case, the potential that averages
the discontinuity~in a restricted formalism! may be written
as @7#

vxc~r !uaverage5vZMP~r !1vxc
` , vxc

` <
~ I 2A!

2
, ~10!
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where the equality holds for open-shell systems, thereby
ing Eq. ~9!. We have written down flexible continuum func
tional forms and have varied the parameters such that
energies and densities are computed accurately for a ch
set of atoms and molecules. The resulting functionals y
potentials that are consistent with Eq.~10! @7#. Such studies
also allow us to compute effective homogeneities for clos
shell systems, since we use the required restricted forma
for these systems. Our calculations imply that accurate c
tinuum exchange-correlation potentials for the closed-s
atoms He, Be, Ne, and Mg are given by Eq.~10! with vxc

`

58.5, 5.4, 7.5, and 1.8 eV, respectively. The correspond
effective homogeneities computed using the potentials
energies of Morrison and Zhao are 1.31, 1.31, 1.33, and 1
respectively. As for the open-shell atoms in Fig. 1, this
much less system dependent than the corresponding elec
deficient effective homogeneities of 1.89, 1.60, 1.55, a
1.39 ~the first three of which are equivalent to the valu
obtained by Zhaoet al. @1#!.

In summary, the results of Fig. 1, together with our p
vious studies, support the requirement that a quality c
tinuum functional must yield a potential that averages o
the discontinuity in the exact potential, i.e., it must give
potential of the form~10!. How well do conventional con-
tinuum functionals such as LDA, BLYP, and PW91 satis
this requirement? In energetically important regions~i.e.,
core/valence! such continuum potentials do closely resem
Eq. ~10! @20#. Specific examples have been presen
@7,18,21#, although this feature is most evident from th
highest occupied Kohn-Sham eigenvalues. The highest o
pied orbital~HOMO! is relatively localized, and so its eigen
value is primarily determined by the potential in energe
cally important regions@7#. If the continuum potential
resembledvZMP(r ) in these regions then the HOMO eige
value would be near2I @1#. However, continuum HOMO
eigenvalues are much higher than2I , being near2(I
1A)/2 for open-shell systems@14#. This discrepancy indi-
cates that the continuum potential is shifted fromvZMP(r ) in
energetically important regions~by approximately 2(I
1A)/22(2I )5(I 2A)/2 for open shells! and so closely re-
sembles Eq.~10!.

Next consider asymptotic regions. In these regions
potential in Eq.~10! behaves like21/r 1vxc

` . The potentials
of conventional continuum functionals donot behave in this
manner. They vanish asymptotically. This breakdown in
average behavior represents a fundamental deficiency in
ventional functionals, which is related to the fact that su
functionals are determined with an emphasis on accurate
ergies, for which there is little contribution from asymptot
regions. Because the potentials of conventional continu
functionals are reasonably accurate in energetically imp
tant regions, but significantly in error in asymptotic region
the depth of the potential well—i.e., the difference betwe
the bottom of the well and the vacuum level—is too low
the quantityvxc

` , which is typically about 5 eV. Unlike the
occupied eigenvalues, the virtual eigenvalues are there
very poor, with few~if any! being bound. Long-range prop
v-
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erties that rely on accurate differences between occupied
virtual eigenvalues, such as polarizabilities@22# and Rydberg
excitation energies@23,24#, are correspondingly very poor.

Resolving this error in continuum functionals requir
modification of the long-range exchange-correlation pot
tial such that it continues to represent the appropriate ave
behavior~10!. Such a change will leave the effective hom
geneity relatively unchanged due to the small contribution
Eq. ~4! from asymptotic regions. Our procedure@7# for de-
veloping new functionals is designed to achieve this go
although obtaining the precise21/r 1vxc

` behavior is very
difficult. However, if it can be achieved, continuum functio
als should yield improved virtual Kohn-Sham eigenvalu
with an associated improvement in long-range propert
Such functionals will continue to yield highest occupied
genvalues close to2(I 1A)/2 for open-shell systems, al
though the vacuum level, together with most of the bou
virtual eigenvalues, will lie at positive energies.

This strategy for improving continuum functionals diffe
from the frequently stated viewpoint that highest occup
continuum eigenvalues must be made closer to2I . Such an
approach would require a continuum potential to mimic t
ZMP potential, which in turn would require the effectiv
homogeneity of the continuum functional to approachkeff

N2d .
From Fig. 1, together with the corresponding closed-sh
discussion, such a continuum functional could no longer
dominated byCx*r4/3(r )dr , and we have previously pre
sented results demonstrating the dramatic failure of c
tinuum functionals within this framework@25#.

V. CONCLUSIONS

In this paper we have used approximate ZMP potenti
from the calculations of Morrison and Zhao@8#, to examine
the effective homogeneity of the exact exchange-correla
energy functional for open-shell atoms. Particular empha
has been placed on the influence of the integer discontin
in the exact potential. No simple homogeneity is observed
the limiting electron deficient or electron abundant sides
the integer. In contrast, the results indicate that any fu
tional whose potential averages over the discontinuity m
be approximately homogeneous of degree 4/3 in the den
Conversely, any functional that is approximately homog
neous of degree 4/3 must yield a potential that approxima
averages over the exact discontinuity, in line with previo
arguments regarding the behavior of continuum function
@14–16#. We have then gone on to relate the asympto
breakdown of this feature to known deficiencies in the lon
range properties of conventional continuum functionals, a
have outlined the improvements that are necessary to o
come these deficiencies. Such improvements offer the po
bility of improved long-range properties from Kohn-Sha
theory, and we are investigating this area@26#.
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