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Polarization-gradient cooling in a strong doughnut-mode dipole potential
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We present experimental and theoretical studies of polarization-gradient cooling of metastable neon atoms
confined to the dark center of a TEM01* ~doughnut! mode. A slow beam of neon atoms is guided and focused
inside a blue-detuned and focused doughnut-mode laser beam to a spot size below 10mm. The transverse
motion inside this doughnut mode is cooled by means of two-dimensional optical molasses. We observed
non-Gaussian two-component velocity distributions of which the cold component has a width of down to three
recoil velocities. These results are found to be in qualitative agreement with a quantum Monte Carlo simulation
of cooling in one dimension in the presence of an external light-shift potential. For the simulation we apply the
recently developed technique of quantum-state diffusion with adaptive noise.@S1050-2947~98!03710-X#

PACS number~s!: 32.80.Pj, 42.50.Lc
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I. INTRODUCTION

In the effort to prepare dense and cold samples of ato
for high precision measurements and the observation
quantum collective effects all-optical methods receive m
and more interest@1#. Especially, the low photon scatterin
rate of far-off-resonance dipole traps is very promising
this respect. A prerequisite for obtaining low temperatu
and high densities in such traps is an efficient cool
mechanism, which preferentially cools the atoms right do
to the vibrational ground state of the trap. Recent efforts
cool inside dipole traps include schemes such as Ra
cooling @2# and evaporative cooling@3#. We focus on the
realization of a scheme for continuous loading of a blu
detuned doughnut-mode dipole trap. The doughnut mode
good candidate for trapping atoms because the atoms ca
confined to the dark center of the mode, which strongly
duces the spontaneous scattering of photons. Recently
demonstrated the guiding and focusing properties of
doughnut mode@4,5#. In this article we discuss detailed ex
perimental and theoretical studies on the two-dimensio
~2D! cooling of neon atoms in a blue-detuned dough
mode.

Our main objective is to demonstrate polarizatio
gradient cooling inside the doughnut-mode atom guide
key question to be addressed is to what extent the light s
induced by the confining doughnut mode laser beam alter
cooling process. Although the atoms are confined to the d
region of the mode, their spatial distribution may par
reach into regions where the light shift resulting from t
doughnut mode is not negligible compared to the light sh
induced by the cooling light. Experimentally, we obtain
momentum spreads as small as three recoil velocities in
the doughnut mode, being only slightly larger than the mi

*Present address: JILA and Department of Physics, Universit
Colorado and National Bureau of Standards, Boulder, CO 803
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mum spread achieved with the same cooling configuratio
free space. Higher cooling light intensities are required
the cooling to become effective in stronger doughnut-mo
potentials; the light shifts induced by the cooling light ha
to exceed those resulting from the doughnut mode.

The influence of additional light shifts induced by th
doughnut mode on the cooling process was investigated
performing an additional theoretical study. This was do
using the recently developed method of quantum trajecto
with adaptive noise@6#. In contrast to about 1000 quantum
trajectories needed in conventional quantum trajectory m
ods the adaptive method requires only 20 trajectories to
tain a good ensemble average. The application to our exp
mental configuration clearly demonstrates the potential
this calculation method. Although the simulations are ba
on one-dimensional cooling they qualitatively agree with t
experimental results on the characteristic dependence o
final momentum distribution on the various parameters. T
time constants for the cooling process obtained from
simulation are expected to be slightly smaller as compare
the actual cooling in 2D.

The paper is organized as follows. In Sec. II and Sec.
we describe the experimental configuration and the obtai
results, respectively. In Secs. IV and V a one-dimensiona
configuration is considered, as well as numerical simulati
thereof. Finally the comparison between the experiment
the numerical simulations is summarized in Sec. VI.

II. PHYSICAL FRAMEWORK

In this section we introduce the general physical fram
work to describe the guiding and cooling process in
doughnut-mode dipole potential used throughout the follo
ing sections.

The experiments are performed with metastable neon
oms in the 3s@3/2#2 state. The guiding and cooling lase
lights both act on the same electronic transition of Ne* ,
3s@3/2#2→3p@5/2#3 at l5640.2 nm. This cycling transition
has a natural linewidth ofG51/t5523106 s21, and a satu-
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PRA 58 3069POLARIZATION-GRADIENT COOLING IN A STRONG . . .
ration intensity ofI sat541.3 W/m2.
The setup of the experiment for the guiding and focus

of an atom beam is schematically depicted in Fig. 1. A c
beam of metastable neon atoms is made to axially ove
with a doughnut-mode laser beam by sending the ato
through a hole in a mirror. Thez axis is chosen to coincide
with the mutual axes of the atom beam and the guiding la
beam, and is in the following denoted as longitudinal dire
tion.

Throughout this paper we denote by the term dough
mode the TEM01* Laguerre-Gaussian mode with azimuth
mode numberl 51 and radial mode numberp50 @7#. In the
work presented here we concentrate on the light shifts
duced by the doughnut mode, which are proportional to
intensity profile of the mode@8#,

I d~r !5
4Pd

pwd
4~z!

~x21y2!e22~x21y2!/wd
2
~z!. ~2.1!

Herewd(z)5w0A11z2/zR
2 is thez-dependent beam radius

w0 is the beam waist,zR is the Rayleigh range of the beam
andPd is the power.

For a discussion of the principle we first consider a tw
level atom with level spacing\v0 inside such a doughnu
mode, which is detuned from the resonance by an amo
Dd5vd2v0 . In the absence of saturation one can adiab
cally eliminate the upper level. The remaining effect of t
interaction with the laser light is a shift~ac Stark shift! of the
energy of the lower state proportional to the laser intens

Ud~r !5
\Vd

2~r !

4Dd
, ~2.2!

whereVd(r ) is the Rabi frequency,

Vd
2~r !5

G2

2

I d~r !

I sat
. ~2.3!

