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Two-atom laser
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A theoretical model of a microscopic laser system incorporating two identical atoms coupled to a single
resonator mode is investigated in detail. It is established that a dramatic improvement in laser quality results
from the addition of a second atom into the cavity. The enhanced laser action, arising from a cavity-induced
mutual atomic coherence, is inferred from comprehensive studies of the steady-state and dynamical properties
of the cavity output field. Evidence of laser action is also found in the fluorescence field where position-
dependent spectral profiles occur. Counterintuitively, we establish that antibunching phenomena in the fluo-
rescence can be enhanced by incoherent pumping.@S1050-2947~98!07709-9#

PACS number~s!: 42.50.2p, 32.80.2t, 42.55.2f
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I. INTRODUCTION

Recent technical advances in ion traps and laser-coo
schemes coupled with progress in cavity quantum electro
namics suggest that it may soon be possible to realize mi
scopic laser systems whose lasing medium consists of on
few atoms. Such a laser system can even involve just a si
atom that is cooled to the ground state of its external mo
and permanently and strongly coupled to an optical reso
tor. If the atom is incoherently pumped at a rate that is
least sufficient to compensate for the atomic and ca
losses, it is found that a near-coherent field may accumu
in the resonator via coherent emission into the cavity mo

A theoretical treatment of the one-atom laser was fi
performed in Ref.@1#. The practical difficulty of generating
an intense laser field with only a single atom as the las
medium means that the fluctuations in the cavity pho
number now play a significant role. As a result, the semic
sical treatment applied to microscopic laser systems is
general no longer valid, thereby requiring the atom-field
teraction and the process of cavity loss to be described
quantum-mechanical manner. By applying the fully quant
model to two-, three-, and four-level atomic systems coup
to a resonator mode, it was shown@1# that a near-coheren
field may accumulate in the cavity for particular regimes
pump rate and atom-cavity coupling strength. For such
rameters the lasing behavior was inferred from steady-s
statistical properties corresponding to a mean cavity pho
number greater than unity and a near-Poissonian ph
number probability distribution. This was confirmed ind
pendently in Ref.@2# by the first calculation of spectral prop
erties of the one-atom two-level laser. A more complete
count of the dynamical aspects was later given in Ref.@3#. In
addition to laser action, a number of quantum features in
cavity output field such as sub-Poissonian photocounting
tistics and intensity squeezing have been predicted. La
has also been predicted in the three-levelL system @4#,
where good agreement is found between the semiclas
Focker-Planck treatment and the fully quantum descript
for corresponding effective atom-cavity interaction strengt

The computational intensity required to investigate o
atom laser systems in the strong-coupling regime sugg
that such problems are well-suited to the damping-ba
PRA 581050-2947/98/58~3!/2518~10!/$15.00
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treatment@5# of lossy quantum harmonic oscillators. Th
approach has been applied to the two-level model of
one-atom laser@2# and found to agree favorably with numer
cal techniques utilizing the Fock basis. Furthermore, with
help of a pump operator, the damping basis has permitted
study of more realistic multilevel schemes@6#. This effort
has resulted in the first proposal for an experimental real
tion of a one-atom laser in the form of an ion-trap las
@7–9#.

The extension of the one-atom laser model to syste
incorporating two atoms has been performed in Ref.@10#,
where three-level atoms with ladder configurations are in
vidually coupled to two resonator modes. The ground-st
populations are coherently pumped to the excited state
laser excitation, while the cavity-induced deexcitations b
tween the upper and intermediate states drive the laser m
Efficient recycling of the atomic populations back to the e
cited state of the lasing transition is then achieved by in
action with the second cavity mode in the bad-cavity lim
followed by a coherent excitation from the lowest atom
state via the applied laser field. The cavity-induced ato
atom correlations lead to a collective atomic behavior sim
to that found in free space for small interatomic separati
This leads to a super-radiant behavior that produces an
creased photon number occupation of the laser mode a
expense of an increased noise component. A decouplin
the individual atomic recycling processes, achieved by c
pling the transition between the intermediate and grou
atomic states to different cavity modes, results in a decrea
super-radiant effect, yielding a reduced laser intensity
also a less noisy field.

