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Relativistic free-electron dynamics and light-emission spectra in the simultaneous presence
of a superintense laser field and a strong uniform magnetic field
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We present exact analytic trajectories for a relativistic electron in the presence of an elliptically polarized
superintense laser fieldnd a strong uniform magnetic field. Also derived are expressions for the velocity
components of the electron and for its energy as functions of the phase of the laser field as a parameter. The
analytic trajectory solutions are illustrated by numerical calculations employing laser-field parameters and
magnetic-field strengths currently available for laboratory experiments. The trajectory solutions are useful for
(among other thingsthe study of the related problem of emission of radiation in the combined laser and
magnetic fields. An exact expression for the cross section of light scattered by an electron initially moving
along the laser propagation direction and in a magnetic field is given. It is found that, for observation along the
common direction of laser propagation and the magnetic field, light at two frequeseies, and Q) is
scattered, wher€)y= vyo(1+ Bg) w., w, IS the cyclotron frequency of the electron motion in the magnetic
field, By is the initial speed of the electron normalized by the speed of Iigfﬁt,(l—ﬂg)’ Y2 andw is the
laser frequency. Using the analytic solutions, we also study numerically the spectrum of radiation emitted
along observation directions parallel to the electric and parallel to the magnetic components of the laser field.
In each case, we present and discuss the dependence of the spe@iréhenincrease of the electron initial
velocity, (b) the intensity and the frequency of the laser, awyl the strength of the magnetic field.
[S1050-294{©8)09409-9

PACS numbgs): 42.65.Ky, 52.40.Nk, 42.50.Vk, 52.75.Di

[. INTRODUCTION fered from their counterparts for an initially bound hydro-
genic electron subjected to a strong magnetic field and a
In a series of papersl—4] we have recently studied the superintense laser field. This is because, for field intensities
problem of generation of radiation by the scattering of supergreater than 1 a.u.,~3.51x 10'® W/cn?, the force of the
intense laser light from fast free electrons. We have studiethser becomes stronger than the binding force of the nucleus,
analytically the electron dynamics as well as the light emis-and hence the resulting dynamics tends to resemble that of a
sion cross sections corresponding to linearly and circularlyfree electron[10] in superintense fields. In a more recent
polarized incident light. In the present paper we investigatgraper, Connerade and Keifdll] have investigated the same
similar physical situations, but with the added feature of gproblem for an initially bound electron, but in the added
strong uniform magnetic field parallel to the laser propagapresence of a strong uniform magnetic field, again employ-
tion direction. This problem is important for the understand-ing Monte Carlo simulations. In their paper the authors also
ing of laser-plasma interactions and the related problems ahake a remark to the effect that pulsed magnetic fields of
high-energy electron emissi¢b—7], as well as for the inter- strength up to 75 Tand laser-field intensities in excess of
pretation and understanding of current laser-assisted fusiot0*® W/cn?, needed for such experimentsave been real-
experimentg8]. ized in their laboratory. Magnetic fields of such strength
The problem of harmonic generatidor, more generally, were realized by Foner and Kolfi2] a long time ago.
emission of radiationdue to the interaction of an atomic  The main purpose of this paper is to derive and present
electron with a superintense laser field has been the subjeekact analytic solutions for the fully relativistic electron tra-
of recent theoretical investigations, via Monte Carlo classicajectories in the presence of a superintense plane-wave laser
simulations, by Keitel and KnigH9]. They studied numeri- field and a strong uniform magnetic field and to illustrate
cally the trajectories and harmonic spectra of an electrotheir usefulness by considering the generation of radiation.
initially bound in a ground-state hydrogen atom, within vari- The scattered radiation cross sections are also obtained ana-
ous approximations that they described in their paper. Arytically for the case of observation along the laser direction
interesting finding of their simulations is that the results ob-of propagation. The use of the trajectories derived here is
tained in the case of afinitially) free electron hardly dif- further illustrated by calculatingby quadrature of the rel-
evant formulas the emission spectra to be observed along
the transverse directions. The trajectories in the laser and
*Corresponding address: Physics Department, Birzeit Universitytnagnetic fields are found to differ significantly from those
P.O. Box 14, Birzeit, West Bank, via Israel. obtained in the absence of a magnetic field. Thus, for ex-
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ample, it is found that for a field strengBy~30 T, currently  study of the motion of ghydrogen atomic electron after
available[11,12, the electron follows a helical trajectory ionization in the field of an intense laser pulse, using a clas-
(with its axis along the direction of the magnetic fielsith sical model for the binding potential. More recently, Con-
superimposedlittle wiggles on it. The presence of the nerade and Keitel11l] presented the results of a numerical
wiggles on the trajectory is expected to lead, in general, taalculation of the trajectory of the same system, in the added
rich structures in the emission spectra, although for specifipresence of a strong magnetic field pointing along the direc-
geometries it may give a simple spectrum. An example of dion of laser-field propagation, within the context of their
simple emission spectrum is obtained in the case in whiclstudy of high harmonic generation. It has been concluded
the initial electron motion is parallel to the magnetic-field from these studies that, in very intense laser fields, the dy-
direction and the scattered light is also along that direction. [hamics of the ionized electron differs in no significant way
is found that the emission occurs at two frequencies, namelfrom that of an initially free electron. In this section we
at the fundamental frequenay=wy and atw= (), where derive analytic trajectories forfeeeelectron in a plane-wave
wg is the frequency of the laser arfdl, (to be defined ex- laser fieldand a strong magnetic field.

