
07

PHYSICAL REVIEW A OCTOBER 1998VOLUME 58, NUMBER 4
Degenerate phase-conjugate four-wave mixing in a nearly-Doppler-free two-level atomic medium
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We present experimental observations of phase-conjugate degenerate four-wave mixing in a two-level
atomic system~the 3s 2S1/2, F52, mF52→3p 2P3/2, F53, mF53 transition in a diffuse, collision-free,
thermal beam of atomic sodium! driven by cw, narrow-band (;250 kHz), stabilized pump and probe fields.
The primary measurements that we report are of the peak signal strength of the four-wave-mixing interaction
and the bandwidth of the four-wave-mixing spectrum~as the laser frequency is tuned through the resonant
frequency! as a function of the intensity of the pump field. We compare these measurements with the predic-
tions of a theoretical analysis in which extension to include the effect of the small transverse velocity
(;3 m/sec) of the atomic beam is critical. These measurements provide a direct verification of the theory of
this important nonlinear interaction.@S1050-2947~98!06010-7#

PACS number~s!: 42.50.Gy, 32.80.2t, 42.65.Hw
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I. INTRODUCTION

Phase-conjugate four-wave mixing~FWM! has been stud
ied in scores of atomic, molecular, and condensed phase
dia, and has found useful application in a variety of rela
fields. Perhaps the most intriguing application of the gene
process of phase conjugation is related to its ability to
verse the wave fronts of an incident beam, providing
basis for an exotic mirror@1#. Such a phase-conjugate mirro
can be used to remove wave-front distortions of a beam,
improving the quality of an image or decreasing the mi
mum spot size of a focused beam. A phase-conjugate m
can also be used in an optical resonator by replacing a
ventional mirror, thereby making the cavity less sensitive
distortions caused by imperfect optical elements within
cavity @2#. Its potential for determining spatial convolution
and image correlations has been explored@3,4#, as has its
application as a narrow-band optical filter@5#. The spectral
width of the FWM spectrum is Doppler free, allowing fo
high-resolution spectroscopic determinations@6–8#. Due to
its high sensitivity, it has been exploited for detection
dilute species@9–12# and determination of temperature fro
rotational and vibrational spectra of molecules@13#. Self-
pumped oscillators based on FWM have also been explo
@14–18#. Slusheret al. @19# used nondegenerate FWM in
cavity to generate squeezed states of radiation.

With all this activity centered around phase-conjug
four-wave mixing, it is surprising that there has been
measurement of this important interaction taken under c
ditions that closely match those of the fundamental theory
Abrams and Lind@20,21#. Ideally, these conditions would
include ~1! a nonlinear medium that is well described as
closed, two-level system,~2! a medium in which inhomoge
neous broadening effects~e.g., Doppler broadening! are neg-
ligible, ~3! a collision-free environment, and~4! excitation of
PRA 581050-2947/98/58~4!/3089~10!/$15.00
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the medium by a laser field that is cw and narrow band.
this paper we report our observations of phase-conjug
four-wave mixing in an experimental configuration in whic
conditions~1!, ~3!, and~4! are realized, and condition~2! is
approximately satisfied. We measure the peak signal stre
of this field, as well as the bandwidth of the interaction, a
observe good quantitative agreement with the theory for
interaction, providing we include the effect of the Doppl
shift due to the transverse velocity component of our atom
beam geometry. Our initial interest in this interaction deriv
from related studies@22# we have carried out on the role o
the coherence of the laser on this coherent interaction
order to understand measurements of these laser cohe
effects, we have worked to minimize the complexity of t
system as much as possible.

A schematic representation of the geometry of the pha
conjugate degenerate four-wave mixing experiment is sho
in Fig. 1. Forward and backward pump beams propag
exactly antiparallel to one another, and a weak probe fiel
incident in a direction making a small angleu with respect to
the forward pump beam. These input fields are all at
same frequency,vL . The interaction with the nonlinear me
dium produces a fourth field, also at the frequencyvL ,
which propagates back on the incident probe beam. T
field is called the phase conjugate field since it can be sho
that its wave fronts are exactly reversed from those of

FIG. 1. Schematic representation of the four optical bea
present in phase-conjugate four-wave mixing.
3089 © 1998 The American Physical Society
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probe field. In terms of complex field amplitudes, this
equivalent to saying that the field generated through the n
linear interaction is proportional to the complex conjugate
the field amplitude of the probe beam.

In 1978, Abrams and Lind@20# presented a theoretica
description of phase-conjugate four-wave mixing in an
semble of two-level atoms, but only for the stationary ato
case. Their density matrix formulation was valid for arbitra
intensity of the forward and backward pump beams,I f and
I b , respectively. We consider only the case in which
lower state of the two-level system is the ground state of
atom and there is no population of the upper state before
pump and probe beams are turned on, conditions which
satisfied in our experiment. We also limit our discussion
the case of a weakly absorbing medium of atomic densitN
and lengthL, for which the expression Abrams and Lin
found for the phase-conjugate reflectivity,R5I c /I p (I c and
I p are the intensities of the phase-conjugate and pr
beams, respectively!, of the medium reduces toubLu2, where

b5a0

1

i 2D/g12

2~ I f I b!1/2/I sat

$@11~ I f1I b!/I sat#
224I f I b /I sat

2 %3/2
,

~1!

anda0 is the weak-field absorption coefficient,

a05
vLN

2nc

um12u2

\e0g12
. ~2!

I sat is the saturation intensity of the transition,

I sat5
1

2
e0c

\2g12G0

um12u2
@11~D/g12!