In this paper we shall investigate the simplest model o
two-atom laser@11#; that is, a pair of two-level atoms that ar
incoherently pumped and coupled to a single lossy reson
mode. We shall compare the two-atom laser with the co
sponding one-atom model and establish that the two-a
laser produces light that is closest in character to that o
classical coherent source. In particular, we find that the
dition of a second atom into the cavity results in a factor
4 increase@10# in the maximum allowed mean cavity photo
number. Furthermore, a study of the intensity fluctuatio
reveals that the lasing thresholds are particularly pronoun
in the two-atom case and that in the lasing regime the fi
2518 © 1998 The American Physical Society
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PRA 58 2519TWO-ATOM LASER
statistics most closely resemble a Poisson distribution.
physical origin of these enhancements of the steady-state
tistics is explained by introducing an effective gain fac
inferred from the atomic population inversion. This theme
continued when we investigate the dynamical properties
the two-atom laser. Lasing action, of course, is not only
ferred from steady-state photon number statistics but
from a study of the cavity output spectrum and intensi
intensity correlations@3#. To this end, we calculate and dis
cuss these dynamical quantities. For completeness we
investigate the dynamical behavior of the fluorescence fi
Similar to previous studies, the dynamical behaviors of
fluorescence and cavity output fields are found to be qua
tively different. With two-atom systems, however, the fe
ture of position-dependent correlation functions and spec
profiles@12,13# is introduced. This behavior provides a dia
nostic of laser action in two-atom systems@11#. Finally, we
discuss the surprising result that within the lasing regim
incoherent pumping forms a necessary ingredient to prod
antibunching in the fluorescence field. The simple mo
used to analyze this effect shows that this feature is uniqu
multiatom systems and arises from atom-atom correlatio

The paper is organized as follows. In Sec. II we estab
the two-atom laser model under consideration while in S
III we discuss the application of the damping-basis meth
to two-atom systems and derive the necessary equation
motion. In Sec. IV we investigate the lasing action of o
two-atom system by calculation of the field statistics in t
steady state. These results are compared with the case
single atom, and the physical origin of the increased cohe
behavior arising in the two-atom model is explained. T
dynamical properties of the cavity output and fluoresce
fields are investigated in Sec. V. Finally, we conclude
paper with some closing remarks about the experimenta
alization of microscopic laser systems in the light of rec
technical advancements.

II. THE MODEL

In Fig. 1 we establish the system under considerat
namely a pair of two-level atoms that are pumped incoh
ently with broadband radiation and coherently coup
through their interaction with a single mode of an optic
resonator. Within the assumptions that the atoms are s
ciently far apart so that cooperative effects may be igno
and well-localized in space in order to neglect the effect
external motion, the dynamical behavior of the atom-fie
system is described by the master equation

]

]t
P5

1

i\
@H,P#1LatomP1LfieldP ~1!

for the density operator P with the Hamiltonian

FIG. 1. Schematic representation of the two-atom laser.
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H52\g1~as1
†1a†s1!2\g2~as2

†1a†s2! ~2!

and the Liouville operators

LatomP52
RAB

2
~s1

†s1P1Ps1
†s122s1Ps1

†!2
RAB

2
~s2

†s2P

1Ps2
†s222s2Ps2

†!2
RBA

2
~s1s1

†P1Ps1s1
†

22s1
†Ps1!2

RBA

2
~s2s2

†P1Ps2s2
†22s2

†Ps2!,

LfieldP52
A

2
~a†aP1Pa†a22aPa†!, ~3!

where we have introduced the atomic lowering operat
sk5uBk&^Aku for thekth atom and the field annihilation~cre-
ation! operatora (a†). The interaction strength of each two
level atom with the resonator mode is represented by
vacuum Rabi frequenciesg1 andg2 . Atomic relaxation rates
are denoted by the decay rateRAB and the pumping rate
RBA , while the photon decay rate is given byA. By allowing
the rate of atomic excitation to exceed the rate of decay,
atom-cavity system is extended to the simplest theoret
model of a two-atom laser. Furthermore, our model includ
the special case of a one-atom laser@1,2# if we set one of the
Rabi frequenciesg1 or g2 to zero. For the remainder we sha
assume for simplicity thatg15g25g unless otherwise
stated.

