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Ionization of one-electron ions penetrating a target at relativistic energies

Allan H. So”rensen*
Lawrence Berkeley National Laboratory, 1 Cyclotron Road, Berkeley, California 94720

and Institute of Physics and Astronomy, University of Aarhus, DK-8000 Aarhus C, Denmark
~Received 9 February 1998!

It is argued that the cross section for ionization of a hydrogenlike ion penetrating a target at relativistic speed
v5bc saturates already at moderate values ofg[1/A12b2. This is at variance with results published
previously@R. Anholt and U. Becker, Phys. Rev. A36, 4628~1987!#. A simple model is developed and shown
to yield cross sections in accordance with those of the only two experiments performed so far.
@S1050-2947~98!04510-7#
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I. INTRODUCTION

The present paper has been prompted by the recent
lication of two different experimental investigations of th
ionization of relativistic one-electron ions as they penetra
target@1,2#. In these articles, experimental findings are co
pared to the extensive theoretical results presented by An
and Becker@3#. The experimental data of Claytoret al. @1#
were recorded at the Alternating Gradient Synchrot
~AGS! at Brookhaven National Laboratory at a relative
moderate energy of the incoming ion corresponding tog
[1/A12v2/c2512.6; herev denotes the ion velocity. The
measured cross sections are reported to be in agreemen
the theoretical results of@3#. The data of Krauseet al. @2#
were recorded at the CERN Super Proton Synchrotron ag
5168. The extracted cross sections are reported to be so
what below the theoretical values of Anholt and Becker.

In the following I shall argue that the most likely cause
the discrepancy at the higher energy is an erroneous de
dence of the ionization cross section on projectile energ
the theoretical work@3#. Simple estimates of the ionizatio
cross section will be performed and actual numbers will
computed and compared to the experimental data. Throu
out I shall setb[v/c51 ~when it appears as a factor!.

II. STRUCTURE OF CROSS SECTIONS

For any given combination of target and projectile atom
numbers, Anholt and Becker@3# state that cross section
have the structure

sAB5s1
AB1s2

AB~ lng2 1
2 !. ~1!

Here the partial cross sections that I have labeleds1
AB and

s2
AB are energy independent. Values for these are give

@3# for the case where the target particle is a bare charge,
is, a bare target nucleus, as well as for the case where
target object is a neutral atom. The latter ‘‘screenin

*Permanent address: Institute of Physics and Astronomy, Uni
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included’’ case is covered through extensive tabulation
values ofs1

AB ands2
AB for a wide range of projectile-targe

combinations.
As is obvious from Eq.~1!, Anholt and Becker@3# predict

that the projectile ionization cross section grows with lg
both with and without screening included; Figs. 4 and 5
@3# provide an illustration. As I shall now argue, this cann
be. Instead of showing the behavior~1!, the cross section
will actually saturate already at moderate projectile energ
for any collision system when screening is included.

The structure of the projectile ionization cross section
roughly

s5s11s2ln~bmax/bmin! . ~2!

Here bmax is some maximum impact parameter beyo
which ionization does not occur, whereas the minimumbmin
and the contributions1 are linked together by the require
ment thats1 accounts for contributions for impact param
eters smaller thanbmin . The estimates to be presented in S
III are of exactly this form with essentially energy
independent results fors1 ands2 .

To get an idea of how the cross section behaves we h
to decide on the relevant lengths. There are three. One is
radius of theK shell of the projectile ion. I shall use this a
bmin as it allows for simple estimates of the close and dist
collision contributions to the ionization cross section, that

bmin;aK;a0 /Zp , ~3!

where Zp is the atomic number for the incoming ion an
a05|C /a is the Bohr radius for hydrogen (a being the fine-
structure constant and|C5\/mc the Compton wavelength
of the electron!.

The two other lengths are candidates forbmax. In the rest
frameR of the incident ion, the time duration of the electr
pulse produced by a target particle such as a target nuc
that passes by at distanceb is Dt;b/gc and to liberate the
electron bound to the ion at frequencyvK5EB /\, where
EB5@12A12(aZp)2#mc2 is the binding energy,Dt21

needs to be in excess ofvK . This gives an effective maxi-
mum impact parameter of
r-
2895 © 1998 The American Physical Society
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bad;gc/vK ~4!

beyond which the interaction is adiabatic. Obviously, if Eq
~3! and~4! are combined in Eq.~2!, a cross section with the
structure of that given in@3#, Eq. ~1!, is obtained.

The third length follows from the simple observation th
the target particles causing the ionization of the projectile
organized in neutral atoms. Hence the effective range of
field of a target nucleus as viewed inR can never exceed th
atomic screening distance of target atoms. This leads
maximum impact parameter of

bsc;aTF50.89a0Zt
21/3, ~5!

where Zt denotes the target atomic number andaTF is the
corresponding Thomas-Fermi screening length.