2#5I sat
0 @11~D/g12!

2#,

~3!

g12 is the transverse relaxation rate,G0 is the population
decay rate,m12 is the transition dipole moment,D is the
detuning of the laser frequency from the resonant freque
of the transition, andI sat

0 is the saturation intensity atD50.
For the case where the forward and backward pump inte
ties are equal,I f5I b , we can use the frequency dependen
of I sat as given in Eq.~3! to show

ubLu25S 2a0L
I f

I sat
0 D 2H g12

2

D21g12
2 ~114I f /I sat

0 !
J 3

. ~4!

At low intensities,I f!I sat, the FWM interaction is second
order in the pump field, resulting in a reflectivity that in
creases asI f

2 . At high intensities,I f@I sat, the reflectivity
decreases asI f

21 , as saturation of the atomic response lim
the contributing dipoles to those near the nodes of
standing-wave pattern of the optical electric field. With t
pump intensity greater thanI sat, the volume of unsaturate
atoms surrounding the nodes decreases in size, allow
fewer atoms to radiate into the phase-conjugate field.
Refs. @20,21#, the maximum FWM signal occurs atI f
5I sat/2, at which intensity one can show that the pha
conjugate reflectivity isR5(a0L)2/27. Using Eqs.~3! and
n-
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~1!, one can also show that the width of this four-wave m
ing response as the laser frequency is tuned through r
nance frequency is given by

Dv FWM52g12
A~A3 221!~114I f /I sat

0 !. ~5!

The importance of the transverse velocity of the atoms
molecules has long been recognized@6,9,21,23–29#. The
atomic motion effectively tunes the frequency of the inp
beams and the FWM beam out of resonance with the ato
transition. Thus the forward pump and probe are red shif
if kW f•vW .0, ~wherekW f is the propagation vector of the for
ward pump beam,vW is the atomic velocity, and the crossin
angle between the forward pump and probe,u, is small!
while the backward pump and phase conjugate beams
blueshifted. Resonance enhancement of this highly nonlin
interaction is essential if the atoms are to contribute to
FWM signal, but we can see that the Doppler shift preclud
this enhancement for any atoms withukW f•vW u.G0 for any
laser frequency. With only the zero-transverse-velocity
oms taking part, the linewidth of the FWM spectrum is lim
ited to a value close to the homogeneous linewidth~includ-
ing, for example, the natural linewidth, collisiona
broadening, and power broadening! of the transition. By this
qualitative argument, we can understand that the freque
width of the FWM response of a Doppler-broadened vapo
much smaller than the Doppler width of the transition.
quantitative analysis of the effect of the atomic motion
the FWM interaction, however, is a difficult problem. W
find it necessary to include atomic motion in the analysis
our measurements, even though our medium is an ato
beam with only a small transverse velocity component.

The outline of the paper is as follows. We will discuss o
measurements in detail in the next section, and follow wit
discussion of the experimental results. We develop a theo
ical explanation of these results in Sec. IV, and give a su
mary of our conclusions in Sec. V.

II. EXPERIMENT

In this section, we discuss our experiment in detail. O
primary objectives in setting up the experimental configu
tion were to establish and maintain a closed, collision-fr
two-level atomic system with minimal Doppler broadenin
to use narrow-band, stabilized pump and probe beams, an
assure uniform intensity of the pump beam in the interact
region. We chose atomic sodium in a beam geometry as
nonlinear medium for this work. As an alkali metal, the spe
troscopy of sodium is relatively simple and well charact
ized. It has a conveniently high vapor pressure, making
relatively easy to generate an atomic beam. While its nuc
spin leads to a complex hyperfine structure@30#, this is easily
overcome using standard optical pumping techniques@31#,
allowing us to produce a true closed, two-level atomic s
tem. We tune the circularly polarized laser field to t
3s 2S1/2, F52→3p 2P3/2, F53 transition frequency. The
3s 2S1/2, F52, mF52 state and the 3p 2P3/2, F53, mF
53 state constitute a closed two-level system in that
right-circularly polarized light can couple these states only
each other, and the upper state can decay spontaneously



is

gl
a

m
ho
h

d
th

e
th
t

e
-

th
nc
on
se
fre
lly
id
u

e
r
y

d
e
l

d

ted

ts:
eam.
on,
gle
ate
we
cy
he

o

rier
-
,

e
lar

re-
ith
f
s

ver
m
omic
lti-
e

the
sig-
fre-
on
e
pa-

uld

ely

e
to
be

o-

are
ting

ncy
r

m

one

i
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to the lower. The saturation intensity for this transition
I sat

0 56.33 mW cm22.
The sodium atomic beam is generated using a sin

chamber, stainless steel effusive oven, typically run
300 °C. The opening in the oven through which the ato
escape has a diameter of 2 mm. A second aperture, w
diameter is also 2 mm, is placed 40 cm from the oven. T
beam size in the interaction region~10 cm beyond the secon
aperture! is defined by these two apertures. We calculate
average velocity of the atoms to be 9.13104 cm/sec, with a
transverse velocity distribution whose width~full width at
half maximum, FWHM! is 300 cm/sec. The density of th
atomic beam in the interaction region, as determined by
temperature of the oven, the size of the oven nozzle, and
distance to the interaction region@32#, is 2.73108 cm23. At
the operating temperature of our oven, the vapor pressur
diatomic sodium@33# is about 1% that of monatomic so
dium. The background pressure in the interaction region
531026 torr.