III. TREATMENT OF TWO-ATOM SYSTEMS

A. Damping-basis approach

The state of the atom-field system can be expanded
terms of the bare atomic states and the corresponding co
tional field states

P5 (
L1 ,L18 ,L2 ,L28

rL1L
18 ,L2L

28
uL1 ,L2&^L28 ,L18u, ~4!

whererL1L
18 ,L2L

28
describes the state of the field that is ass

ciated with the atomic density operator compone
uL1 ,L2&^L28 ,L18u. The conditional field states may be e
panded in any convenient basis. In this paper we shall
ploy the usual Fock basis to investigate the dynamical
havior of our atom-field system. To study the statistic
properties in steady state, on the other hand, we shall m
use of the recently developed damping basis@5# because the
corresponding representation permits the derivation of in
esting analytic results. As this latter basis is not as wid
known as the Fock basis, we now describe some of its
features.

The damping basis consists of the set of field eigenvec
rl that fulfill the eigenvalue equation

Lfield rl5lrl . ~5!
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In the Fock representation we note that the field damp
operator couples only density operator components on
same diagonal; that is,̂ nurum& is coupled only to
^n11urum11& and^n21urum21&. This leads naturally to
an ansatz forrl of the form

rl5a†~ uku1k!/2
: f ~a†a!:a

~ uku2k!/2
, ~6!

where : ••• : denotes normal ordering. This ansatz,
gether with the condition that the expectation value of a
observable be finite, results in the eigenvalues

ln
~k!52A~n1uku/2! ~7!

and corresponding eigenvectors

rn
~k!5a†~ uku1k!/2

~21!a†a1nS n1uku

a†a1uku D a
~ uku2k!/2

, ~8!

wheren50,1,2, . . . andk50,61,62, . . . @5#. A similar pro-
cedure may also be followed to find the dual eigenvect
satisfyingřn

(k)Lfield5ln
(k)řn

(k) .
For the two-atom case considered in this paper we n

make the following expansions in the damping basis:

rL1L
18 ,L2L

28
5(

n,k
a

nk

L1L18 ,L2L28rn
~k! ~9!

for all L1L18 ,L2L28 that describe two populations, and

rL1L
18 ,L2L

28
5(

n,k
a

nk

L1L18 ,L2L28rn
~k21! ,

rL1L
18 ,L2L

28
5(

n,k
a

nk

L1L18 ,L2L28rn
~k11! ~10!

for all L1L18 ,L2L28 that describe one population~AA or BB!
and one polarization~AB or BA!. When the labels describ
two atomic polarizations of the same orientation we choo

rAB,AB5(
n,k

ank
AB,ABrn

~k22! , ~11!

rBA,BA5(
n,k

ank
BA,BArn

~k12! ,

while for two polarizations of opposite orientations we e
ploy the expansions
g
e

-
y

s

w

e

-

rAB,BA5(
n,k

ank
AB,BArn

~k! ,

rBA,AB5(
n,k

ank
BA,ABrn

~k! . ~12!

By substituting the expansions~9!–~12! into Eq. ~1!,

equations of motion for the coefficientsa
nk

L1L18 ,L2L28 may be
derived by tracing over the dual vector

a
nk

L1L18 ,L2L285Tr@ řn
krL1L

18 ,L2L
28
#. ~13!

These specific substitutions are made so that the equatio
motion for the expansion coefficients couple only to ter
with the samek. It is particularly important to achieve
coupled equations of this form because in the stationary s
the only nonvanishing contributions arise from thek50 sub-
set. This is a direct result of the fact that field damping w
destroy phase-sensitive expectation values such as^a&, ^a2&,
etc.

Solution of thek50 subset in the steady state yields t
field moments of our laser system. For example, it has b
shown@5# that the first and second field moments are giv
by

^a†a&5a10,

Š~a†a2^a†a&!2
‹52a202a10

2 1a10, ~14!

where, for our two-atom system,an0 is found by a simple
trace operation with the result

an05an0
AA,AA 1an0

BB,BB1an0
AA,BB1an0

BB,AA . ~15!