Due to the intensity distribution of the doughnut mode t
shift is a position dependent potential. For blue detun
(Dd.0) this potential is repulsive and gives rise to a for
pointing towards low intensity, resulting in a confinement
the atom near the axis of the doughnut mode beam.

As the atoms move towards the focus of the dough
mode the potential gets narrower and the maximum poten
well depthUmax(z) increases,

Umax~z!5
\G2

4Dd

Pd

pwd
2~z!

1

I sat
e21. ~2.4!

In this way the injected atom beam is focused. Due to
transverse spatial compression the transverse kinetic en
of the atoms increases as they approach the focus of
doughnut mode.

Near the axis of the doughnut mode (x,y!wd) the poten-
tial is harmonic. This leads to equidistant vibrational ene
levels when the transverse motion of the atoms is descr
quantum mechanically. The level spacing is given by

\Vvib~z!5\A4eUmax~z!

mwd
2~z!

, ~2.5!
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wherem is the atomic mass. With the setup discussed h
vibrational level spacings well above one photon recoil e
ergy, Erec5(\k)2/2m, can be achieved in the focus of
doughnut mode. For typical experimental parameters,Pd
5350 mW,Dd52p310 GHz, andw0540 mm, the poten-
tial contains about 7000 vibrational levels at a spacing
\Vvib52.5Erec.

Since polarization-gradient cooling leads to temperatu
of a few recoil energies, it is expected to cool a substan
fraction of the atoms to low-lying vibrational states. For t
case of aJg51/2→Je53/2 transition this expectation wa
confirmed by a quantum Monte Carlo simulation in Ref.@9#.

To study this process experimentally the transverse m
tion of the optically guided atoms is cooled by a tw
dimensional optical molasses extending 8 mm along thz
axis in the focus of the doughnut mode, just in front of t
pinhole ~see Fig. 1!.

Polarization-gradient cooling depends crucially on t
Zeeman structure of the transition. For a correct descrip
of the experiment the angular momenta of the lower a
upper levels of the 640-nm transition (Jg52→Je53) have
to be taken into account. In Sec. IV a more general desc
tion of the atom-field interaction is presented that accou
for the Zeeman structure and for the fact that both the gu
ing and cooling light act on the same cycling transition
640 nm. The actual setup and experimental results will
discussed in the next section.

III. EXPERIMENTAL RESULTS

A. Setup

The ultracold beam of metastable neon atoms is gener
by Zeeman slowing a collimated thermal beam from a liqu
nitrogen-cooled dc discharge source with supersonic exp
sion. After the Zeeman slowing, the beam is further cool
compressed, and deflected by a two-dimensional magn
optical molasses~2D-MOM! @10,11#. Due to a large deflec-
tion angle of 68° the resulting atom beam is free of U
photons and contains only metastable atoms in the requ
state. For a detailed description of our beam preparation
refer to Refs.@12,13#. The final beam has a sub-Dopple

FIG. 1. Schematic diagram of the experimental setup used
guiding and sub-Doppler cooling of atoms in a blue-detuned dou
nut mode.
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3070 PRA 58S. KUPPENSet al.
transverse root-mean-square~rms! velocity spread of 7 cm/s
~2.3 recoil velocitiesv rec! and a longitudinal velocity of 28
m/s with a 4 m/s rms spread.

In the experiment the cold beam of metastable neon at
is injected into a blue detuned doughnut mode laser be
through a hole in a mirror that is placed at an angle of 4
with the atom beam~see Fig. 1!. The hole in the 2-mm-thick
mirror has a diameter of 60mm. At this mirror the laser
beam has a radiuswd of typically 500 mm, which is much
larger than the hole in the mirror in order to keep its effect
the doughnut mode profile as small as possible. Due to
spatial extension of the atom beam 1% of the atoms p
through the 60-mm hole, corresponding to a flux of 1.
3106 atoms/s injected into the doughnut-mode laser be
@14#. The doughnut mode reaches a focus (w0545 mm) at a
16-mm-diameter pinhole, positioned 14 cm downstream fr
the mirror.

The spatial distribution of the atoms is detected 20
behind the pinhole with a microchannel plate~MCP! with
phosphor screen and intensified CCD camera. Since the
hole forms a point source of atoms to very good approxim
tion the 2D spatial distribution on the MCP is directly relat
to their velocity distribution. The resolution of our detectio
system is 0.5v rec.

The doughnut-mode laser beam (TEM01* ) is derived from
the Gaussian (TEM00) output beam of a commercial rin
dye-laser by holographical means@15,16#. A detailed de-
scription of the technique to holographically generate p
TEMpl* modes will be published elsewhere@17#. Essentially,
the hologram is a superposition of a spiral phase plate a
blazed phase grating. About 40% of the incoming Gauss
mode is transformed into a doughnut mode in the first d
fraction order of the grating. Starting with a Gaussian inp
beam of 1 W this generates 400 mW of doughnut-mo
power available for the atom guiding. The doughnut mode
linearly polarized. The laser frequency is stabilized to a l
width of 3 MHz. The long term drift of approximately 1
MHz per hour is negligible compared to the detuning
10–1000 GHz used for atom guiding. The beam point
was actively stabilized to be better than 1.660.3 mm rms
deviation in the focal plane of the doughnut mode.

The light for the polarization-gradient cooling was o
tained from a second frequency stabilized ring dye-las
Long term stability of 2 MHz was achieved by applyin
Doppler-free absorption spectroscopy on the thermal a
beam.

Up to a power of 50 mW of cooling light was availabl
The cooling light beam waists werewy52.9 mm andwz
59.2 mm, in the vertical and longitudinal direction, respe
tively. Two knife edges blocked the wings of the intens
distribution to obtain a nearly square intensity profile, 8 m
wide along thez axis. Throughout the following the coolin
light intensity will often be expressed in terms of the dime
sionless single beam saturation parameter, given by

s5
Vc

2

2~G2/41Dc
2!

. ~3.1!