plicitly below) depends on the magnetic-field strength. Such

a line has been found by a Monte Carlo simulafitf]. We A. Preliminaries

note that, in the absence Bf,, one gets only the fundamen- i ) )
b g y We wish to study the motion of, and the scattering of

tal frequencyw=wq in the forward direction. As further = S
illustrations of the use of the analytic solutions derived heref@diation from, a relativistic electron, of massand charge

we also study the emission spectra for observation directions & N the simultaneous presence of an intense plane-wave

along the electric- and magnetic-field components of the lal2Ser field and a strong uniform magnetic field. The energy-

ser field. These spectra are evaluated by quadrature of fBomentum four-vector of the electron will be denotedpy
cross-section formula using the experessions of the trajectg= (€/¢,p), where

ries. The dependence of the spectra on the initial electron _ _

kinetic energy, on the laser intensity and frequency, and on £=yme’, p=ymeh. @

the strength of the uniform magnetic field is obtained andIn Eq. (1), B is the electron velocity normalized hy, the

discussed. . _ o\ — 12 X
. . speed of light, andy=(1— ) . The electric and mag-
Below we also consider the so-called ponderomotive SCaetic fields will be derived from a vector potentialvia the

tering in the presence of a magnetic field. Specifically, ex-

pressions for the dependence, on the field parameters, of tﬁ:-guanons

scattering angle of the electrahrelative to the laser direc- 1 A

tion of propagation and an appropriate azimuth anfjlare E=-_ = B=VXA. 2)
c

derived. It is shown thaty depends only on the laser-field

parametergnot on the magnetic fieJdwhereas the azimuth

& depends on the magnetic field as well, as might be exJ he dynamics of the electron will be studied on the basis of

pected[3]. the energy-momentum transfer equations

The rest of the paper is organized as follows. In Sec. Il q
parametric equations, employing the phase of the laser field ap _ —e(E+ BXB) 3)
as a parameter, for the relativistic trajectory of an electron in dt

the presence of both the laser and the magnetic fields are

derived. In Sec. Il explicit expressions for the velocity com- and

ponents of the electron, its energy, and the ponderomotive

scattering angles are given for the special case in which the dé

electron initially moves along the direction of propagation of dt ecp-E. )

a linearly polarized laser field. In the same section we show

graphically the electron trajectories, velocity components,

and energy for two cases of laser-field polarization. In Sec. B. General

IV a general expression for the light-emission cross section |n this subsection we develop the electron dynamics re-
will be given, which will also be the starting point for deri- sylting from interaction with a superintense plane-wave laser
vations involving special cases in the Appendixes. Emissioflield and a strong uniform magnetic field aligned in the di-

spectra calculated numerically on the basis of the generakction of propagation of the laser field. The vector potential
expression will be presented and discussed for a number @f the present situation is given by

cases in this section too. The corresponding expression for

the case of circular polarization of the laser will also be f - o By~ -

given. We conclude by giving a brief discussion of the re- A=Acliscosy+jy1=osing]— —-(iy=jx). (5
sults obtained, in Sec. V.

The first term in Eq(5) represents a plane-wave, elliptically
polarized laser field of peak field strenglf, frequencyw,,
and wave vectok pointing in the positive coordinate di-

The relativistic motion of an electron in the presence ofrection. The second term represents a magnetic field of con-
plane wave and pulsed laser fields is well understoodgtant magnitud@®, and direction also along. Furthermore,
[1,2,13. About ten years ago Kyraldl4] gave a numerical the phase of the fielg stands for the invariant combination

Il. ELECTRON DYNAMICS
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wot—k-r andé gives the degree of ellipticitgwith 5=1 for g
linear ands= 1/y/2 for circular polarizations YBx= YoBxo+ a8(C0Sy—COSno) — = (Y~ Yo)- (14)
Using Eq.(5) in Egs.(3) and(4), we get the equations of
motion Similarly,
d(yBx) . vBv= YoBvo+ g1 — 82(sing—singy,)
G = Gwo(1-Bsim—wBy.  (6) e ’
+ %(x—xo). (15)
d( %By

V1—8%wo(1— B,)cosp+ , 7
4 wo(1=Bz)cosy+ wepy @) Using Egs.(14) and(15) in Eq. (12) results in the following

coupled differential equations for andy, respectively,

d
(zj’f’z) quo[ V1— 62 Bycosn— 6B4siny], (8) dx c 5 :
—_—=— COSp— COS
dn  woyo(1—Bz) q5(cosy 7o
dy
= V1— 6%B,cosp— 8Bysing], 9 w
dt qu[ By Ji ﬁx 77] ( ) _ ?C(y_yo)_'_ ’)’oﬁxo , (16)
where w.;=eBy/mc is the cyclotron frequency of the elec- dy
tron motion in the magnetic fielB, andg=eA,/mc? is the —[ [1— 82(siny—siny,)
dimensionless intensity parameter of the laser figje- dn  woyo(1— ) a 7>
corresponds to a laser intensity bf10'® Wicn?). Note ©
that the right-hand sides of Eq®) and(9) are identical, so + —=(X—X0) + YoByo |- (17)
if we equate the left-hand sides and carry out the single in- c

tegration, we arrive at the useful relation When Eq.(17) is multiplied byi and the result is added to