From the above discussion it follows that for the effecti
maximum impact parameter to enter Eq.~2! we should
choose the smaller ofbad andbsc, that is,

bmax;minH gc

vK
,0.89a0Zt

21/3J . ~6!

With Eq. ~6!, the structure of the projectile ionization cro
section is as given by Anholt and Becker, Eq.~1!, but only
until bad grows beyondbsc where the cross section saturate
that is, becomes independent of projectile energy. An e
mate of the valuegc of g beyond which saturation appears
obtained by settingbsc5bad, i.e.,

gc;60~aZp!2/Zt
1/3 ~7!

~read 1 if the right-hand side comes out smaller than 1!. This
is a very low number; it is as low as;5 for Zp5825Zt .

Before turning to actual estimates of cross sections,
worth noting that the above type of behavior with a lng
dependence until a certaingc followed by saturation is well
known for other processes. We may mention~a! the so-called
density effect in ionization and ionization energy loss~see,
e.g., @4,5#! and ~b! bremsstrahlung and pair creation. Th
latter case~b! is closest to what we have here. By consultin
e.g., Heitler@6#, it is obvious that arguments used to estima
effects of atomic screening on bremsstrahlung emitted by
electron deflecting in an atomic field are exactly as th
used above. Furthermore, if bremsstrahlung were to be
termined in a virtual photon calculation as discussed by Ja
son@7#, but now for a screened atomic nucleus@8#, then the
calculation to be performed would be very similar to the o
I shall discuss next.

III. SIMPLE MODEL

To obtain some estimates of the projectile ionization cr
section I shall use the Weizsa¨cker-Williams approach; se
@7# or @9#. For the specific case ofK-shell ionization, some
useful hints may also be found in@5#. In this approach, the
total cross section is separated into a close and a dis
collision contribution as

s5sclose1sdistant ~8!

at a dividing distanced.
For the dividing distance we choose
.
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d5|CA mc2

2\vK
, ~9!

which essentially is theK-shell radius@cf. Eq. ~3!; the non-
relativistic expression for the binding energy
(aZp)2mc2/2]. The reason for this choice is twofold. Firs
the very application of an impact parameterb between~the
center of! a given target object and the hydrogenlike proje
tile ion in the evaluation below of the distant collision co
tribution according to the virtual photon scheme deman
that b be in excess of the latter struck system. The pho
flux impinging on the extended hydrogenlike ion is calc
lated from the electromagnetic field strength of the tar
object at a distanceb from ~the center of! the object and
considered uniform over the extent of the struck system. S
ond, for closer collisions the momentum transfer is grea
than or equal to\/d, which with Eq.~9! translates into en-
ergy transfers in excess of the binding energy; hence bind
may be neglected in the estimate of the close-collision c
tribution to the ionization cross section.

With the choice~9!, the close-collision contribution is
evaluated as

sclose5E
\vK

Tmax
dT

ds

dT
, ~10!

whereT is the energy transfer to theK-shell electron with a
maximumTmax@\vK determined by kinematics. The energ
transfer cross sectionds/dT is computed as if the electro
were free, that is,ds/dT is essentially the Rutherford cros
section that is proportional to 1/T2. By neglecting higher-
order terms in the cross section, the estimate for the clo
collision contribution to the ionization cross section by
unscreened target nucleus hence is@10#

sclose.2pr 0
2Zt

2/h, h[\vK /mc2. ~11!

Here r 05a|C is the classical electron radius; it may be r
membered that up to an error of 0.2% only, 4pr 0

2 equals 1 b.
The distant-collision contribution to the ionization cro

section is determined as the interaction of a bunch of equ
lent of photons with the hydrogenlike ion, that is,

sdistant5E
vK

`

dvsg~v!
1

\v

dI

dv
. ~12!

Heresg is the atomic photoabsorption cross section for
projectile ion anddI/dv is the intensity of the virtual-photon
bunch whose spectrum is constructed in such a way that
individual frequency components of the electromagne
field very closely resemble those of the target object pertu
ing the ion. We shall now discuss each of the factors ente
the integrand in Eq.~12!.

The virtual photon spectrum is determined inR. A target
object is flying by at an impact parameterb. Imagine two
different cases. In the first case a bare ion of chargeZte is
passing by. Neglecting contributions of order 1/g2, the elec-
tromagnetic field as observed at the position of the ion c
responds to a photon intensity of
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dI

dvd2b
5\aZt

2 1

p2b2
@xK1~x!#2, ~13!

where the quantityx is given as

x5
vb

gc
. ~14!