B. Equations of motion

The equations of motion for thek50 subset in the damp
ing basis have the form

]

]t
Xn5MnXn1FnXn211GnXn11 , ~16!

where

Xn5S an0
AA,AA

an0
BA,AA2an0

AB,AA1an0
AA,BA2an0

AA,AB

an0
AB,AB1an0

BA,BA

an0
AA,BB1an0

BB,AA

an0
AB,BA1an0

BA,AB

an0
BB,BA2an0

BB,AB1an0
BA,BB2an0

AB,BB

an0
BB,BB

D ~17!

and
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Mn5S 2g1 ig~n11! 0 RBA 0 0 0

4ig 2g2 2ig~n12! 0 0 RBA 0

0 ig 2g3 0 0 0 0

2RAB 2 ig~n11! 0 2g4 0 ig~n11! 2RBA

0 2 ig~n11! 0 0 2g5 ig~n11! 0

0 RAB 22ig~n12! 2ig 2ig 2g6 0

0 0 0 RAB 0 2 ig~n11! 2g7

D , ~18!

Fn5 ignS 0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 21 0 0 0 0 0

0 21 0 0 0 0 0

0 0 22 0 0 0 0

0 0 0 0 0 21 0

D , ~19!

Gn5 igS 0 0 0 0 0 0 0

4 0 0 22 22 0 0

0 1 0 0 0 21 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 2 2 0 24

0 0 0 0 0 0 0
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with the relaxation rates

g15An12RAB ,

g25A~n11/2!1RAB1gAB ,

g35A~n11!12gAB ,

g45An1RAB1RBA ,

g55An12gAB ,

g65A~n11/2!1RBA1gAB ,

g75An12RBA . ~20!

Here gAB is the transverse relaxation rate of the two-lev
atoms. In the absence of additional~e.g., collisional! phase
decay, the relationgAB5(RAB1RBA)/2 holds.

We note that by employing a particular basis for the c
culation, we are able to reduce the expected 16316 matrices
for pairs of two-level atomic systems to the 737 forms
shown in Eqs.~18! and~19!. This reduction in the damping
basis treatment has a particular significance as it permits
derivation of analytical results in particular parameter
gimes. For example, for a small pump rateRBA!RAB the
steady-state problem can be simplified to equations involv
only the vectorsX0 andX1 . By solving this reduced set o
l

-

he
-

g

equations, quantities such as the fringe visibility of the flu
rescence field@11# and cavity-induced atomic decay rate
@12# may be derived analytically. Details of these calcu
tions are provided in the Appendix. We finally note that t
reduction to 737 matrices is possible only for the caseg1
5g25g. For g1Þg2 an appropriate choice of the basis
found to result in 10310 matrices.

C. Matrix-continued fractions

We now outline the technique of matrix-continued fra
tions used to calculate numerically the expansion coefficie
in the stationary state. This is achieved by setting the l
hand side of Eq.~16! to zero and assuming a solution of th
form

Xn115RnXn . ~21!

Substitution of Eq.~21! into Eq. ~16! provides a recursive
relationship

Rn2152~Mn1GnRn!21Fn . ~22!

It is then possible to iterate backwards and calculate all
matricesRn provided that we truncate the solution at som
suitably large valuen5nmax by imposing the condition

Xnmax
5Rnmax2150. ~23!
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After we have iterated backwards fromn5nmax to n50, we
calculate the vectorX0 by imposing the normalization con
dition a0051 onto the degenerate set of equations

~M01G0R0!X050. ~24!

It is now a simple task to calculate all the remaining so
tions Xn by forward iteration with the aid of Eq.~21!.

IV. TWO-ATOM LASING

To investigate the field properties of our laser system
the steady state we consider the mean cavity photon num
^a†a&, and the intensity fluctuations described by the Fa
factor

F5
Š~a†a2^a†a&!2

‹

^a†a&
. ~25!

Taken together, these quantities provide a broad accoun
the quality of a laser field by describing not only the fie
intensity but also its coherent character, which is reflecte
the photon number probability distribution. The numeric
calculations of these observables are performed in the da
ing basis using the matrix-continued fraction technique o
lined in the preceding section.

To begin our discussion of the steady-state field prop
ties, we focus on the mean cavity photon number. In Fig
we plot this quantity as a function of the pumping rateRBA
for the atom-cavity parametersRAB51 and g15g25g53
with all rates in units ofA. As a reference, we also show th
field statistics for the one-atom case with identical atom
and cavity characteristics.