A — _ Eq. (16), a simple first order differential equation for the

1 = y,(1 10

Y(1=82)= (1~ B) (10 quantityp=x+iy results. The solution of this equation may
best be achieved by an integrating factor. The idea is to cast

where the subscript 0 signifies an initial value tatO, for e
pthe equation into the form

the quantity in question. Another useful relation may be o
tained from differentiating the phasg once with respect to

: d
time T +P(p=R(x), 19
n
dn . .
Gt =wo(1l—B,). (11)  whose solution may be written as
7
A third relation, which will prove to be important for the P:e_'(”)U R(??')e'(”)dn”rc], (19

calculation of the electron trajectories below, can be obtained
by considering the derivative of a typical Cartesian coordi-wherel(7)=["P(5')ds’ andC is a complex constant to
nate with respect to the phageaided by Eqs(10) and(11).  pe determined from the initial conditions. The real and
With Q standing forx,y, or z, we have imaginary parts ofp finally give expressions fok(7) and
, respectively. After some lengthy algebra, we get
dQ_dodt ©  vBq y(7), resp y gthy alg g

d’Y] dt d’/] (J)O ’}/0(1_ﬁ20)' (12) X(7])— qC 5+r\ 1-6 s|m7+ C
B 1- —r2 1-
The following (fourth) relation may also be derived as indi- @oYo(1~Fzo) Lor @oYol1=Bzo)
cated below with relative ease,
S yoﬂyo+ ®Xo+ 1 — 8%sing,
YA (Bt By) — Y5 Brot Byo) =270(1— Bo) (y— 70)-( ) X -
13

The steps leading to E¢13) are as follows. First Eq6) is +acodr ) —bsin(rz), (20

multiplied through byyg, and the resulting equation is then

added to Eq(7) times yB,. The result is then rearranged y(n)=— gc ré++Ji—62 cosy
and use is made of Eg&l0) and(9). Finally, a single inte- woYo(1l—By) 1—r2
gration yields Eq(13). )
We are now in a position to calculate the exact electron
trajectories. Using Eq11) in the first term on the right hand c Yoﬁxo+ yo g 6c0sTo
side of Eq.(6) and writing 3,=dy/cdt in the second results + ©0oYo(1— B | r

in a simple differential equation. A single integration then
yields +asin(r ) +bcogr 7). (21
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In Egs.(20) and (21), a andb are the real and imaginary results to a specialized situation corresponding to a specific
parts, respectively, of the consta@tandr stands for the set of initial conditions on the electron position and velocity

frequency ratio vectors and work through it in detail.
0./ w:lwg
F=tlw0=y 1= By 22 III. INITIAL MOTION PARALLEL
TO THE PROPAGATION DIRECTION
0o may be thought of as eeduced cyclotron frequendgr OF A LINEARLY POLARIZED FIELD
the relativistic electron motion in the magnetic field. An al- . o . .
ternative way of arriving at Eq€20) and (21) would be to This section is devoted to a detailed study of the dynamics

decouple Eqs(16) and (17) by differentiating one of them qf an _eIecFron initially moving parallel to the laser propaga-

once more with respect tg and then using the other one to tion direction at the speed,o=cB,. We take the zero of

get a second-order ordinary differential equation whose soiime at the instant the electron passes the origin of coordi-

lution may then be found using standard techniques. nates. Thus the initial position of the _elec_tron_ corresponds to
Our equations, derived so far in most generality, constiXo=Yo=2o=0 and the initial velocity is given byB,o

tute a set of basic working expressions from which a full = Byo=0 andg,o=B,. This choice of initial conditions im-

account of the electron motion, in the intense plane-wavélies 7o=0 andy,=(1—85)~ 2 Let us specialize further

laser field and strong magnetic field, may be made. The exo the case of a linearly polarized laser field witk 1. This

pressions foryB, and yB, are again given by Eq$14) and situation has been studied recently in the absence of the ap-

(15), respectively, wherg andy are now given by(#) and  plied strong magnetic field. So we shall have the chance to

y(#7) as shown in Eqs(20) and (21), respectively. An ana- Compare our equations and other results for the electron tra-

lytic expression for the Lorentz factar, and hence the elec- jectory with those of Refd.2,3,15 in the limit of r —0.

tron energyymc?, may also be found by substituting the

expressions found foyB, and yB, in Eq. (13). The expres-

sion for y, thus obtained, may then be used in Ef0) in

order to obtainB,(#). Finally, whenyg, is used in Eq(12) Using the above-mentioned initial conditions in E¢(0)

for Q=z and after the integration ovej has been carried and (21) fixes the values of the constardsandb. In this

out, one obtaing( 7). With z( %) known, the set of paramet- case,a=0 and b=(qc/wg)yo(1+ Bo)/r(1—r?). This re-

ric equations giving the particle trajectory in terms of thesult, together with algebraic manipulations along the lines

parametery is complete. We now elect to apply the above sketched at the end of Sec. Il, lead to the trajectory equations