For a detuningDc of 29G and a power of 50 mW the
saturation parameters is 0.09, where the Clebsch-Gorda
coefficient was taken to be unity.
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The 2D optical molasses consists of two crossed stand
waves generated from the above-described 8-mm-wide l
beam~see Fig. 1!. Two different configurations of cooling
light polarizations were investigated, which we denote
px-py and sx-sy , respectively. The configurationpx-py
consists of two perpendicular standing waves with linear
larizations in the plane of the beams. The ellipticity w
measured to be less than 10%. Alternatively, in thesx-sy
configuration each pair of beams consists of two opposi
circularly polarized beams. The ratio of the linear polariz
tion components alongx andy was 8:11. The magnetic field
in the region of the cooling zone were compensated to be
10 mT.

B. Guiding and focusing

First we discuss the guiding and focusing properties of
doughnut mode without cooling. The spatial and veloc
spread of the atoms depend on the doughnut-mode pa
eters, such as power, detuning, and waist. They set the in
conditions for the cooling process.

The spatial distribution of the atoms was measured
scanning the pinhole in thexy plane. For a detuning of 100
GHz and a power of 300 mW the Gaussian width was
62.4 mm and the peak intensity was 6.
31011 atoms s21 cm22. In this case 60610% of the atoms
injected into the doughnut mode are guided. Increasing
detuning to a value of 300 GHz at the same power, th
lowering Umax, results in a broader distribution having
width of 14.462.4 mm, as expected.

More important for the cooling process is the width of t
velocity distribution with which the atoms enter the coolin
zone. As mentioned in Sec. II the compression of the spa
distribution leads to a simultaneous broadening of the tra
verse velocity distribution.

We measured 2D transverse velocity distributions of
atoms in the doughnut mode at the position of the pinh
~see Sec. III A! as a function of the depthUmax of the dough-
nut mode potential. For this measurement the powerPd was
kept fixed at 300 mW and the value ofUmax was varied by
varying the detuningDd/2p between 20 and 1000 GHz. I
Fig. 2 the Gaussian width of the measured velocity distrib
tion is plotted as a function ofUmax. The data plotted in Fig.
2 clearly show that the width of the transverse velocity d
tribution increases withUmax, as expected. Note that th
width well exceeds the Doppler width of 10\k for large val-
ues ofUmax.

In summary, by increasing the value ofUmax the initial
spatial distribution before cooling is narrowed, whereas
velocity distribution becomes broader. These results c
cerning the guiding and focusing properties of the dough
mode set the starting conditions for our investigation
polarization-gradient cooling inside the doughnut-mode
pole potential, which is discussed in Sec. III C.

C. Cooling inside a blue-detuned doughnut mode

Polarization-gradient cooling was studied as a function
the cooling light intensity for different doughnut-mode p
tential strengths and for the two distinct sets of polarizatio
of the cooling light:px-py andsx-sy as introduced in Sec
II. The distance between the mirror~see Fig. 1! and the pin-
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hole was set to 10.5 cm, keeping the focus of the dough
mode in the plane of the pinhole. Unless otherwise stated
detuning of the cooling light will beDc529G throughout
the following.

In Fig. 3 1D cross sections of the 2D velocity distributio
are shown for different cooling light intensities. In this pa
ticular case thesx-sy polarization configuration was used
The doughnut mode had a detuning of 246 GHz and a po
of 400 mW, resulting inUmax52033Erec in the focal plane.

FIG. 2. Gaussian width of the velocity distribution without coo
ing as a function of the potential well depthUmax in the focal plane
of the doughnut mode. The symbols denote the experimental re
and the solid curve is a square root fit to the data.

FIG. 3. One-dimensional cross section of the measured 2D
locity distribution for sx-sy polarized cooling light.~a! Dashed
curve is without cooling, and solid curve is 100 mW/cm2 cooling
light intensity;~b! solid curve is 40 mW/cm2 cooling light intensity,
and dashed curve is a Gaussian fit to the data.
ut
he

er

Clearly, the width of the velocity distribution is reduced an
simultaneously the height is increased due to the cool
The total number of atoms in the full 2D distribution is co
served. In comparison to the Doppler limit for neon atom
being 10v rec ~at the optimal detuning of2G/2!, the width of
the cooled distribution is more than a factor of 2 smaller,
this particular case. Within the experimental uncertainty
width of the spatial distribution was found to be the sam
with or without cooling. This was checked for differen
strengths of the doughnut-mode potential.

A characteristic feature of the cooling in our experime
is the fact that it leads to a non-Gaussian velocity distrib
tion. This can be seen from a comparison between the s
and dashed curve in Fig. 3~b!. Clearly, the dashed curve
which is a single Gaussian, only poorly fits the data. A mu
better fit is obtained by using a fitting function consisting
two Gaussians, a broad and a narrow one. Thex2 of the fit is
then more than a factor of 5 smaller. This was observed fo
large range of cooling light and doughnut-mode paramet
The fraction of atoms in the narrow component increa
with increasing cooling light intensity. For strong doughn
modes (Umax,2500Erec) cooling is still observed but the
two-component shape vanishes and the cooled velocity
tribution becomes Gaussian.

We observe velocity distributions consisting of a bro
pedestal, having the width of the uncooled distribution, an
narrow sub-Doppler peak on top of it also in the case o
vanishing doughnut mode guiding field. These shapes a
generic feature of transverse sub-Doppler cooling of ato
beams@18–21# where the interaction time with the coolin
beams is relatively short and the cooling light intensity
high. The narrow peak is due to sub-Doppler cooling and
broad peak is the result of the Doppler cooling forces@21#.

First we will focus on cooling in relatively weak
doughnut-mode potentials, i.e.,Umax.2500Erec where the
two-component velocity distribution is observed. In Fig.
the widths of the two components are plotted as a function
the cooling light saturation parameter for both polarizati
configurations and different doughnut-mode strengths. I
remarkable that the widths of both components of the coo
distribution are rather insensitive to the cooling light inte
sity, irrespective of the polarizations chosen. However,
fraction of atoms in the cold~narrow! component increase
with increasing intensity up to values of 70%.