Inspection of Fig. 2 reveals that the field intensity of t
two-atom laser system is qualitatively similar to that fou
for one atom. In both cases the mean photon number r
approximately linearly with increasing pumping rate un
some critical value ofRBA is reached. For pump rates abo
this critical value, the photon numbers decrease and
proach zero. Quantitatively, however, the behavior of
two-atom system is markedly different from the one-ato
case. In particular, we observe that the maximum cavity p
ton number in the two-atom laser is approximately four tim
that found in the one-atom case. Further numerical stu
show that this factor remains approximately constant in

FIG. 2. Mean photon number^a†a& for RAB51 andg53. The
two-atom laser withg15g25g ~solid! is compared to the one-atom
laser withg15g andg250 ~dashed!. All rates are in units ofA.
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regiong.RAB ,A. To explain this result we must first con
sider the physical mechanisms that lead to the productio
cavity laser fields.

For the case of a single atom, the atom-cavity system
as a lasing medium only when the pump is sufficiently stro
to induce a population inversion, but not so strong tha
destroys the coherence between the atom and the ca
mode. For these intermediate pump strengths, the cohe
atom-cavity coupling can precipitate a single stimulat
emission per atomic excitation. Provided that a populat
inversion can be regenerated by continuous pumping, a
herent field builds up in the cavity via a sequence of su
stimulated emissions. This model may be extended to
atoms except that in this case the atom-cavity coupling n
precipitatestwo stimulated emissions into the cavity if bot
atoms are initially excited. From this simple heuristic ana
sis we deduce that in the lasing regime, where strong ato
inversions and atom-cavity couplings coexist, the two-at
laser may be assigned an effective gain factor 2G, whereG
is the gain of the one-atom system. Thus, for a given pu
rateG, the number of cavity photons will be proportional
2GG for the two-atom case andGG for a single atom.

The maximum number of photons allowed in the cav
finally depends on the largest value ofRBA at which signifi-
cant atom-cavity coupling and the attendant linear gain p
sist. The coupling strength is described by the cooperati
parameter defined as(kgk

2/A(RAB1RBA), wheregk is the
vacuum Rabi frequency of thekth atom. By assuming tha
there is a minimum value of the cooperativity parameter
low which lasing action ceases, it is trivial to show that f
two atoms this occurs at approximately 2P if P denotes the
pump strength at which one-atom lasing terminates. T
prediction is confirmed by inspection of Fig. 2. Cons
quently, a factor of roughly four@5(2G)(2P)/(GP)# more
photons may be produced in the two-atom laser than in
one-atom laser for identical atomic and cavity characterist

Having discussed the field intensity of the two-atom las
it is important to consider the intensity fluctuations by calc
lating the Fano factor. The Fano factorF is simply the ratio
of the photon number variance and mean as shown in
~25!. Thus, a Fano factor of greater than unity indicates
super-Poissonian photon number distribution while a va
less than unity indicates a sub-Poissonian distribution.
herent fields, on the other hand, are characterized by ha
a Poissonian photon number probability distribution and
Fano factor equal to unity.

In Fig. 3 we plot the Fano factorF for the one- and
two-atom lasers as functions of the pump strengthRBA for
the parameters employed in Fig. 2. We first identify the l
ing regime in both cases as the pump region in-between
two lasing thresholds, represented by the first and sec
maxima. Within the lasing regime the cavity fields ha
mean photon numbers much greater than unity and pho
number distributions that are approximately Poissonian,
dicating that a near-coherent field is present.