A. Equations

A rsiny—sin(r
X(7)= 5= A%o(1+ o) JTT)") , (23
A —r2cosp+cogry)+ri—1
Y(W)ZEQYO(]-‘F,BO){ f(1-1?) 1, (24)
N [14B Bo  G® 3+r? a®sin2y7)  g?| (1+r)%sin(1—r) 5]+ (1—r)3sin(1+r) 7]
27 2\ TR || T80 T @ 122 B 1y 2 (1-12)3 !
(25

where\ is the laser field wavelength. In the absence of the applied strong magnetB fightbse equations exactly reproduce
the results of Hartemanet al. [15]. To show this, one simply takes the limit as~0 in Egs. (23)—(25), employing
I'Hospital’s rule in Egs.(23) and (24).

Next, we use the same initial conditions, together with E28.—(25), in Eqs.(14) and(15) in order to find expressions for
¥Bx andyB, . Furthermore, an expression fppg, follows from Eq.(10). Thus the components of the electron velocity vector
B(7) are found to be

g |cosp—cogrn)
_ g |rsinp—sin(r )
B 1o @0
_ Y 1, [cosp—cogr 7)]*+[rsiny—sin(r 7)]?

where the Lorentz factor, or the electron energy scaled by the rest emergys
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[cosp—cogr 5)]?+[rsing—sin(r )]?
(1-r?)?

1
y(n)= 70| 1+ 59%(1+ Bo) ] : (29)

Again, Eqgs.(26)—(29) reproduce the known results in the entirely confined to thez plane. We have recently obtained
absence of the applied magnetic fietd€0) [15]. Note also  the same expression as well, using a different apprach
that, viewed as a function of the phagethe scaled energy
oscillates between a minimum value of,,~v, and a
maximum value ofyma=voll+209%(1+ Bo)}, as the elec- B. Numerical analysis
tron interacts with the applied laser field.

We would like to make the remark, at this point, that
simpler expressions corresponding to E@R)—(29) may be

Some of the analytical results obtained so far will now be
shown in graphical form. We will show the actual trajectory

arrived at very easily for the case of a circularly polarizedOf the e_Iec_tron in the presence of a s_trong Iasc_er field and a
laser field. The results will be shown only in graphical form magnetic field of strength currently being used in laboratory
in Sec. Il B experimentd9,11]. The electron energy and velocity com-

We close this subsection by deriving expressions for thd0nents will also be shown as functions of the number of
ponderomotive scattering angles of the electron in terms ofycles#/2 of the laser field. Let us first make the reminder
its escape kinetic energy and other parameters relevant to th@at the laser-field propagation direction is thexis. The
initial conditions of interest. The angke, measured relative added uniform magnetic fiel, also points in that direction.
to thez axis, is given by Hence the electric field component of the laser field will be

alongx and the magnetic field component will point along
Note as well that the case of an electron initially at rest at
V(B (By) the origin may be studied using the same equations arrived at
B in this section, with3, set equal to zero everywhere. Such an
electron will be accelerated from rest by the electric compo-

0(7) :tanl[

2 v nent of the laser field and will start moving in the negatwe
1+ 1 direction following turn-on of the laser. However, from that
p— 71 O ’yo H Le ” H
=tan Y= vo(1=Bo) (300  moment on the electron will start to “feel” the bending ef-
0 0

fects of the magnetic component of the laser field &gd
The former will tend to bend the electron trajectory around
The easiest way to arrive at E(BO) is by using Eqs(13)  they axis while the latteiB, will tend to make the electron
and (10) after the initial conditions have been inserted infollow a helix around the axis. The net result is the helical
both. Equation(30) is identical to the expression reported trajectory shown in Fig. (B).

recently by Hartemanat al.[15] without the added,, field. The general shape of the actual electron trajectory in the
In terms of the escape kinetic enerfy=(y—1)mc® where  case of initial motion at a speax3, along thez axis is the
v is given in Eq.(29), the scattering angle is given by same. Due to the initial forward momentum, however, the
electron, in this case, will describe a much longer helix over
V2(1- Bo)(K—=Kg) yomZ the same number of field cycles as in Figa)l The result for
6(K)=tan * , (31D y,=10 (By=~0.995) and a set of field parameters similar to
Bo+(K—Ko)/ yom¢® those of Fig. 1a) is shown in Fig. 1b). Note that the trajec-

tory shown in Fig. 1a) has been calculated for electron mo-
where Ko=(yo—1)mc is the initial kinetic energy with tion over 1000 laser field cycles, while that of FigblLhas
which the electron is injected into the field. An equation with b€en calculated over 100 such cycles only. As can be seen,
the same functional dependence Knas Eq.(31) has also the trajectory in Fig. () is not a perfect helix; there are

Bo. To a large forward velocity corresponds a large laser force

The added magnetic fieBl, will alter the azimuthal angle Magnetic component, comparable in magnitude to the elec-
&, measured in the present situation relative tosthaxis.  f'c component.