A schematic diagram of the experiment, emphasizing
optical and electronic implementation of the laser freque
control, is shown in Fig. 2. An argon ion laser operating
all lines pumps a cw, frequency-stabilized, tunable dye la
The dye laser produces 230 mW at 589.0 nm, and its
quency is stabilized by locking to an external hermetica
sealed reference cavity. When locked, the laser has a res
linewidth of 200–300 kHz and power fluctuations of abo
2–3% of the average output power. The laser is capabl
maintaining single-mode operation while being tuned ove
frequency range of tens of GHz, and will typically sta
locked to the reference cavity for 0.5–2.0 h.

A few mW of the main beam is split off to facilitate
monitoring and adjustment of the laser. The laser mo
structure is monitored using a scanning confocal Fabry-P´rot
optical spectrum analyzer~SFP! with a 2-GHz free spectra
range. We tune the laser to within 10 GHz of theD2 transi-
tion in atomic sodium using a home-made wavemeter, an

FIG. 2. Schematic diagram of the experiment. Abbreviations
this diagram are used for the scanning Fabry-Pe´rot interferometer
~SFP!, the acousto-optic modulator~AO!, the electro-optic modula-
tor ~EO!, a roof prism~RP!, optical fibers~OF!, photomultipliers
~PMT!, a personal computer~PC!, polarizers~pol!, and quarter-
wave retarders (l/4).
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within 1.5 GHz by observing the fluorescence in a hea
glass sodium vapor cell.

Next, the main laser beam is split into three componen
the preparation beam, the pump beam, and the probe b
The pump and probe beams drive the FWM interacti
while the preparation beam transfers the atoms into a sin
hyperfine component of the ground state, helps to collim
the atomic beam, and provides an error signal with which
control the detuning of the pump and probe field frequen
with respect to the resonant frequency of the sodium. T
preparation beam is phase modulated in a LiTaO3 electro-
optic crystal ~EO!. The modulation signal consists of tw
frequency components, nm1;400 MHz, and nm2
51.712 GHz. This produces sidebands on the optical car
~at the optical frequency,n0) at the two modulation frequen
cies, nm1 and nm2 , as well as at mixing frequencies
6mnm16 lnm2 , wherem andl are any positive integers. W
convert the polarization of the preparation beam to circu
using a quarter-wave Fresnel rhomb (l/4). The preparation
beam crosses the atomic beam at right angles, and is
flected back on itself after exiting the vacuum chamber. W
the laser beam diameter of;0.5 cm and a peak intensity o
150 mW cm22525I sat

0 in the pumping sideband, the atom
undergo the cycling transition;150 times in the time they
travel through the preparation beam.

The laser frequency is stabilized using the Pound-Dre
scheme@34,35#, as follows. We collect the fluorescence fro
the intersection between the preparation beam and the at
beam with a 1-in focal length lens onto a 1P28 photomu
plier ~PMT!. We impose a dither frequency of 1.4 kHz on th
nm1 sideband, and detect the amplitude modulation of
PMT signal at the dither frequency to generate an error
nal, which, when integrated, we use to correct the laser
quencyn0 . Locking with this scheme assures the conditi
n215n01nm1 , wheren21 is the resonance frequency of th
sodium transition. The second-order sideband of the pre
ration beam at the frequencyn01nm11nm2 is resonant with
the 3s 2S1/2, F51→3p 2P3/2, F52 transition, and has the
task of recovering ground-state atoms that otherwise wo
be trapped in theF51 hyperfine level. This it does quite
effectively, as we see that the FWM signal is approximat
doubled when this sideband is turned on.

Finally, we are able to improve the collimation of th
atomic beam by tuning the preparation beam a few MHz
the red side of the transition frequency. We believe this to
evidence of a transverse cooling mechanism@36,37#. The
width of the absorption spectrum of the sodium beam~natu-
ral linewidth;10 MHz) when the preparation beam is res
nant with the transition is;16 MHz, but when tuned to the
red side of the transition it is;13 MHz, and when tuned to
the blue side of the transition,;30 MHz.

The beam from which the pump and probe beams
derived is separated from the preparation beam by diffrac
the former twice~in a double pass configuration! in a 200-
MHz acousto-optic modulator~AO!. By virtue of this
double-diffraction scheme, the pump and probe freque
will always benL5n01400 MHz. Since we lock the lase
frequency to the transition frequency,n21, such thatn21
5n01nm1 , the detuning of the pump and probe beams fro
resonance is also controlled,D/2p[nL2n215400 MHz
2nm1 . The pump and probe beams are separated from

n



m

tic
in
re
m

th
in
in
pa

t
o
e

b
he
ob
e

te
t

h

e
in
i
e

te
m
n

e
th

th
um
on

d
W
a

e
m
in

u
t
-
th
ze
o

th
s

be-
be
the
izer.
ans-

the
ser

a-
am.

sets
’s
ut
ld.
n at

t

the
the

to
-
c-
-

t-

e a

ea-
ab-
rum
at
z.
city

we
ium

ev-

nlin-
n of
the
ut
po-
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another in a variable beam splitter, with;40 mW power in
the probe beam and 15 mW in the pump beam. The pu
power is varied using a neutral density filter wheel~ND!. We
focus the pump and probe beams into single-mode op
fibers to clean up the transverse mode structure and to m
mize any displacement of the beams in the interaction
gion. We actively stabilize the power of the probe bea
using an acousto-optic modulator~not shown in Fig. 2! as a
variable attenuator, driven by an error signal produced wi
photodiode-amplifier-integrator network. Each beam is l
early polarized in separate polarizing cubes, and directed
the vacuum chamber. Before entering the vacuum, they
through a common quarter-wave retarder~a zero-order bire-
fringent wave plate!, which circularly polarizes the inpu
pump and probe beams. We mechanically chop the pr
beam at a frequency of;160 Hz to allow phase-sensitiv
detection of the FWM signal.

