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Properties of the ground state of the hydrogen molecular ion
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The ground-state energies of the ions'Haind D,* have been calculated without making use of the Born-
Oppenheimer approximation. Instead, the ions are treated as three-body systems whose ground states are
spherically symmetric. The wave function of the ground state is taken to be a generalized Hylleraas form, but
it is necessary to use high powers of the internuclear coordinate to simulate the localized motion of the nuclei.
We obtain good values of the ground-state energies and compare them with those obtained from earlier
calculations. Expectation values are calculated for various operators, the Fermi contact parameter, and the
permanent quadrupole moment. The cusp condition is also calculated. The results are compared with the results
of other calculations, where availab[&1050-2947®8)05410-9

PACS numbdps): 31.15.Ar

I. INTRODUCTION Q

Wo=e a2e P2 ¥ Cparirfiri,+[12],
Recent experimen{d] on high Rydberg states ofHhave Lm.n=0

prompted us to calculate the,Hground-state energy using @
Hylleraas-type wave functions, which have been used sug- > _ :

cessfully for the two-electron systems. These functionsqggs{eeié#_mré ngri.agil':r?aleégrﬁ]ré\i/alges are calculated by the
when used in a conventional manner, do not give an accurate

value of the ground-state energy or expectation values of (WolH|Wo)
various operators even when a large number of terms are =—,
used in the wave function. The reason is that these functions (Wo¥o)

do not localize motion of the nuclei, which can be done V€Yihich requires minimizinde with respect to variation of the

easily in the Born-Oppenheimer approximation by using Fhonlinear parameters. For 615 terms in the expansion, Eq
product of electronic and nuclear wave functions. This aP12) e obtainE= — 1 1'92 92 Ry for H*, which is far from, ‘
proximation further assumes that there is no coupling befhé accurate value—i 194 278 131 Ry, of Ref3]. This is
tween the electronic and nuclear motions. Since the relativﬁnlike the two-ele(;trdn systems where accufat.e results can
motion of n_uclei is fairly localized near an equilibrium point be obtained by using fairly short expansions in E2). As

and looks like a Gaussian, we modified recelythe Hyl- explained in Ref[2], the exponentials and powers appearing

leraas wave function so that the nuclear motion is Iocahzedi,n Eq. (2) are capable of describing the correlations between

le., Is Gaussian. .Thls ha_s helped the convergence of tr}%e nuclei and the electrons but not the internuclear motion,
energy value considerably in,H, but not to the same extent which we know from the Born-Oppenheimer approximation

Ienngrz ' tjsilrr:g ;‘Eg g:vzruﬁfpgﬁ;igﬁﬁgﬁg| 'nrm'c?”;;'zwg tcr:j_is dg_scribed by_a_ Gaussian-like fl_mctipn centered qround the
culat?eyex g the yieig . P Pie, equilibrium positions of the nuclei. This Gaussian-like func-
pectation values for various operators, the Fer lon can be well approximated by the forn‘i‘ o~b12 pro-
contact parameter, the permanent quadrupole moment, ar\‘/ﬁjed N is large an%%mN/Z (cf F)i/ 1in Rezf 2] 'Irfhis
the cusp condition. The results are compared with other cal- arg — N2 (et Fg. = N N
culations. where available eads to a simple madification of multiplying E(®) by r,.
' ' For the ground state the nonlinear parameters are chosen to
minimize the energy, keepin§o+N constant as we in-
crease(),. The convergence of the ground-state energy for
The unperturbed Hamiltonian of the,H system in the Ha" with respect td), is shown in Table I. Fof)o=13, i.e.,
center-of-mass system [ig] 308 terms in the expansion, takiig=10, we obtainE=

—1.194 277 909 Ry, differing by only about X0’ Ry

()

II. FORMULATION AND RESULTS

H=- Vrzl— V,ZZ— Zﬂﬁfl' ﬁ,2+ —_———— N TABLE I. Convergence of the ground-state enefgyor H,"
with respect t)y Units are Ry.

where the reduced mags=M/(M +1), M is the nuclear

mass, energies are in reduced rydbeRg=u Ry, andr; o N ERY)

and r, are the relative distances of the electron from the 10 13 —1.194 275130
nuclei in units of reduced Bohr radius. The proton and deu- 11 12 —1.194 277 094
teron masses are 1836.152 70 and 3670.483 02, respectively, 12 11 —1.194 277 168
when the electron mass is 1.0. The ground state is described 13 10 —1.194 277 909

by Swave Hylleraas trial functions
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TABLE Il. Ground-state energf and expectation values of various parameters fgr &d D,". Units are
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Ry anda,.