The expression fot is Extension of the electron trajectory in the transverse di-
rections k andy) is determined principally by the magni-
B tude of the added magnetic fieR},, while longitudinal ex-
o=tan ! ﬁ—y) tension(alongz) depends mostly on the size of the electron
X

initial speedB,. The size of the wiggles, present in Figbl
] ] but absent from Fig. (&), seems to be controlled b, as
) nl( rsing—sin(r 77)] (32) well. Those wiggles are a manifestation of the bending effect
cosyp—cogryg) |’ due to the magnetic field component of the laser field. In
order to better understand the electron motion, we have plot-
Note that in the absence of the added magnetic field, ted the projection onto they plane of the trajectory shown
Eqg. (32) yields ¢=0. In this case, the electron motion is in Fig. 4(b). In Fig. 1(c) this projection is shown over 100
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FIG. 1. Electron trajectory in the presence of a linearly polariz&d 1) superintense laser field propagating alongztla&is, in addition
to a strong uniform magnetic field of strendg®ig=30 T, directed along as well. The field parameters are intensity 3 and wavelength
A=1 um. (a) The electron is initially at resty=1 or 8,=0. (b) The electron initially moves parallel to the laser propagation direction such
that yo= 10 or, equivalently3,~0.995.(c) Projection onto the plane perpendicular to the laser propagation direction of the trajectory shown
in (b). (d) A repeat of(c) over 500 laser field cycles. The trajectory(@ is plotted over 1000 field cycles and ib) and(c) over 100 cycles.

field cycles, while Fig. dd) shows the same projection, albeit of parameters used in Fig. 1 and over 20 laser field cycles.
over 500 cycles. Notice that, in Fig. 4a), the scaled energy oscillatés fact,

In Fig. 2 trajectories are shown for an electron movingit exhibits a beat structuyebetween a maximum value of
under conditions identical to those of Fig. 1, but in a circu-roughly 370 and a minimum value of 10, as has been re-
larly polarized laser field. Figure(@ corresponds to Fig. marked in the discussion following E(29) above. In a cir-
1(a) and so on. The two sets of trajectories corresponding teularly polarized field, on the other hand, the electron energy
the two cases of field polarization share common features, igscillates at the frequency (r) w, (corresponding equation
general. _ _ _ _nhot given in the textbetweeny, and about 210. A compari-

The presence of the wiggles in the electron trajectory ingon of the maxima in Figs.(d) and 4b) reveals that the

Figs. 1(b) and 2b) is also evidence for oscillations in the glectron exchanges more energy with the linearly polarized
velocity of the electron. In Fig. 3 components of the scaledie|d than it does with the circularly polarized field of the
electron velocity are shown over 20 field cycles and for fieldsame intensity.

parameters the same as those of Figs. 1 and 2. Note that the
corresponding velocity components in the two polarization

cases oscillate roughly between the same minima and IV. RADIATION SPECTRA
maxima. In the case corresponding to a circularly polarized
laser field, 3, and B, [Figs. 3d) and 3e), respectively ex- The trajectory calculations made in Secs. Il and Ill, inter-

hibit beat structures, wheregs, [Fig. 3(f)] oscillates be- esting as they are in their own right, are essential for the
tween B, and a maximum value close to unity almost regu-study of radiation emitted by the accelerated electron. The
larly. starting point for calculating the angular and frequency dis-

In Fig. 4 we show the scaled electron enenggs a func-  tributions of the radiation is the radiant energy emitted per
tion of the number of laser field cycleg2s for the same set unit solid angled() and per unit frequency intervaio [16]
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FIG. 2. Same as Fig. 1, but for a circularly polarized laser field.
d2E(0,Q) e? ’ Tnx[n—B)]x B1)] to produce the harmonic generation spectra to be reported
de' =— f 5 below, we takel =50 field cycles. In order to make E3J)
@ A4rmclJo  [1-n-B(1)] easy to program, a change of integration variable has been
) made fromt to #, in which case it is straightforward to show
% ol t— n-r(t) dt that the interval of integration changes from TP, to
explo c (0,1007).
For our purposes in this work, the harmonic generation
e? ‘ nXnx B(t) spectrum will be given by thdoubly differential cross sec-
=— ) tion, obtained by dividing the radiant energy, emitted per
4 c‘ 1-n-B(1) unit solid angle per unit frequency and averaged oveby
T the incident energy fluxgqe,)?/8mcr3, ro being the classi-
Ye p{ ( _ n'r(t)>H cal electron radius. Thus
Xp lw| t
0
d%0(w,Q) 1 8mcrd d?E(w,Q) 34
T ==
iw j [nxnx B(1)] d0do T (equg)? dQdw
0
n-r(t) 2 The doubly differential cross section will be calculated on
Xex;){iw(t— )]dt (33)  the basis of Eqs(33) and (34) and will be plotted below
c against the scattered frequency, with the latter expressed in
units of the laser frequency,. Atomic units, withe=m
E is used here to denote the radiated energys a unit =1, will be used.

vector in the direction of propagation of the emitted radiation Figures 5—7 give the spectra calculated numerically from
(direction of observation and T is the time interval over Egs.(33) and(34), corresponding to three different observa-
which the incident field is nonzero. In the calculations usedion directions. Each set consists of five different plots, with
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© ) FIG. 4. Scaled electron energy vg2x of the electron whose
098 T 2 16 200 4 & 12 18 20 trajectories are given in Figs. 1 and 2, shown here over 20 field
n2n n/2n cycles.(a) Linearly polarized laser field an@) circularly polarized
laser field.