In the second case the target object passing by is a scre
nucleus. The virtual photon intensity is then approximat
given by the same expression~13!, but with x substituted by

x5F S vb

gc D 2

1S b

aTF
D 2G1/2

, ~15!

cf. @11#. Since the modified Bessel functionK1 falls off ex-
ponentially for arguments larger than 1, the effective ma
mum impact parameter alluded to in Eq.~6! is immediately
apparent. Integration of Eq.~13! over impact parametersb
beyondd yields

dI

d\v
5

2

p
aZt

2H jK0~j!K1~j!1
1

2
j2@K0

2~j!2K1
2~j!#J ,

~16!

where j is defined asx in Eqs. ~14! and ~15! but with d
substituted forb, that is,

j5
vd

gc
3H 1 for the bare nucleus

F11S gc

vaTF
D 2G1/2

for the screened nucleus

~17!

By application of the asymptotic expansions of the modifi
Bessel functionsK0 andK1 , Eq. ~16! is seen to reduce to

dI

d\v
5

2

p
aZt

2H ln
1.123

j
2

1

2J ~18!

in the limit of small argumentsj!1. The combination of Eq
~17! for the Coulomb case and Eq.~18! again makes the
Anholt-Becker cross section~1! a familiar result, but not a
general one.

As to the photo cross sectionsg appearing in Eq.~12!, a
rather simple choice is made. The choice is based on
nonrelativistic photo cross section obtained by Stobbe
application of the dipole approximation and exact Coulo
waves. It is identified in the following assStobbe; see, e.g.,
@6# for the actual expression. For high photon energ
sStobbe}v27/2, whereas the true behavior of the photo cro
section for\v*mc2 is a much slower falloffsg}v21. To
account for this, the following expression is used:

sg5~sStobbe
2 1sPratt

2 !1/2, ~19!

wheresPratt is the high-energy result obtained by Pratt,
@12#. A check against tabulated atomic photo cross secti
@13# shows reasonable agreement after reduction of the t
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lated values to a singleK electron has been made. For lea
for instance, it is found that values computed according
Eq. ~19! are slightly lower, by 5–10 %, than the tabulate
ones in the most important region just above the absorp
edge. The overall accuracy of the entire scheme with the s
~8! and the approximate treatment of each of the two con
butions of course cannot be expected to be any better
this.

IV. RESULTS

Table I shows a comparison between the experime
findings by Claytoret al. @1# and theoretical results as ob
tained by Anholt and Becker@3# as well as in the presen
work. The results of Anholt and Becker include screenin
The results of the present work, obtained by the combina
of formulas ~8!, ~9!, ~11!, ~12!, ~16!, ~17!, and ~19!, are
shown for ionization by both a bare target nucleus and
neutral atom; in the last case contributions from target e
trons have been included approximately by multiplying t
result obtained for a screened nucleus by 11Zt

21 .
The overall agreement between experimental results,

cross sections of Anholt and Becker, and those compu
here with allowance for screening is quite good. Despite
result of the present calculation forZt56 and the experimen
tal finding for Zt547 fall somewhat outside the rest, no di
ferences can be claimed to be significant in view of the
curacy of both experiment and applied theoretical model

Table II similarly shows a comparison between the e
perimental findings by Krauseet al. @2# and theoretical re-
sults as obtained by Anholt and Becker@3# as well as in the
present work. Contributions from target electrons have ag
been included approximately in the last column by multip
ing the result obtained for a screened nucleus by 11Zt

21 .
In the high-energy case, there is a significant deviat

between the two sets of theoretical values. The experime
data fall in between. For lower values of the target atom
number, the experimental data are closer to the theore
values computed here; forZt>29 the matter is less clear
The experimental cross sections were extracted from a ‘‘c
ture experiment’’~the larger cross section listed at givenZt)

TABLE I. Results of the AGS experiment@1# compared to
theory. The table gives cross sections, all in kb, for the ionization
a hydrogenlike gold ion as it penetrates various solid targets ag
512.6. Upon incidence, the ion is in its ground state. The fi
column gives the atomic number of the target. The second colu
gives the cross section measured in the experiment. The third
umn gives the theoretical prediction of Anholt and Becker@3# with
screening included. The last two columns list results obtained in
present work for ionization by a bare target nucleus~fourth column!
and a neutral atom~fifth column!.