In the interaction region, we cross the pump and pro
fields with the atomic beam at right angles to minimize t
Doppler-broadening effects. The pump beam and pr
beam are collimated and nearly parallel to one anoth
crossing at an angle ofu;10 mrad. We minimize this angle
as much as possible, with the constraint that the beams m
be spatially separated at the windows of the vacuum sys
so that scattered light from the pump beam does not mask
signal beam. The beam radius~defined as the radius at whic
the intensity drops toe22 of its on-axis intensity! of the
pump beam~1.42 mm! is 4 times larger than that of th
probe beam~0.34 mm!, assuring that as the beams cross
the interaction region, the intensity of the pump beam
uniform to within 15% where the probe intersects it. W
measure the pump power by comparison with a callibra
~1%! photodetector. It is also important that the beam dia
eters be large enough to limit transit time effects. A
average-velocity atom takes 1.5msec to travel through the
pump beam, and 0.37msec to travel through the prob
beam. Both these times are significantly greater than
transverse relaxation time of sodium,T2532 nsec, and so
exert no significant influence on the FWM spectrum.

The backward pump beam is produced by reflecting
forward pump beam back on itself after it leaves the vacu
chamber. The transmission of each of the antireflecti
coated windows on the vacuum system is;0.985, so that
I b50.97I f , justifying our approximation that the forwar
and backward pump beams are of nearly equal intensity.
estimate that the angle between the forward and backw
pump beams is equal top (180 °) to within 0.1 mrad. This
alignment is important so that the phase-conjugate wav
phase matched with the nonlinear polarization of the ato
medium. Quantitatively, one can show that phase match
is acheived whenuDkW uL!1, where DkW5kW f1kWb2kW p2kW c ,
andL is the length of the medium. For the geometry of o
experiment, the alignment angle of the pump beams mus
much less thanl/(2pLu)52 mrad. We test the polariza
tion of the pump beam by observing the transmission of
backward pump beam by the linear pump-beam polari
Misalignment of the quarter-wave plate or birefringence
the optical windows of the vacuum chamber would alter
polarization of the pump beams, and would be detected a
increase~from the ideal value of zero! in the transmission by
p
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the pump-beam polarizer. We test the quality of the pro
beam polarization in a similar fashion, reflecting the pro
beam back on itself and observing the transmission of
backward-reflected probe beam by the probe-beam polar
For both the pump and probe beams, we observe the tr
mission by the polarizers to be insignificant.

We measure the weak-field absorption spectrum of
sodium beam in order to monitor the alignment of the la
beams, the alignment of the magnetic dipoles, the collim
tion of the atomic beam, and the density of the atomic be
The atomic beam crosses the preparation beam;2 cm be-
fore the atoms reach the interaction region. Using three
of orthogonal magnetic field coils, we cancel the Earth
magnetic field to within 10 mG, and impose a field of abo
0.5 G along the direction of propagation of the pump fie
The absorption spectrum shows no detectable absorptio
the frequency of the 3s 2S1/2, F52→3p 2P3/2, F52
transition frequency, 60 MHz lower than the 3s 2S1/2, F
52→3p 2P3/2, F53 transition frequency, verifying tha
the sodium is effectively pumped into theF52, mF52
component of the ground state, and that the alignment of
magnetic dipoles is maintained as the atoms travel to
interaction region.

The width of the absorption spectrum is typically 12.5
14.5 MHz, only slightly larger than the 10-MHz natural line
width of the transition. We determine the width of the velo
ity distribution, g(v), of the atomic beam by fitting the ab
sorption spectrum to a Voight profile,

DI ~v!

I
}E L~v122kW•vW ,G!g~v !dv, ~6!

where,L(v122kW•vW ,G) represents a Doppler-shifted Loren
zian line-shape function of widthG, andg(v) is the prob-
ability distribution of the transverse velocities. We assum
Gaussian shape forg(v),

g~v !5A4 ln~2!

p

1

Dv
expF24 ln~2!S v

Dv D 2G , ~7!

whereDv is the width ~FWHM! of the transverse velocity
distribution of the atomic beam, and adjustDv to minimize
the sum of the squares of the deviation between the m
sured absorption spectrum and the fit. For a 12.5-MHz
sorption width, as we measured for the absorption spect
taken with the FWM data presented in this work, we find th
Dv is 280 cm/sec, translating to a Doppler width of 5 MH
This agrees with our estimate of the transverse velo
width based solely upon the geometric arguments~size of the
apertures that define the atomic beam and their spacing! and
the average thermal energy of the sodium atoms. Finally,
measure a peak absorption of the probe beam by the sod
beam of;12%, corresponding toa0L50.0625. This is in
reasonable agreement with our estimate ofNsabsL/2
50.067, whereN was given earlier,sabs.(g1/g2)l2/2p
51.6631029 cm2 is the absorption cross section,g151
andg253 are the degeneracies of the lower and upper l
els, respectively, andL.3 mm.