FIG. 3. Components of the scaled velocity vector of the electron

whose trajectories are given in Figs. 1 and 2, shown here against the Unfortunately. th neral situation corr nding to an
number of laser field cycles)/27 over 20 such cycles@—(c) ortunately, the general situation correspo gloa

Linearly polarized laser field an@)—(f) circularly polarized laser arb'f[rary observatlon_ dlrectlo_n does not I_end itself to
field. straightforward analytical scrutiny. In Appendix B we show

that working analytically with Eq(33) would involve many
infinite sums over the product of as many ordinary Bessel

each plot corresponding to a specific set of values for théunctions. The a”?"ySiS given in _Apper_1dix B is based on an
parametersv,, , 7o, and Bo. The parameter values are approximate version of Eq.33), in which T—~ and the
collected in Table |. surface terms, the integrated part of £83), are dropped.

For example, the spectrum that would be observed annﬁLle .prefer to continue to W°.r'< with the exact equ.ation nu-
the laser propagation direction is shown in Fig. 5. Note thatmerically. However, Appendix B does serve an important
in agreement with the analytical discussion given in AppenPurPose: It shows clearly that one should expect an infinite
dix A, the spectrum in this case consists of only two peaks.n!me_er of peaks in the spectra correspond!ng to observatlon
The main(Thomson peak is located ab = wy in Figs. 5a)— directions other than the forward one. This is also confirmed
5(e), while the other(henceforth to be referred to abe by the numerical investigations whose results are displayed

magnetic peakbecause it would be absent in the absence Ographically in Figs. 6 and 7.

the added uniform magnetic fieB)) moves from a position For a set c_’f parameters correspo_ndmg, one fo one, to the
close to zero in Fig. @) to nearlyw=5w, in Fig. 5d). In set used in Fig. 5, we show harmonic generation spectra that

all cases, however, the position of the magnetic peak is deV-VOUId be observed along the electtléig. 6 and magnetic

- : - Fig. 7 components of the laser field. In producing pdmt
termined by the value of thetio r [cf Eq. (22)] which, in ( : . .
turn is proportional to bottB, and y,. [In Fig. 5d), v, in each set, the aim has been to investigate the effect, on the

— 1000, while in Fig. 8b), y,=100. Moreover, note that in spectrum, of changing the laser frequency fram 0.05 to

Fig. 5b), the magnetic peak is vanishingly small by com-0-2 a:'?.dws only no_tlcteh an Iagproxmr:t(tzly_ tEge—_order-of—
parison to the Thomson peak; it has also a vanishingly sma[['agnitude decrease in the reialive peak neighis s in-
frequency for the chosen set of paramefelrs.general, the creased by one ordgr of.magnltude. We note, in th|§ regard,
height of the magnetic peak increases with increasing eleé—h.at.no regular basis exists for;mak—to—.pealcompanson.

tron initial kinetic energy, through a dependence upgp Similar arguments hold at_>out changes_ln the general shapes
however, it seems to be insensitive, in Fig. 5 at least, toOf the spectra as one varies the magnitudes of the other pa-

changes in the laser-field intensity qr These two conclu- rameters in a similar fashion.

: : ; ; In Figs. 88 and 8b) we present magnified portions of
sions may be arrived at by studying thpproximateequa- L : )
tion (A10) and by comparing, e.g., Fig(® with Fig. 5(c). the spectra shown in Figs(# and 7a), respectively, in the

Nevertheless, it is difficult to draw similar conclusions on the TABLE I. Parameter values used in Figs. 5-7.
basis of a similar analysis of thexactequation(33) or by
comparing Figs. @ and fa) with Figs. §c) and fc), re-  Figure wg (a.u) q Yo By (T)
spectively.
For a general observation direction, the spectrum is quitéa) 0.05 01 100 30
rich. According to Eq.(B10), the number of peaks to be ®) 0.50 01 100 30
0.05 1.0 100 30

expected is infinite. Note that the two peaks shown in Fig. 50

correspond to I{,M)=(1,0) (Thomson and (0,1) (mag- (@ 0.05 01 1000 30
netic)_p m ) ( )( r) ( )( g (e) 0.05 0.1 100 40
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FIG. 5. Spectrum of the emitted radiation, in the presence of a laser field and a magnetic field, shown here in terms of the doubly
differential scattering cross section, for observation along the laser propagation diréection.(The numerical integrations were carried out
over 50 field cycles and the parameter set is given in Table I.

frequency region approximately between 4§ and 18v. We close this section by noting that more and more pro-
They show the presence of finite linewidths and substruchounced peaks that correspond to higher and higher frequen-
tures. Figures 7 and 8 strongly suggest that the emissioties keep showing up in all the spectra. We have limited our
spectra, observed in the direction of the electric- or the maginvestigations to a maximum harmonic order of 20, due to
netic field components of the laser, have the nature of #he fact that the calculation is very demanding in time. Pro-
chaotic radiation spectrum. duction of harmonics of order beyond 20 may in principle be
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done by employing computing power better than what is

currently available to us. Moreover, resolution of adjacent

FIG. 6. Same as Fig. 5, but for observation along the magnetic component of the laseé field=(7/2).