Quantity Ht2 H,* P D, 2 D, '

E —1.194 277 909 —1.194 278 126 —1.197 572 175 —1.197 577 418
cusp(,) —-0.999 46 —0.999 451 778 —-0.999 74

(8(rq)) 0.206 74 0.206 736 364 0.207 73

(R 19.542 88 19.542 349 39 18.419 80

(R%) 9.125 80 9.125 657 555 8.774 09

(R?) 4.310 97 4.313 285 944 4.216 29 4.2156
(R) 2.063 92 2.063 913 868 2.044 16 2.0441
(1IR) 0.490 71 0.490 707 799 0.493 66 0.493 65
(l/R2> 0.244 19 0.243 923 499 0.245 95 0.245 92
(rdy 24.035 14 24.034 835 140 23.236 48

(r3) 8.709 95 8.709 881 574 8.505 20

(rf) 3.558 81 3.558 797 930 3.507 84 3.5075
(rqy) 1.692 97 1.692 966 208 1.682 40 1.6823
(1l ) 0.842 49 0.842 494 2962 0.845 62 0.845 62
(ryry) 2.808 59 2.804 309 915 277741

(coshy ) 0.251 99 0.251 989 493 0.254 33

(r?) 2.481 07 2.480 48 2.45376 2.4536
(r?r2/R?) 3.158 65 3.156 26

(r{IR? 5.502 14 5.462 16

(%) 1.17174 117174 1.152 95 1.1528

Q 1.638 40 1.639 27 1.605 61

(V) —5.228 501 —5.226 740 693 —7.205 68

aPresent work.

bReferencd5].

“The value given in Refl5] appears to be off by a factor of 2.

dReferencd6].

®The value given in Refl5] should be negative.

‘Referencd8].

9Referencd4].

from the accurate valué]. A similar calculation was carried to r, is equal to zero because of nonzero powers of

out for D,*. We obtainE=—1.197 572 175 RyQ,=13,  while the cusp value with respect tg is very close to—u

and N=10 for the ground-state energy, differing by (0.999 455679 for K" and 0.999 727 630 for P). The
5.2x10°® Ry from the accurate valugt]. To get a much Dirac § function &(f;) required in the calculation of the
better value of the ground-state energy nuclei must be locaFermi contact term is also given in the table. We compare

ized by usingN much higher than 10, which is not feasible our results for H" with the recent results of Frolo{5],
numerica”y_ An improvement could be made by using aWhere 500 linear pal’ameters and 1200 nonlinear pal’emeters

combination of functions such agﬁtze—brlz_ were u.sed, and algwhen Ref[5] does not hgve a partic.ular
Using the wave function obtained variationally, expecta—ohneﬁvr;’i'tth tfllor.:,]e r?tf rEatbhb gn_(ld_hShertrzEﬁgnOZttailn(\a/d rby usugg n

tion values of various quantities are calculated. They aré.e nite-eleme ethod. 1he agreement IS very good con-

given for K" and D,* in Table Il In the tablef represents Sidering only two nonlinear parameters were employed in the

. wave function. In spite of the fact that the individual expec-
the distance of the electron from the center of mass of th?ation values oR2. r2. andz? agree very well with those of

nuclei andzis the projection of ontory, and they are given  pe 5] the value ofQ does not agree well with the accurate
by the expressions value 1.63927280 calculated by Mo$3]. Babb and
12402 g2 Shertze{6] compare their results with results of other cal-
12 (4) culations and we have not repeated those keze Ref[6]).
2 4" The expectation values of various operators fgi Rre
compared, where available, with those given by Bishop and
Cheung[8]. They carried out a nonadiabatic calculation in
2rp, ) addition to the Born-Oppenheimer and adiabatic calcula-
tions, using a deuteron mass equal to 3670.479 07. This dif-
and Q=(r2,+r?—3z%)/2 is the permanent quadrupole mo- fers by 0.003 95 compared to the mass used in the present
ment. In the tableR=r,,, energies are in the units of Ry, calculation. We give their nonadiabatic results in Table II.
and distances are in units af. The cusp value with respect The agreement with their calculation is quite good.
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