The phase-conjugate beam generated through the no
ear action of the atoms propagates counter to the directio
the incident probe beam. After passing back through
quarter-wave retarder, which circularly polarizes the inp
pump and probe beams, the conjugate beam is linearly
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PRA 58 3093DEGENERATE PHASE-CONJUGATE FOUR-WAVE MIXING . . .
larized, with its polarization axis orthogonal to that of th
probe. The polarizer cube~pol! then reflects the phase
conjugate beam toward a photomultiplier, which we use
detect the power of this beam. An aperture~1 mm diameter!
in front of the PMT is necessary to reduce the level of ba
ground light that would otherwise reach the PMT and ma
the phase-conjugate signal. This light arises predomina
from scattering of the pump beam from the window in t
vacuum chamber. These windows are AR coated to red
losses, but scattering due to imperfections could still ea
obscure the signal. The PMT output is amplified in a lock
amplifier, with the reference input~at ;160 Hz) to the
lock-in amplifier being generated by the controller for t
beam chopper of the probe beam. We have calibrated
detection system by attenuating the probe beam with neu
density filters, and reflecting the probe into the PMT. T
allows absolute measurement of the FWM optical power,
measuring the reflected probe power with a calibrated~1%!
photodetector. The output of the lock-in amplifier is record
by a laboratory PC using an external analog-to-digital c
verter, which concurrently records the scan voltage use
tune the;4002MHz sideband~which then indirectly tunes
the laser frequency!. We calibrate the nearly linear frequenc
scan by monitoring the sideband frequency on a rf spect
analyzer.

III. RESULTS

For each pump-laser power, we scan the pump and p
frequency together through the resonance frequency,
record the power of the phase-conjugate signal as a func
of the optical frequency. Two typical spectra are shown
Fig. 3. The intensities of the pump beam for these two sp
tra are 0.10I sat

0 and 8.0I sat
0 . Overall, we measured FWM spec

tra at 20 different pump intensities ranging from 0.10I sat
0 to

12I sat
0 . The intensity of the probe beam is held constant

0.17I sat
0 (2 mW power!. At this probe intensity, we measur

that the phase-conjugate signal is linear in the probe pow
Consistent with the Abrams and Lind theory@20,21#, we
observe that the phase-conjugate signal initially increa
with increasing pump power until the intensity of the pum
beam approachesI sat

0 . Further increase in the pump intensi
results in a decrease in the phase-conjugate signal.

The FWM spectra that we observe are generally in go
agreement with what we expect. There are two import

FIG. 3. Two-sample FWM spectra. In~a!, the pump intensity is
0.10I sat

0 , while in ~b! it is 8.0I sat
0 .
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features to these spectra that must be carefully noted. F
we consistently observe a strong dip in the signal when
pump and probe frequency is greater than the resonant
quency of the atoms. We attribute this dip to transverse h
ing by the pump beam, through which the atoms must tra
before they reach the probe beam. This effect is the sam
that which we described in our discussion of the prepara
beam. With the pump laser tuned to the blue side of re
nance, the population of low transverse velocity atoms
maining in the atomic beam in the interaction region is s
nificantly decreased. The phase-conjugate signal is extrem
sensitive to the transverse velocity of the atoms, as we
discuss in the next section. We expect that the FWM sp
trum is probably enhanced by transverse velocity cool
with the pump tuned to the red side of the resonance, but
effect is minimal since the atomic beam is already well c
limated.

In addition, we observe a small asymmetry in our FW
spectra. This asymmetry is independent of the rate or di
tion of the scan of the laser frequency. We believe that
asymmetry is likely due to the finite bandwidth of the las
We will discuss this asymmetry further in a future pap
@22#.

To analyze the data, we fit the measured phase-conju
signal to the expression

PFWM5
P0

@~nL2n21!
21~DnFWM/2!2#3

1S. ~8!

We adjust the peak heightP0 , the center frequencyn21, the
width of the spectrum,DnFWM , and the dc offsetS to deter-
mine the least-squares deviation between the data and th
For pump intensities greater than the saturation intensity
blue-side dip may make it difficult to accurately determi
the best fit to these spectra. For these curves we exclu
portion of the measured spectra from the fit, using only
data up to line center and the data in the extreme blue w
where we believe the heating effect is minimal. The asy
metry that we observe in the low-intensity spectra, howev
is undoubtedly present in the high-intensity data as well,
the accuracy of this method is limited. None the less, t
method of estimating the peak height and width is reasona
consistent with measurements we take directly from
traces of the spectra with pencil and ruler. Where necess
we expand the estimated uncertainties on our results
these spectra to account for any differences.

In Fig. 4 we plot the magnitude of the phase-conjug
reflectivity ~the phase-conjugate power divided by the pro
power! and the width of the phase-conjugate spectrum a
function of the pump intensity. The solid line in each figu
is the result of the Abrams and Lind theory, given in Eqs.~4!
and~5!, while the diamonds represent the experimental d
While the general shape of the experimental curve for
reflectivity matches that predicted by theory, we see tha
low intensities the phase-conjugate intensity is well bel
the theoretical curve. The pump laser intensity that yields
maximum phase-conjugate intensity is larger than the p
dicted value ofI sat

0 /2 by more than a factor of three. Th
widths of the spectra are in good agreement with the th
retical expectations, except at small pump intensities wh
the minimum linewidth that we measure is around 8 MH
larger than the 5-MHz linewidth expected on the basis of E
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~5!. As we shall see in the next section, this deviation w
the theory can be explained by the small amount of resid
Doppler broadening present in our atomic beam geome
The solid lines in Fig. 4 are valid for stationary atoms.
light of the relatively small magnitude of the Doppler dist
bution, we find it surprising that it has such a significa
impact on the data shown in Fig. 4. Our calculations sho
however, that at low intensities only a small fraction of t
atoms, those whose transverse velocity is sufficiently lo
contribute to the phase-conjugate signal. As the intensity
creases, the atomic response is power broadened and
atoms are able to contribute. This shifts the saturation of
signal to higher intensities.