When comparing the two polarization configuration
sx-sy andpx-py , a slight difference in the intensity depen
dence of the width of the velocity distribution and the fra
tion of cold atoms is observed. In order to exclude a poss
dependence on the initial width of the velocity distributio
we compare the two data sets plotted in Fig. 4 measured
approximately equal values ofUmax ~1510 and 1376 units o
Erec!, but for different cooling light polarization. In the cas
of sx-sy polarization the fraction of cold atoms increas
nearly linearly with intensity. For thepx-py polarization the
increase of the fraction of cold atoms is smaller at low
tensities. Above a threshold intensity of 10 mW/cm2 it then
rapidly increases to the same value obtained withsx-sy po-
larization.

Theoretical calculations@22# of the cooling force in one-
dimensional polarization-gradient cooling for theJ52→J
53 transition show that the friction coefficient in a lin'lin
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3072 PRA 58S. KUPPENSet al.
configuration is larger than that of as1-s2 configuration,
but the latter has a much larger capture range. This la
capture range may explain the more rapid increase of
fraction of cold atoms as a function of intensity in our tw
dimensionalsx-sy cooling situation.

Also the intensity dependence of the width of the co
contribution to the velocity distribution slightly differ for th
two polarization configurations, as can be inferred from F
4. For thepx-py polarization the width of the cold compo
nent increases from 3v rec to 4v rec with increasing intensity,
whereas for thesx-sy polarization the width, within the ac
curacy of our measurements, remains constant at a valu
4v rec over the whole range of investigated intensities. T
data in Fig. 4 also show that the final width of the co
component of the velocity distribution depends only wea
on the value ofUmax. As the upper curves in Fig. 4 show, th
initial width before cooling depends on the value ofUmax.
Polarization cooling also reduces the width of this hot ba
ground.

For a quantitative comparison we also investigated co
ing with thepx-py configuration in the absence of the gui
ing doughnut mode laser beam and found similar tw
component velocity distributions, with the fraction of co
atoms increasing with cooling light intensity. As observed

FIG. 4. Widths of the two Gaussian components of the veloc
distribution in the focal plane of the doughnut mode for moder
values ofUmax as a function of the cooling light saturation param
eter. ~a! px-py polarized cooling light: squares:Dd5327 GHz,
Pd5360 mW, Umax51376Erec; diamonds: Dd5463 GHz, Pd

5390 mW, Umax51053Erec. ~b! sx-sy polarized cooling light:
circles: Dd5246 GHz, Pd5400 mW, Umax52033Erec; triangles:
Dd5331 GHz, Pd5400 mW, Umax51510Erec. The hot ~upper!
and cold~lower! component widths corresponding to the same
rameter set are plotted with the same symbols.
er
e
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the situation where the doughnut mode was present als
free space the width of the cold component of the veloc
distribution was found to be nearly independent of the co
ing light intensity. The initial velocity spread being 15v rec

and 7v rec, the measured width of the cold component w
2.7v rec and 2.2v rec, respectively.

Comparing the cooling inside the doughnut mode to co
ing without the doughnut mode present, we observe that
typical two-component velocity distribution signature of th
cooling process survives as long as the doughnut mode
comes not too strong~as illustrated below!. However, the
velocity width of the cold component is slightly larger, b
about 1v rec, when cooling is applied inside the doughn
mode for moderate values ofUmax. This shows that in this
regime the presence of the doughnut mode has only a m
influence on the cooling process. The mechanism behind
increase of the velocity width is further discussed in Sec.

We now turn to the discussion of polarization gradie
cooling in stronger doughnut-mode potentials,Umax

.2500Erec, where the shape of the velocity distribution r
mains Gaussian during cooling. The widths of single Gau
ian fits to the data are plotted in Fig. 5 as a function of t
cooling light intensity. The initial widths are betwee
16.5v rec and 20v rec and decrease with increasing intensity
values between 10v rec and 13v rec. Compared to cooling in a
weak doughnut-mode potential the cooling behaves dif
ently in two respects. The velocity distribution consists o
single Gaussian and the final velocity width after cooli
remains larger than the small widths between 3v rec and 4v rec

previously obtained in the weaker doughnut mode. In t
case the time constant of the cooling process may be la
due to the presence of the strong doughnut-mode poten
which could explain the larger velocity spreads. On the ot
hand the change in the shape of the distribution indicates
not only the time constant of the cooling process is alter
The results of the simulations presented in Sec. V show
the larger velocity widths are not fully explained by a larg
time constant. This point will be discussed in Sec. V.

y
e

-

FIG. 5. Single-Gaussian width of the velocity distribution in th
focal plane of the doughnut mode as a function of cooling lig
intensity for Umax.2500Erec and for the cooling light polarization
sx-sy . Squares:Dd576 GHz, Pd5355 mW, Umax55747Erec.
Circles:Dd5103 GHz,Pd5280 mW, Umax53400Erec. Triangles:
Dd5164 GHz,Pd5375 mW, Umax52860Erec.
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For comparison of the two regimes we calculated the
rms velocity,v rms5A^vx

21vy
2&, of the complete distribution

from the fitting parameters of the data presented in Fig. 4
Fig. 5 and plotted the result in Fig. 6, again as a function
the cooling light intensity. In both regimes the overall wid
of the transverse velocity distribution is reduced subst
tially. With increasingUmax the final temperature of cooling
increases. As will be argued in detail in Sec. V, we interp
this as follows. With increasing cooling light intensity th
light shifts induced by the cooling light increase. Since p
larization gradient cooling depends crucially on these li
shifts they have to exceed the light shifts imposed by
doughnut mode, which will happen at higher cooling inte
sities for stronger doughnut mode potentials.