V. SUMMARY

We have derived relativistic trajectory equations for a

peaks, in all of the spectra, except for the one observed in thgqie electron in the presence of the combined effects of

tion with regard to the tunability of any device that may strength of the magnetic field, the intensity of the laser, or
employ the underlying principle to generate high-frequencythe initial direction of motion of the electron. We have
shown that in a superintense laser field and a strong magnetic

radiation.
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FIG. 7. Same as Fig. 5, but for observation along the electric component of the lase®fietdd,¢=0).

field, the electron trajectory is @ugh helix (with superim-  ated. Numerical work, employing our trajectory equations,
posed wigglesaround the common direction of the laser andhas also been carried out to study the generation of harmon-
magnetic fields. ics along other emission directions. The results have been
Harmonic generation in the related problem has also beeshown in terms of the doubly differential scattering cross
analytically investigated in a special case of electron initialsection for radiation observed along the electric and mag-
motion parallel to the common directions of magnetic-fieldnetic components of the laser field. In general, they show
and laser propagation. In this restricted case, we have showaomplex spectra with no regular pattern of positions and
that radiation at a frequency depending upon the magnetiaelative heights.
field intensity, the laser frequency, and the electron initial It is interesting to note that the present emission spectra
speed, in addition to the familiar Thomson result, is generdiffer from those found in Ref.11], probably because of the
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= 1.0e+07 [T T T T T T T T T dZE (ew)Z f 2
2 : [nx(nxﬂ)]exp{m(t——)]dt
s 8.0e+06 @) dQde 472
g I
G i 1 (ew)2
K, L ]
B 60e+06 . a2 UKP= K3, (A1)
o I ]
o L _
% 4.0e+06 : ] where
% 20e+06 [ . (t)
g [ ] f Btexpiw . dt. (A2)
o 0.0e+00 | Methulladibosnlivedlillisldoddbdhild
g 80e+06 —— 17— 17— Implied in the derivation of Eq(Al) is the fact that only
2 I ] positive frequenciess>0 ought to be taken into account
S , (b) ] [16]. Let us confine our attention in the following analysis, to
% 6.0e+06 - 1 the relatively simple situation in which the point of observa-
b= tion lies on thez axis, i.e.,n=k; the analysis of more situa-
o B ] tions, involving other points of observation, will follow. In
o 4.0e+06 ) )
= i ] this case, Eq9Al) and (A2) take on a simple form and the
2 I ] integrations in Eq(A2) may easily be carried out analyti-
'_g 2.0e+06 - 7  cally. Equation(Al) becomes
[e] L ]
° ' ‘ I LTI A3
0.00+00 | sbullbdibBLatlll ML bbb ASbis d0de ~ 220 UKdTHIKIT, (A3)
8.60 8.61 862 863 864 865
Generated frequency o [units of o] where Q=x ory)
FIG. 8. Magnified portions of the spectra shown in Fig&) 6 1= dQ (wlo
and 7a). Ke=3) . dy® 07d 7. (A4)

In writing down Eg. (A4) from Eq. (A2), the integration
very different form of the pulses employddie use plane- variable has been changed frano 7. Using Eqs.(23) and
wave fields with a sudden switch on/off, in contradistinction(24) in Eq. (A4) and after some algebra, we obtain
to a smooth pulse used in the above refergrnidée hope to

study the dependence of the emission spectra on the pulse vo(1+ Bo)
shape, as well as on the pulse duration, in greater detail in x— Wq 1_r2 {8(0—wg)—8(w—Two)}, (AS)
the future.
IRt ,30)
ACKNOWLEDGMENT Ky—”Tq 1, {ré(w=wo) = (w—rwy)}.
Y. I. S. acknowledges, with thanks, partial financial sup- (AB)

port for this work from the Alexander von Humboldt Stif-

tung Putting Eqs(A5) and(A6) back into Eq(A3), we obtain the

expression for the energy per unit solid angle per unit fre-
quency observed along the forward direction,
APPENDIX A: EMISSION SPECTRUM IN THE FORWARD

DIRECTION d’E  (eqw) [70(1 Bo)
dQde  4c | 1-y2 l{(lﬂz)[&(w wo)?