IV. THEORY

In this section, we discuss the theory of the nonline
interaction of a two-level quantum system with a laser fi
that leads to the phase-conjugate four-wave-mixing sig
explicitly including the effect of atomic motion. In our ap
proach, we write the components of the Bloch vector a
Fourier expansion in the phase factor of the probe beam
which we can determine the amplitudes through a direct
merical integration of the optical Bloch equations. This tec
nique is similar to that used in Ref.@26# in which the authors
calculated the FWM signal in a Doppler-broadened thr
and four-level system. We can evaluate these elements
arbitrary field strength of the pump laser or probe laser,
we can easily separate the terms that are properly p
matched to radiate in the direction of the signal beam. T
result of this analysis is a determination of the pha
conjugate reflectivity, allowing for the transverse velocity
the atomic beam, which we use for direct quantitative co
parison with our experimental results.

The interaction of the laser field with the atomic syste

FIG. 4. FWM reflectivity ~a! and FWM linewidth ~b! vs the
intensity of the pump beam. The solid line is from Refs.@20,21#,
and the diamonds are the experimental data points. The unce
ties in the data points are smaller than or comparable to the dim
sions of the diamonds. Our numerical results are shown as
circles ~for stationary atoms! and as the dashed line~for moving
atoms!.
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can be calculated by writing the Hamiltonian of the syste
as

H5H01V~rW,t !, ~9!

whereH0 represents the atomic Hamiltonian, andV(rW,t) is
the interaction Hamiltonian between the laser field and
two-level system. The components of the interaction ene
matrix areVi j 52mW i j •EW(rW,t), wheremW 5erW is the transition
electric dipole moment, andEW(rW,t) is the total field incident
upon the medium,

EW~rW,t !5 ê$Efcos~kW f•rW2vLt !1Ebcos~2kW f•rW2vLt !

1Epcos~kW p•rW2vLt !%

5
1

2
$EW ~rW,t !e2 ivLt1EW * ~rW,t !eivLt%, ~10!

where

EW ~rW,t !5 ê$Efe
ikW f•rW1Ebe2 ikW f•rW1EpeikW p•rW%. ~11!

As indicated by these equations, we use two coun
propagating pump fields propagating in the directionkW f and
kWb52kW f , and a weak probe beam propagating in a direct
kW p. All three beams are degenerate at a frequencyvL . The
polarization of the laser field is given byê, andEW * (rW,t) is
the complex conjugate of the field amplitudeEW (rW,t). The
forward and backward pump beams form a standing-w
pattern in the medium, and are of nearly the same intens
We will let Eb5Ef in our analysis. The temporal evolutio
of the system is described by the equations of motion of
density matrix,

ṙ215S ]

]t
1vW •¹W D r2152 iv21r212

i

\
V21~r112r22!2

r21

T2
,

~12!

ṙ115S ]

]t
1vW •¹W D r1152

i

\
$V12r212V21r12%1

r22

T1

where the diagonal elements of the density matrix repres
the population probability distribution between the tw
atomic levels, and the off-diagonal elements include
complex oscillatory dipole moment, i.e., the coherence,
the system. The coherence terms are related byr215r12* ,
and for a closed system such as the one we are conside
the population is conserved, i.e.,r111r2251. The energy
difference between the atomic states is\v215\(v22v1)
5hn21. The final terms in these equations represent the
cay of the population of the upper state~with lifetime T1

5G0
21) and of the coherence~with lifetime T25g12

21). The
elements of the density matrix are a strong function of po
tion and velocity because of the standing-wave pattern
ated by the counterpropagating pump beams.

The standard approach@38# to simplify the spatial and
temporal derivatives in these equations of motion is to tra
form to the rest frame of the atom,rW→rW1vW t, so that the
field amplitude becomes

in-
n-
he
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EW ~rW,t !5 ê$Efe
ikW f•~rW1vW t !1Ebe2 ikW f•~rW1vW t !1EpeikW p•~rW1vW t !%.

~13!

Moving into a rotating frame through the substitutionr21
5s21e

2 ivt and r i i 5s i i and keeping only the terms tha
evolve at frequencies much less than optical frequencies
lows one to write

Ẇ5
2W21

T1
1

i

\
$mW 21•EW ~rW,t !s122mW 12•EW * ~rW,t !s21%,

~14!

ṡ215S iD2
1

T2
Ds212

i

2\
mW 21•EW ~rW,t !W,

whereW(rW,t)5r222r11 is the difference between the pop
lation probabilities for the upper and lower states. The
tuning of the laser frequency,vL , from the resonant transi
tion frequency,v21, of atoms at rest is given byD5vL

2v21. We next expand the dipole moments21(rW,t) and the
population probability differenceW(rW,t) in a power series in
the phase term of the probe field,

s21~rW,t !5s21
~0!~rW,t !1s21

~1!~rW,t !eikW p•~rW1vW t !

1s21
~21!~rW,t !e2 ikW p•~rW1vW t !,

~15!

W~rW,t !5W~0!~rW,t !1W~1!~rW,t !eikW p•~rW1vW t !

1W~21!~rW,t !e2 ikW p•~rW1vW t !.