Present work
Zt Experiment Anholt and Becker Bare nucleus Atom

6 0.310 0.310 0.243 0.271
13 1.18 1.28 1.14 1.15
29 5.26 5.80 5.73 5.37
47 16.2 14.4 15.5 13.7
79 38.2 38.8 43.4 38.0



n
n-
-
ri
n

e
e
o
i

e
ou

n
he
ot
t

th
a

er
e

r-
ts
.
o
th
e
rg
an

g
a

pu

ke
o

n

ross
It is
m-
to

cs

on
oss
we

o-
im-
te

d be
ling
la-
of
t
to

sity

-
r-
ntri-
for
h
an
in-

n

by
h
t
ex-
ntly

e

e

a-
ic

us-
sion
o

nt

ncil
n-

De-

o
at
ar

2898 PRA 58ALLAN H. SO”RENSEN
and an ‘‘ionization experiment’’~the smaller cross sectio
listed at givenZt). According to the authors, systematic u
certainties~unknown contributions from ionization of ex
cited states! are such that the results of the ionization expe
ment are believed to most nearly represent the true grou
state ionization of the lead ion@14#. The results of the
ionization experiment strongly favor the theoretical valu
computed here. Note that the difference between experim
tal results and our theoretical estimates is nowhere bey
the combination of the inaccuracies with which either one
produced. As to the theoretical estimates, it may be m
tioned that all the current fifth-column results receive ab
equal contributions from distant and close collisions~with a
slight dominance of the distant collision contribution!. In
view of this, as well as in view of the quite rough treatme
of the contributions from the two classes of collisions, t
decision of how to combine the two, and the choice of ph
cross section, the numbers produced here should no
trusted better than to within 10–20 %.

It may be noted that in the CERN case as opposed to
AGS case, all the results produced here for the Coulomb c
~no screening! are below the results of Anholt and Beck
with screening included. The reason may well be the curr
use of a nonperturbative photo cross section~although
through a simple fit!: While the scheme applied here ce
tainly is perturbative in the action of the target constituen
this is not so for the action ofZpe on the liberated electron
As is well known, the nonrelativistic photo cross section
Stobbe is only 0.12 times the plane-wave Born value in
immediate neighborhood of the absorption edge. This typ
effect shows for the projectile ionization by a bare cha
more clearly at higher energies simply because the dist
collision contribution in this case increases withg. See also
@15#.

V. CONCLUDING REMARKS

We have shown above that the cross section for ionizin
hydrogenlike projectile as it penetrates matter saturates
ready at moderate values of the Lorentz factorg. This is in
contrast to the results and supposedly general formulas
lished previously by Anholt and Becker@3# and showing a
lng dependence. It may be noted that Anholt and Bec
shoot for energies beyond 10 GeV/amu. As the study ab

TABLE II. Results of the CERN experiment@2# compared to
theory. The table gives cross sections, all in kb, for the ionization
a hydrogenlike lead ion as it penetrates various solid targetsg
5168. Upon incidence, the ion is in its ground state. Columns
as in Table I.

Present work
Zt Experiment Anholt and Becker Bare nucleus Atom

4 0.15–0.14 0.24 0.15 0.14
6 0.31 0.49 0.33 0.28

13 1.4–1.3 2.0 1.6 1.1
29 8.0–6.9 9.0 7.8 5.2
50 21–15 25 23 15
79 53–42 60 58 35
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shows, saturation has actually set in for virtually all collisio
systems at such energies.

We have constructed a simple model and computed c
sections that are in agreement with experimental data.
furthermore important to note that the cross sections co
puted here agree with those of Anholt and Becker at low
moderate values ofg but fall significantly below at high
values ofg. Our discussion in Sec. II explains the physi
behind this difference.

Although the primary purpose of the present contributi
is to explain the energy dependence of the ionization cr
section rather than to compute very accurate numbers,
may mention a few ways in which the quality of the comp
nents of the simple model presented in Sec. III may be
proved. Obviously, one may try to find a more accura
photo cross section. For instance, the cross section coul
extracted from measured values. Or, since we are dea
with a hydrogenlike system, relatively simple, though re
tivistic, calculations could be performed along the lines
@16#. See also@17#. In addition to that, the Compton effec
could be added. Another obvious improvement would be
compute accurately an expression for the photon inten
dI/dvdb corresponding to actual atomic potentials.

The work by Krauseet al. @2# contains a remark concern
ing coherent addition of amplitudes or, similarly, interfe
ence between what is called Coulomb and transverse co
butions. Such effects, which have been reported recently
projectile excitation@18#, are not an issue in the approac
followed in the present paper: As long as the notion of
impact parameter makes sense, all ‘‘interferences’’ are
cluded via the photo cross sectionsg and the photon inten-
sities, determining the distant-collision contributionsdistant,
Eq. ~12!, and the collision cross sectionds/dT entering the
integrand in Eq.~10! and determining the close-collisio
contributionsclose.

A final remark regards a conclusion in the paper
Krauseet al. @2# that in electron-positron pair creation wit
capture of the electron to the projectile bare lead ion ag
5168, experimental values indicate 15–20 % going to
cited states, whereas calculations suggest a significa
higher number of the order of~or beyond! 30%; cf. @16#. It
should be noted that the 2s state contributes 12.5% to th
latter number~the total for alls states being roughly 20%!.
Since the 2s state has difficulties decaying radiatively to th
ground state, the lack of observation of the 2s contribution in
the experiment may well explain the difference.
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