In summary, we clearly demonstrated 2D polarizatio
gradient cooling of neon atoms confined to the dark cente
a strong dipole potential formed by a doughnut mode la
beam. The velocity distribution was found to become no
Gaussian upon cooling. The cold component of the resul
two-component velocity distribution had a width of 3v rec to
4v rec for px-py polarization of the cooling light and 4v rec
for sx-sy polarization. For both polarizations this width
nearly independent of the cooling light intensity but the fra
tion of cold atoms increases with intensity. Without t
doughnut mode the same cooling setup resulted in a slig
smaller width of the velocity distribution of 2.2v rec. By in-
vestigating the overall rms velocity of the cooled atoms
find that the end temperature reached increases with incr

FIG. 6. Transverse rms velocity as a function of cooling lig
saturation parameter for weak and strong doughnut modes.
lower four curves correspond to the data in Fig. 4, and the up
three curves correspond to the data in Fig. 5. The value ofUmax

decreases in descending order of the curves as 5840, 3400,
2033, 1510, 1376, and 1053Erec.
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ing strength of the doughnut mode potential. This will al
be discussed further in Sec. V.

IV. THEORETICAL FRAMEWORK

For the description of the atom-field interaction we ado
the formalism of Ref.@22#. We briefly summarize it here in
order to fix the notation. Consider an atom at positionr
interacting with a plane traveling wave

E~r ,t !5E0cos~k•r2vt ! ~4.1!

of optical frequencyv, wave vectork, and amplitudeE0 .
This field drives transitions between a ground stateug& of
angular momentumJg and an upper stateue& of angular mo-
mentumJe , whose energy separation is\v0 . The interac-
tion Hamiltonian in the dipole and rotating wave approxim
tions is, in the rotating frame, expressed as

H int~r !5
\V

2
@~ ê•Q!eik•r1H.c.#, ~4.2!

where ê is the polarization vector of the electric field. Th
strength of the coupling is given by the Rabi frequencyV
5GAI 0 /2I sat. The vectorial nature of the atomic dipole
electric field interaction is described byê•Q. Here,Q is a
reduced dimensionless dipole operator, which has the sph
cal componentsQb5ûb•Q, with

û215~ x̂2 i ŷ!/&,

û05 ẑ, ~4.3!

û152~ x̂1 i ŷ!/&

the spherical unit vectors. The spherical components oQ
are generalized raising operators transferring the ground s
to the excited state; the matrix elements are Clebsch-Go
coefficients, ^JeMeuQbuJgMg&5^JeMeuJgMg ;1b& for b
50,61. Rightsz

1 and leftsz
2 circular polarization in thexy

plane correspond tob51 andb521, respectively, andb
50 describes linearpz polarization along thez axis.

The doughnut mode guiding light field and the coolin
light act on the sameJg52→Je53 transition. In the effec-
tive Hamiltonian for the interaction of the atoms with th
guiding doughnut laser beam only the light shifts of t
ground and excited level are retained,

Hd~r !5
\Vd

2~r !

4Dd
@~ êd•Q!†~ êd•Q!2~ êd•Q!~ êd•Q!†#,

~4.4!

where the Rabi frequency is given by Eq.~2.3!. Optical
pumping induced by the doughnut beam can be ignored
view of the inequalityG!Vd!Dd , which holds for typical
experimental parameters and distances of the atoms from
z axis. In Table I the spherical components of the polari
tion vector are listed for linear and circular polarization
the xy plane. Note that the excited state was not fully ad
batically eliminated. The first term in Eq.~4.4! probes the
ground-state population whereas the second term probe
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excited-state population. Equation~4.4! is the generalization
of Eq. ~2.2! when the two levels involved have a Zeem
substructure. For positive~blue! detuning the Hamiltonian
results in a repulsive potential confining the atoms in
central dark region of the doughnut mode.

The polarization gradient cooling depends on the lig
shifts as well as on the optical pumping induced by the la
light. The Hamiltonian for our 2D molasses is given by

Hc~r !52\DcQ•Q†1
\Vc

2
@~ ê1x•Qeikcx1 ê2x•Qe2 ikcx!

1H.c.1~ ê1y•Qeikcy1 if1 ê2y•Qe2 ikcy2 if!

1H.c.#, ~4.5!

wheref is a possible time phase difference between the
pairs of beams. In the actual experiment the time phasef is
not stabilized. The phase fluctuations are on a much slo
time scale than the atoms need to traverse the cooling li
so we can assume that each atom encounters one dis
phase. The first term in Eq.~4.5! describes the internal en
ergy of the atom in the rotating frame and the second te
describes the interaction. The spherical components of
polarization vectorsê1x , ê2x , ê1y , and ê2y of the four
traveling waves constituting the molasses are listed in Ta
II and Table III for thepx-py andsx-sy polarization con-
figuration, respectively.

The combined action of the guiding and cooling light
described by the total Hamiltonian

H~r ,p!5
p2

2m
1Hd~r !1Hc~r !, ~4.6!

wherep is the atomic momentum of the center-of-mass m
tion andm is the atomic mass.

The dynamics of the atoms internal and external degr
of freedom are described by the following master equat
for the density matrixr(t) of the system,

TABLE I. Possible doughnut beam polarizations.u determines
the orientation of linear polarization in thexy plane.

b êd5pxy êd5sz
1

11 1/& 1
0 0 0
21 eiu/& 0

TABLE II. Polarization vectors for a linearly polarized coolin
configuration.

b ê1x5 ê2x5py ê1y5 ê2y5px

11 1/& 1/&
0 0 0
21 21/& 1/&
e
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d

dt
r~ t !52

i

\
@H~r ,p!,r~ t !#2

G

2 FQ•Q†r~ t !1r~ t !Q•Q†

22E dû(
ê'û

gê~ û!~ ê•Q!†

3e2 ikû•xr~ t !~ ê•Q!eikû•xG . ~4.7!