When we substitute Eqs.~13! and ~15! into ~14!, and gather
terms according to common powers ofeikW p•(rW1vW t), we arrive
at a set of six coupled equations,

S d

dt
1

1

T2
2 iD Ds21

~0!~rW,t !52 i $V cos@kW f•~rW1vW t !#W~0!~rW,t !

1VpW~21!~rW,t !/2%, ~16!

S d

dt
1

1

T2
2 iD Ds21

~1!~rW,t !52 i $V cos@kW f•~rW1vW t !#W~1!~rW,t !

1VpW~0!~rW,t !/2%,

S d

dt
1

1

T2
2 iD Ds21

~21!~rW,t !52 iV cos@kW f•~rW1vW t !#

3W~21!~rW,t !,

S d

dt
1

1

T1
DW~0!~rW,t !5 i †$2V cos@kW f•~rW1vW t !#s21

~0!* ~rW,t !

1Vps21
~1!* ~rW,t !%

2$2V* cos@kW f•~rW1vW t !#s21
~0!~rW,t !

1Vp* s21
~1!~rW,t !%‡2

1

T1
,

l-

-

S d

dt
1

1

T1
DW~1!~rW,t !5 i †$2V cos@kW f•~rW1vW t !#s21

~21!* ~rW,t !

1Vps21
~0!* ~rW,t !%

22V* cos@kW f•~rW1vW t !#s21
~1!~rW,t !‡,

S d

dt
1

1

T1
DW~21!~rW,t !5 i †2V cos@kW f•~rW1vW t !#s21

~1!* ~rW,t !

2$2V* cos@kW f•~rW1vW t !#s21
~21!~rW,t !

1Vp* s21
~0!~rW,t !%‡.

In these expressions,V5mW 21• êEf /\ is the Rabi frequency
of the system due to the interaction with the pump beam,
Vp5mW 21• êEp /\ is the Rabi frequency of the system due
the probe beam.

The total time- and space-dependent macroscopic po
ization induced in the medium is given by

PW ~rW,t !5N Tr~mW r!5N~mW 12r211mW 21r12!, ~17!

whereN is the density of the atoms in the interaction regio
In the laboratory frame, the component ofPW (rW,t) which ra-
diates into the phase-conjugate wave, is

PW c~rW,t !5 1
2 $PW c~rW,t !ei [ ~kW f1kWb2kW p!•rW2vLt]

1PW c* ~rW,t !e2 i [ ~kW f1kWb2kW p!•rW2vLt]% ~18!

5N~mW 12s21
~21!ei [ ~kW f1kWb2kW p!•rW2vLt]1c.c.!,

~19!

wherePc is the phasor amplitude of the polarization densi
In the slowly varying envelope approximation, the wa
equation, which describes the growth of the phase conjug
beam amplitude,Ec , becomes

dEc

dz
5

ikc

2e0
Pce

iDkW•rW5
ivNm12s21

~21!

ce0
eiDkW•rW. ~20!

With careful alignment of the forward and backward pum
beams, the conjugate beam is exactly counterpropagatin
the probe, and the process is phase matched (DkW50). Then
Ec , found by direct integration of Eq.~20! over the length of
the mediumL, is

Ec5
ivNm12L^s21

~21!&
ce0

, ~21!

where^s21
(21)& is the spatially averaged value of the cohe

ence term,s21
(21) , as determined by numerically integratin

Eqs. ~16!. Using the definition of the field attenuation con
stant,a0 , given by Eq.~2!, the phase-conjugate reflectivit
is given by
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R5
I c

I p
5U2a0L

g12

Vp
^s21

~21!&U2

. ~22!

To carry out the integration of Eqs.~16!, we let the trans-
verse relaxation timeT2 be equal to twice the populatio
decay time,T1 , consistent with the collision-free trajectorie
of the atomic sodium beam. We choose the time interva
the integration to beT2/1000. Longer time intervals start t
adversely affect the numerical integration, while shorter
tervals would unnecessarily lengthen the computation ti
We integrate the optical Bloch equations starting with
Bloch vectors2150 andW521, i.e., all the population is
in the lower state, and the dipole moment is zero. We turn
the field and let the atomic system evolve for 10T2 in order
to reach equilibrium with the applied optical field.

One check on the validity of the expansion in Eqs.~15!
and of this computational technique is to determine the a
plitude of the FWM signal for atoms at rest, i.e.,vW 50. We
can then use the results of Abrams and Lind for a dir
quantitative comparison. Since the pump field create
standing-wave pattern in the medium, the evolution of
atomic system depends upon its location within the field.
therefore carry out the integration at 80 different locatio
within the standing-wave pattern, spaced byl/80, for the
zero velocity case, and compute^s21

(21)& as the simple aver
age of these 80 values ofs21

(21) . The numerical results
shown in Fig. 4~a! as circles, are in excellent agreement w
the Abrams and Lind theory for stationary atoms. We adj
no parameters for either of the curves shown in Fig. 4.
start to see some anomalies in our results atI
5350 mW/cm2 ~off scale in Fig. 4!, presumably due to the
high Rabi frequency of the pump. This may be due to eit
of the two following reasons. The standing-wave pattern
the electric field is sufficient to strongly saturate the tran
tion of the two-level system everywhere except for the sm
volume surrounding the nodes of the electric field. Since
maximum FWM signal is generated forI;I sat

0 , our analysis
of the oscillating dipole at 80 equally spaced locations wit
the standing wave may miss some of important contributi
to the signal. Also, as the Rabi frequency increases, the
riod of the rapid oscillation of the Bloch vector may be to
short for the numerical integration to follow. We believe t
former to be the case, as we observe an improvement in
results when we increase the number of points within
standing wave pattern. In either case, we limit the calcu
tions of the FWM intensity to pump intensities less th
60I sat

0 , a value well in excess of the intensities we c
achieve in our experiments.