In this appendix and the next, we employ an approximate
version of Eq.(33), obtained by lettingl— and replacing +2[S(w—rwp) 3. (A7)
the lower limit by — in order to make some analytic pre-
dictions about the number of Compton harmonics of the laseThus the powelP observed along the forward direction per
frequency that may be observed along a certain direction. Wenit solid angle per unit frequency may now be fousd
present details of the analysis of the case of observation
along the forward direction first. In Appendix B the case of d?P (eq)z[ Yo(1 ,80

observation along an arbitrary direction will be briefly con- dQde _ 8mcC L 1_ {(1+ r?)w?s(w—wo)
sidered.
Although the laser turn-on time may be brief, if we let +2w?S(w—rwp)}. (A8)

T—o, Eq. (33) simplifies a great deal. First of all, the sur-

face terms may be safely dropped and the resulting expregquation(A8) says that radiation at the frequencieg and
sion for the energy radiated per unit solid angle and per unitwg only will be observed in the forward direction. This
frequency will then become agrees quite well with ouexactnumerical results displayed
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in Fig. 5. ExpressiorfA8) may also be used to calculate the C

power observed per unit solid angle, by carrying out the Z( ﬂ)zw—{A27I+A35ir\(277)

integration overw, with the result 0
—Agsin(1-r)7]—Assin(1+1) 7]},

(dP) _(eqw0)2/1+ﬁ0 1+3r? (A9)
li

do/, — 8mc |1-Bo/(1-r2)? where

Finally, when Eq.(A9) is divided by the incident flux q
(equ)Z/(chrS), wherer is the classical electron radius, Al:r(l—rz) Yo(1+ Bo),
the formula for the scattering cross section of the radiation

observed in the forward direction is obtained,
Bo g% 3+r? 1+p,

L) (LIS RN NTREE
r3\dQ ) V1= 8o/ (1-r2)2
. . . q°/8 1+ B
The following expression, corresponding to the case of a Az= TN
circularly polarized laser field, may easily be obtained along 1-r21=po
the same lines:
g (1+r)? 1+,
i(d_a _[1+ 5o 1+r2 (AL T2 12 1By
I‘g dQ cir l_'BO (1_")2.
. . o 9° (1-1)% 1+ B,
Note that, in both cases of laser field polarization, for an A5=§7 -5,
electron initially at restB3,=0 and in the absence of the (1-r%) Bo

addedB, field r=0, the physical situation corresponds to
Thomson scattering. Under these conditions, E4&0) and
(A11) yield do/dQ=r§, as expected. We have also shown c
recently[1] that for nonzero initial velocityB,#0 and no Ky=—TrA(1;—1,),
magnetic fieldB,=0, @o

Thus, for example,

1do 1+ where
TR N (A12)
radQ  1-po > o wo
1= cosnexp i— n+ ?(z—n-r) dn,
Cw 0
Equations(A10) and (All) have precisely this limit when
the magnetic-field intensity is set equal to zéoo, equiva- 1 (= w
lently, whenr—0). = EJ dn[ex;{i 1+ w—[1+(1—n3)A2]) 77}
Cw 0
APPENDIX B: EMISSION SPECTRUM ALONG o
A GENERAL OBSERVATION DIRECTION +ex+ -1+ —[1+(1— n3)A2]) 7;“
wo

In this appendix we partially carry out the time integration
in Eq. (A2) for a general observation direction. Let us take W )
the observation direction along the unit vectan XEXF{ I w_[_ao_alsm77
=(nq,Nn,,Nn3) = (sinfdcosp,sindsing,cod). As a starting 0
point, we rewrite Eq(A2) in the form

K_fx dr L w
= _maex Iw_()

+a,Sinr 7+ asCcosy— a,cos -+ assin2y

w
7;+?O(z—n-r) Jd”' (B —agsin(1—r)n—azsin(1+r) 7]

Next, we rewrite the parametric equations giving the electrofyhere ap=ny(r>=1)A;, a;=nirA;, a,=n;A;,
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(B4)

(B5)

(B6)

(B7)

as

trajectory, Eqs(23)-(25), in the more compact form, for con-  —py r2A; " a,=n,A;, as=(1—n3)As, ag=(1—ny)A,,
venience, anda;=(1—n3)As. |, involves cosy instead of cog; oth-
erwise it is structurally the same as Next, we express the
X(7) = wiAl[rsinn—sin(r 71, (B2) second equality of EqB7) as a product of Bessel function
0

series according to the generating function

y(r;)=wi{Al[—rzcosn+cos(r77)+r2—1]}, (B3) gasni= > (a)e’
0 n=—ow

(B8)
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The result will be a sevenfold sum involving the product of seven Bessel functions. The exponential terms in both lines of Eq.
(B7), on the other hand, combine with the help of the well-known Bessel function recurrence relations into a single term
containing the fully dependence, which then integrates immediately giving rise&éuaction. A similar result fol , may be
obtained along similar lines. Finall{$, becomes

(.00 rA k
=2mC I(w/wo ao
I a)al U)az (,()a3 (l)a4 (!)a5 (x)as (1)37 P N+rM B9
a.2 K (O] ! (O] m (O] n (O] p (O] j (O] s wqo @ 1+(1_n3)A2 @o ( )

whereN=k+m+j+s—2p andM=s—(l+n+]) are integers such th&t+rM >0. The same5 function may, in principle,
be obtained when expressions similar to E&&p) are found forK, andK,. Hence the scattered radiation will have a frequency
given by

N+rM
Bo +q2 3+r2 (148,
1-Bo 4 (1-r2)21-5

With N andM assuming positive and negative integer values, the condition expressed (B1Bgmay obviously be met by
an infinite number of combinations. This manifests itself very clearly in the presence of an enormous number of peaks in the
spectra shown in Figs. 6 and 7.

oMM = w0y, N+rM>0. (B10)

1+(1—cos€)[
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