The Hamiltonian part describes the coherent evolution. T
remaining part describes the coupling to the reservoir
vacuum fluctuations. The first two terms within this couplin
describe the coherent decrease of the excited-state ampli
The last term describes the feeding of the ground state
spontaneous emission. It contains an integral over all p
sible directions and polarizations of the emitted photo
wheregê(û) is the probability distribution that a photon i
emitted in the directionû with a polarizationê.

This sets the framework for the theoretical description
the combined guiding and cooling inside a blue-detun
doughnut mode. In Sec. V we will numerically simulate t
evolution ofr(t) given by Eq.~4.7!.

V. NUMERICAL SIMULATIONS

We describe both the internal state of the atoms as we
the translational degrees of freedom quantum mechanic
In order to numerically calculate the final temperatures
described by Eq.~4.7! for different cooling parameters w
have to make a number of approximations due to the co
plexity of the system. The state of the system is simula
using the momentum eigenstates as basis. However,
makes the position dependence of the interaction hard
implement. The atoms move relatively slowly in the tran
verse direction while they are in the cooling zone, i.e.,
guiding potential acts on a much longer scale. Hence
completely ignore the position dependence of the dough
potential and we assume that each atom experiences a h
geneous light shift operator. We approximate Eq.~4.4! by

Hd5Ud@~ êd•Q!†~ êd•Q!2~ êd•Q!~ êd•Q!†#, ~5.1!

whereUd is the effective~average! light shift that the atoms
experience, i.e., a certain fraction of the maximum light sh
at the maximum of the doughnut potential. Note that with
this approximate model the effect of the doughnut is fu
described by this single parameter and the polarization of
doughnut beam. Although we have introduced a spatia
uniform light shift operator we will refer toUd as doughnut-
mode light shift for the purpose of briefness.

TABLE III. Polarization vectors for a circularly polarized coo
ing configuration.

b ê1x5sx
1 ê2x5sx

2 ê1y5sy
1 ê2y5sy

2

11 21/2 1/2 1/2 1/2
0 1/& 1/& 2 i /& i /&
21 1/2 21/2 1/2 1/2
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Since, for the interaction, thex andy directions are now
uncoupled, we can further simplify the system by only co
sidering cooling in thex direction. The state of the system
thus written in the the basis

uJ;M &upx&. ~5.2!

The momentum is discretized to a grid of\k separation.
Because the cooling light and doughnut mode have slig
different frequency we make the approximation that both
doughnut mode and the cooling light, as well as spontane
emission, act onpx with quanta61,0 with the same unit\k,
i.e., we only take the detunings to have an effect on
internal state.

The contribution of the cooling beams, Eq.~4.5!, now
only contains thex direction. With the definition of thepx
grid with a fixedk for all beams, the action of exp(6ikx) is
simply a shift61 of the state in thepx basis. Besides the
two polarizationsê6x the cooling beams are still determine
by two parameters,Dc andVc . For comparing the strengt
of the cooling light with Ud we introduce the light shift
parameterUc , given by

Uc5
\Vc

2

4Dc
. ~5.3!

The Hamiltonian has become one dimensional,

H~x,px!5
px

2

2m
1Hd1Hc~x!. ~5.4!

As we take our initial distribution forpx to be Gaussian
with Dpx510\k, the grid is cut off at630\k. This leaves
us with a state space of 123615732 dimensions. The den
sity matrix has the squared number of elements, which is
reason for using state vector trajectories.

A. Quantum trajectories

Quantum trajectories are time-dependent state vectors
dissipative system, which are solutions of a stochastic Sc¨-
dinger equation. This equation is designed such that the
semble average of pure states reproduces the time-depe
density matrix that solves the master equation, Eq.~4.7!, of
the dissipative system@23#.

In the present case, the actual simulations are perfor
using normalized state-diffusion trajectories@24#. Since we
have discretized the momentum we must also discretize
effect of spontaneous emission on the atoms momentum.
suming that the spontaneously emitted photons have circ
(b561) or linear (b50) polarization the angular distribu
tion functions of the emission are given by

g61~ û!5
3

8p
~12 1

2 sin2u! and
~5.5!

g0~ û!5
3

8p
sin2u.

The corresponding distributions for the recoilu5Dp/\k in
the x direction are
-
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g61~ux!5 9
16 2 3

16 ux
2,

~5.6!

g0~ux!5 3
8 1 3

8 ux
2 .

It has been shown to be a good approximation to direct
spontaneous emission along one of the coordinate axesx, y,
or z @25#. For emission in thex direction, the above distri-
bution functions can be discretized after projection onto
the x axis. The discrete probabilities follow uniquely from
the requirement that the first momentsux and ux

2 are the
same as for the continuous distributions~5.6!, for each one
of the three independent polarizationsb561,0. This gives
the probabilitiesgb

a , with a5Dpx /\k,

g61
615 3

20 , g61
0 5 7

10 ,
~5.7!

g0
615 1

5 , g0
05 3

5 .

The change in the internal state is determined by the po
ization b of spontaneous emission.

The stochastic Schro¨dinger equation that generates the i
dividual trajectories is given by

duc~ t !&52
i

\
H~x,px!uc~ t !&dt2

G

2
~Q•Q†22^Q&•Q†

1^Q&•^Q†&!uc~ t !&dt1AG

3(
ab

~Qb
†2^Qb

†&!gb
aeiakxuc~ t !&djb~ t !, ~5.8!

with

udjb~ t !u5Adt and djb~ t !50. ~5.9!

Equation~5.8! has three main parts. The first term is simp
the Hamiltonian and it corresponds to the first term of E
~4.7!. The second term is a deterministic, non-Hermiti
term that simulates the first part of the second term of
~4.7!. The third term is a stochastic term that in second or
approximately simulates the integral of Eq.~4.7!. The sto-
chastic incrementsdjb(t) fulfill the statistical requirements
of Eq. ~5.9! so that the first-order contribution of the stocha
tic terms vanish in the ensemble average. The nonlin
terms in Eq.~5.8! assure that the individual trajectories r
main normalized. In the ensemble averageuc(t)&^c(t)u
these nonlinear terms cancel and the density matrixr(t) is
recovered.