For the atoms with nonzero transverse velocity, their m
tion over the standing-wave pattern lets them sample the
range of electric field amplitudes, and we find there is
need to distinguish between different starting locatio
within the standing-wave pattern. Their motion effective
modulates the pump field at a frequencykW•vW , leading to
periodic evolution of the population differenceW and the
dipole s. Our numerical results show thats21

(0) , W(11), and
W(21) all undergo modulation at odd integer multiples
kW•vW , while s21

(11) , s21
(21) , and W(0) display modulation at

even integer multiples ofkW•vW . We shows21
(21) as a function
n
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of time for kW•vW 50.2/T2 ~dot-dashed line! and kW•vW 50.6/T2
~solid line!, andV50.1/T2 in Fig. 5. This signal takes a few
cycles to reach steady state, after which it shows sinuso
modulation at frequency 2kW•vW about an average nonzer
level. At larger Rabi frequencies, additional Fourier comp
nents at higher even multiples ofkW•vW show up as well. We
can write the dipole moment as

s21
~21!5s01s2sin~2kW•vW t1f2!1s4sin~4kW•vW t1f4!1•••,

~23!

where the coefficientss i depend upon the velocity of th
atoms and the Rabi frequency,V. The phases,f i , depend
on the starting point for each individual atom, and are ra
domly distributed over 2p.

The radiated signal is proportional to the time-averag
square of the spatial average of the dipole moments,

u^s21
~21!&u25S 1

NV
(

all atoms
s21

~21!D 2

5S (
v,f i

g~v !s21
~21!D 2

,

~24!

whereg(v) is the distribution function of the transverse v
locities, as defined earlier, and the overbar represents
time average. Since thef i are randomly distributed, only the
average terms survive, and

u^s21
~21!&u25S (

v
g~v !s0~v ! D 2

. ~25!

In Fig. 6, we show a plot of thes0 as a function ofkW•vW for
four different values ofVT2 . At low intensities, the average
intensity of the FWM signal drops off rapidly with increas
ing kW•vW . As an example, for atoms whose transverse velo
is v50.2l/2pT2 , which is only 60 cm/sec for this transitio

FIG. 5. Modulation ofs21
(21) as the atom travels across th

standing-wave pattern formed by the counterpropagating pu
beams. The intensity of the pump beams corresponds to a

frequency ofV50.1/T2 . The dot-dashed line is forkW•vW 50.2/T2 ,

while the solid line is forkW•vW 50.6/T2 .
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in sodium, the dipole moment that radiates the pha
conjugate field is already decreased to 40% of that for
v50 atoms. Since the full width of the velocity distributio
of the atomic beam is;300 cm/sec, we can see that a s
nificant fraction of the atoms do not contribute to the sign
At increased intensity, however, the dipole response of
atoms is power broadened, so that atoms with larger vel
ties can still contribute to the FWM signal. This behavior
clearly seen in Fig. 6. In fact, the peak of these curves sh
to larger velocities as the intensity is increased. This s
results in a FWM signal in Doppler-broadened media wh
is actually increased over that for a zero-velocity medium

We show the results of Eqs.~22! and ~25! as the dashed
line in Fig. 4~a!. We have used a Doppler width of 8 MH
~FWHM! to best fit our data in this curve. This is somewh
larger than the 5 MHz width we determined by deconvolvi
our absorption spectrum, but still within a range we consi
reasonable. An 8-MHz Doppler width results in an abso
tion spectrum whose width is 14.5 MHz FWHM. Factors th
could account for this discrepancy include:~i! our assump-
tion of a Gaussian shape forg(v) for our calculations,~ii !
the uncertainty in the measured width of the absorption sp
trum, and iii! the uncertainty in the FWM peak height
Overall, the agreement of the data with the Doppler-modifi
curve is very reasonable.

FIG. 6. Average value of the coherence term that radiates
phase-conjugate waves0(v) as a function of the transverse atom
velocity. The pump beam field amplitude, shown as the prod
VT2 , is given for each curve.
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We also expect that the transverse velocities of the ato
can help to explain the small deviation at low intensiti
between measured linewidths of the FWM spectra and th
expected on the basis of Eq.~5!. We have not carried out an
calculations to support this claim, but expect that for sm
transverse velocity, the atomic response is increased
slight detunings of the laser from resonance. Thus the li
width of the FWM interaction is increased due to th
Doppler-shifted resonance enhancement of these atoms
larger intensities, the atomic response is power broade
and the Doppler shift has little influence on the linewidth

V. CONCLUSIONS

The measurements we have made of the power of
FWM signal as a function of the pump intensity show exc
lent overall agreement with the Abrams and Lind theo
modified to include the transverse velocity effects presen
our atomic beam system. Measurements of the bandwidt
the experimental FWM signal agree well with the theoreti
result for large pump intensities, but are slightly greater
pump intensities less thanI sat. This we attribute to the
atomic velocities as well, since the Doppler effect w
slightly broaden the spectrum at low intensities, but not
high intensities where the atomic response is power bro
ened, and less dependent on the atomic velocity. We fin
surprising that the atomic velocity has such a pronoun
effect on the saturation characteristic of this interactio
Close agreement between our experimental and nume
results, however, is very convincing. These experimental
sults provide direct quantitative confirmation of the fund
mental theory for phase-conjugate four-wave mixing in
resonant absorbing medium.
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