The statistical properties described by Eq.~5.9! still allow
for a certain freedom in the actual choice of the values
djb(t) per trajectory. Usually either real noise, whe
djb(t)56Adt, or noise with a complex random phase
chosen. In earlier work, however, we have shown that
simulation of a single observable a more efficient choice
be made@6#. The complex phase ofdjb(t) is then chosen in
such a way that the individual realizations of the observa
are not influenced to first order by the stochastic terms of
~5.8!. This way the individual realizations remain closer
the ensemble average than for noise with a random phas
that an average over fewer trajectories is needed to conv
to the exact result. Since we are interested inDpx , we adapt
the phase of the noise to the observablepx

2 . One expects tha
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^px&'0 and that the noise in̂px
2& is the main contributor to

the noise ofDpx5A^px
2&2^px&

2 per realization. For this rea
son we choose

djb~ t !56 i
^Qbpx

2&2^Qb&^px
2&

u^Qbpx
2&2^Qb&^px

2&u
Adt ~5.10!

with equal probability for either sign. The benefits of usi
adaptive noise with respect to using noise with a rand
phase are illustrated in Fig. 7. For typical values of the
rameters the time evolution ofDpx was simulated. Clearly
the average over just 20 trajectories has already conve
for trajectories based on adaptive noise, in contrast to
average over trajectories based on randomly phased n
The small amount of jittering noise that is still present in F
7~b! is due to the contribution of̂px&

2 to Dpx . The indi-
vidual realizations of̂ px

2& alone are perfectly smooth, a
though they slowly drift due to higher order contributions
the noise.

Figure 7~b! also shows the two time scales present in
simulation. In the initial stage the state of the system de
heres in terms of the correlations between the different m
menta. In fact, the noise localizes the state in momen
space, causing a rapid decrease ofDpx . This is actually an
artifact resulting from the fact that we start with a cohere
superposition of different momentum states instead of a c
sical mixture. However, after a relatively short time this s
perposition has decohered and from that moment on we
actually simulating a mixed state. The cooling takes place

FIG. 7. Simulation ofDpx as a function of time using~a! ran-
dom noise and~b! adaptive noise. For both methods 20 trajector
were averaged to obtain the solid curves. Both dotted curves a
fit of figure ~b!. The parameters areDc525G, Ud5330Erec, and
Uc526Erec.
-

ed
e

se.
.

e
-
-

m

t
s-
-
re
n

a longer time scale. Although the initial value ofDpx is
effectively less after decoherence, the final steady-state v
may be expected to be the same in any case. The ov
evolution turns out to be quite well described by a sum
two decaying exponents plus an offset, as can be seen
the dotted fit in Fig. 7. The two different time scales diff
approximately by a factor 20. In any case the fits are ti
resulting in a good approximation of the final value ofDpx
that we are interested in.

B. Numerical results

The parameters that are present in our approximate m
are the effective light shiftUd , the detuningDc and the Rabi
frequencyVc of the cooling light, and the polarizationsêd

and ê6x . In the simulation we let these parameters att
typical experimental values.

The doughnut polarizationêd is taken to be linearly po-
larized py ~see Table I!. With this choiceHd is not just a
light shift on the individual internal statesuJ;M &, but it also
contains off-diagonal terms that slightly ‘‘reshuffle’’ the am
plitudes of Zeeman substates withDM562 within the
ground and excited states. However, we have found
there is no qualitative difference as compared to the res
of simulations performed with a circularly polarized doug
nut. For better comparison with the experimental resu
most of which were also obtained using a linearly polariz
doughnut, we present the simulation results for linear po
ization.

The cooling polarizationê6x is taken to besx
6 ~see Table

III !. The detuning is fixed,Dc525G. For larger values of
the detuning the simulations take more computation tim
However, one must keep in mind that polarization-gradi
cooling in free space, on aJ→J11 transition, is known to
work only for negative detunings of the cooling light. Ther
fore, cooling can in principle be expected only whenuDcu
exceeds the additional light shiftUd , which reduces the ef-
fective detuning. In the simulationsUc is varied by varying
Vc within a typical experimental range.

The value ofUd is taken as a fraction ofUmax. In the
experiment some of the atoms will be on, or very near, thz
axis and will only be weakly influenced by the doughn
mode, i.e., they experience a small value ofUd . Other atoms
will have a certain distance from thez axis and will experi-
ence a larger fraction ofUmax. In our model, a simulation for
a given value ofUd therefore corresponds to a wave pack
with a momentum spread of 10\k traveling at a certain dis-
tance from the doughnut-mode axis. The actual distribut
of the atoms inside the doughnut mode can be viewed a
superposition of such wave packets. For comparison with
experiment the results of the simulation should be avera
over the atomic distribution inside the doughnut mode. F
instance, if we take the parameters as mentioned in S
III B, where we measured a spatial spread of 6.5mm, about
60% of the atoms experience a light shift larger th
600Erec. The dynamics during cooling, i.e., the change ofUd
when the atoms become cooler, can of course not be stu
in this model.

In Fig. 8 the final values ofDpx have been plotted for
different values ofUd andUc . The bottom curve, for which

s
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Ud50, corresponds to cooling in free space. It displays
expected behavior: for decreasing cooling light intensit
the final momentum spread approaches a value of slig
more than a single recoil. At very small values ofUc the
cooling is seen the break down and the momentum sprea
much larger than a single recoil. For increasing values ofUc
the final temperature also increases as the saturation~and
therefore the scattering rate! increases.

For higher values ofUd the final value ofDpx asymptoti-
cally approaches the curve forUd50 asUc increases. For
valuesUc,50Erec, however, the behavior significantly de
viates from cooling in free space. The final value ofDpx
actually increases for decreasingUc .

There appears to be a thresholdlike behavior ofUc for a
fixed value ofUd . Above the threshold, the cooling proce
is hardly affected by the doughnut potential. Below t
threshold, the cooling process is disturbed by the presenc
the doughnut and the final temperature is significantly hig
than for cooling in free space. It seems that the cooling li
has to outweigh the doughnut potential.

The coherent pumping of the cooling light is perturbed
the incoherent action of the doughnut mode. The light sh
induced by the doughnut mode, different for everyuJ;M &
sublevel, will give rise to a phase rotation of the amplitud
If the pump rate of the cooling beams is much slower th
this phase rotation, the coherences generated by the co
light will decohere relatively rapidly. This will not only
make the optical pumping less efficient, but it also gives r
to an offset of the excitation. The cooling light, inducin
Rabi oscillations, will no longer periodically transfer all th
population to the ground state as the amplitudes ofu2;M &
and u3;M61& will dephase due to the doughnut light shi
The excitation offset gives rise to an increase of spontane
emission, heating the system. When the pump rate of
cooling beams is much faster than the phase rotation,
cooling process is hardly affected. The fact that far bel
threshold the cooling does not work and the fact that
temperature increases again for increasing values ofUc far
above threshold gives rise to a certain optimum value ofUc ,
for which the final temperature reaches a minimum.

The presence of a threshold is illustrated in Fig. 9. Bel
the threshold@see Fig. 9~a!# the final px distribution, aver-
aged over 20 trajectories, is asymmetrical and is even sh

FIG. 8. Final value ofDpx as a function of different cooling
intensities, withDc525G, for different doughnut strengths. Th
curves serve as guides to the eye.
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from p50. Above the threshold@see Fig. 9~b!# the final px
distribution is centered aroundp50 and has a Gaussia
shape.

A shift of ^px& due to the cooling process induces noi
into the simulation because the adaptive method only st
lizes ^px

2& and relies on the fact that^px&'0. The fact that
^px& may differ from zero below the threshold therefore e
plains the increased error of the simulation points in Fig
for low values ofUc and high values ofUd . Below threshold
more than 20 trajectories are required to accurately calcu
Dpx .

Note that the restriction of minimal values forDc andUc
do not apply to the situation of cooling in free space. In t
absence of an additional light shift potential the sublevels
both the ground and the excited state are fully degener
Hence the cooling beams have a uniform detuning, wh
may be arbitrarily small. Furthermore, the coherences
tween the different sublevels are preserved, apart from sp
taneous decay, so there is no lower bound on the pump
to be effective.

Also note that the light shift parametersUd and Uc are
light shifts with respect to a Clebsch-Gordan coefficient
one. In fact, every pair ofM sublevels experiences a diffe
ent light shift, proportional to a Clebsch-Gordan coefficie
less than one. Because these coefficients differ for differ
values ofM , there is no single threshold value forUc ; there
is rather a transition regime. This regime appears to be c
tered around the value for whichUc becomes comparable i
magnitude withUd . The value ofUc should be multiplied
by a factor of two before comparison to take into accou
both counterpropagating cooling beams.

FIG. 9. Finalp distribution after cooling with parametersDc5
25G, Ud5660Erec, and~a! Uc513Erec and~b! Uc5117Erec. The
dotted curves represent the initial distribution.
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VI. SUMMARY AND DISCUSSION

The experimental data show that the guiding and focus
properties of the doughnut-mode potential, which we inv
tigated in earlier work@4#, are not altered in the presence
the cooling beams. The initial conditions for the cooling
the atom beam, like beam width and transverse tempera
can be controlled by the waist and intensity of the dough
mode. On the other hand, the characteristic behavior of
cooling process is different for cooling in free space a
cooling inside the doughnut mode. The final transverse t
perature decreases for increasing cooling light intensi
when the doughnut mode is present, in contrast to coolin
free space. For the investigated parameter range, the
temperature is seen to depend on the strength of
doughnut-mode potential. For weak potentials the minim
temperature remains close to that achieved without a dou
nut mode present.

The experimental situation was simulated by a simplifi
1D model with a spatially uniform light shift potential. Th
use of the adaptive noise method has been proven to be
vantageous as it considerably reduces the computing t
Within this model, similar changes in the characteristic b
havior are found in the numerical simulations within t
same parameter range. We ascribe these changes to th
istence of a threshold for the cooling light intensity; the lig
shift induced by the cooling light should exceed the lig
shift induced by the doughnut mode. The proposed mec
nism is that the light shift induced by the doughnut alters
optical pumping of the cooling light. The pump rate of th
cooling light diminishes, decreasing the cooling force, a
an offset in the excitation causes heating due to an incre
spontaneous emission rate.

Although a precise quantitative comparison between
experimental and numerical results is difficult because of
e
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simplifications made, a few remarks can be made. As m
tioned a major fraction of atoms inside the doughnut mo
experience light shifts larger than 660Erec. This means that
the uppermost curve in Fig. 8 describes a large portion of
atoms inside the doughnut mode. For large values ofUc the
value ofDpx with the additional light shift present is abou
0.7v rec larger for these atoms when compared to cooling
free space. This agrees with the increase ofDpx observed in
the experiment.

The experimental data show the presence of a hot an
cold component, not found in the simulation. The resolut
of the momentum grid is not high enough to see such effe
~see Figs. 3 and 9!. However, the simulation shows that th
velocity distribution changes shape when the doughnut-m
light shifts become stronger than those induced by the c
ing light ~see Fig. 9!. This parallels the experimental obse
vation, where the double Gaussian velocity distribution b
comes a single Gaussian for strong doughnut modes.

As our simulations show, the higher temperatures fou
in the presence of the doughnut mode can already be un
stood as resulting from a spatially homogeneous light sh
Additionally, spatial variations may also cause heating. F
example, at the slope of the doughnut mode potential
dipole force fluctuations@26# are enhanced. We expect th
this additional contribution to the heating becomes import
when the gradient of the doughnut-mode potential becom
comparable to the gradient of the light shift potential induc
by the cooling light. This may explain the larger momentu
widths obtained in the strong doughnut regime.
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