For the two-atom case we observe that the first thresh
for lasing is much more pronounced compared with the s
ation where only one atom couples to the cavity mode. T
reason for this pronounced behavior is explained by first
derstanding the source of incoherence in lasers operating
low threshold. Below threshold the rate of excitation is sm
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with respect to the photon decay rate so that the reson
mode is unable to store photons in-between succes
atomic pump processes. Successive stimulated emiss
into the cavity mode are therefore uncorrelated, leading
the buildup of noise in the resonator. A two-atom las
model thus produces a more incoherent field below thresh
as it contains double the number of noise sources comp
to the case of one atom in an identical cavity, even when
vacuum Rabi frequency of the single-atom laser is resca
to A2g. This naturally results in a cavity field that is mo
incoherent. Above threshold, we find that our two-ato
model generates a field that is morecoherentin character.
The reason for this is simply that two atoms produce a lar
atom-cavity coupling strength. This is reflected in the eig
values 6A2g of the two-atom Tavis-Cummings Hami
tonian compared to6g arising from the Jaynes-Cumming
Hamiltonian for a single atom. As a result, a longer seque
of stimulated emissions may occur before noise attribute
the photon decay rate is allowed to accumulate. Two ato
will thus lead to a field that is more coherent in charact
thereby producing a Fano factor closer to unity. It is t
combination of these two effects of increased incoher
emissions into the cavity below threshold and a stronger
fective Rabi frequency above that lead to a more pronoun
lasing threshold for the two-atom case.

For pump strengths beyond the individual Fano mini
we find that both curves of Fig. 3 rise rapidly until they rea
their respective maxima. The reason for the increase is s
ply that although the increased pump produces a rise in
atomic inversion, its effect is overwhelmed by the destr
tion of the atom-cavity coherence. The increased pump r
permitted by the two-atom system before the coherenc
completely diminished naturally produce a maximum in t
Fano factor at higher values ofRBA . The maximum value of
the Fano factor for largeRBA is found to be greater for 2
atoms because we now have twice the number of incohe
sources emitting into the resonator mode, similar to the
havior found below the first lasing threshold. Beyond t
second maxima, the Fano factors decrease in step with
reduction in cavity photon number, leading the cavity field
the vacuum state with Fano factor equal to unity.

Many of the features of the mean cavity photon num
and Fano factor are manifest in the atomic inversion for
kth atom Wk5^@sk

† ,sk#&. For symmetric pumping and
atom-cavity coupling we find thatW15W25W, the quantity

FIG. 3. Fano factorF for RAB51 andg53. The two-atom laser
with g15g25g ~solid! is compared to the one-atom laser withg1

5g andg250 ~dashed!. All rates are in units of A.
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shown in Fig. 4. We first observe that the region between
lasing thresholds of Fig. 3 coincide with a linear region
atomic inversion for both the one- and two-atom cases. T
of course, provides a confirmation of the linear response
the lasing medium invoked to explain the increased cav
photon number in our two-atom system. The relative g
factors of the two models may also be ascertained from
atomic inversion. In the linear region we find that the gra
ent of the inversion for two atoms is roughly half that for o
atom, indicating that the atomic excitation is twice as e
ciently depleted through stimulated emission into the reso
tor. The gain factor is thus a factor of two higher in th
two-atom case compared with the one-atom laser. Fina
we note that the region in which the atomic inversion
creases linearly with pumping rate is twice as long for t
two-atom case as for one atom. This coincides with
higher pump rates permitted by two atoms before the ato
cavity coherence is destroyed.

The steady-state properties presented here suggest th
two-atom model has characteristics that are more laser
than the one-atom case. For example, the gain in the la
region is closer to a linear response for two atoms than in
presence of only one. Furthermore, a field with a distribut
closer to Poissonian and with greater intensity results. T
field generated by the two-atom laser is thus closer in
behavior to that of a classical coherent field. This the
continues in the dynamical properties of the one- and tw
atom laser systems.

V. DYNAMICAL PROPERTIES

In this section we shall discuss the dynamical proper
of the two-atom lasing system under consideration. In p
ticular, we shall focus on the spectral profiles and intens
correlations of the fluorescence and cavity output fiel
Throughout, we shall concentrate on the above-threshold
rameter regimes, which give rise to a cavity laser field. T
dynamical behavior below the laser threshold has previou
been studied in detail in Ref.@12#.

A. Spectrum

The atom-cavity system under consideration gives rise
two distinct and measurable spectra arising separately f

FIG. 4. Atomic inversionW versus the pump rateRBA for
RAB51 and g53. The inversion of each individual atom of th
two-atom laser withg15g25g ~solid! is compared to the inversion
for the one-atom laser~dashed! and to a single atom not coupled t
a cavity ~dotted!. All rates are in units ofA.
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atomic and cavity relaxation. In the far field and in the stea
state, the fluorescence spectrum,Ss(v), and the cavity out-
put spectrum,Sa(v), arising from these two processes ha
the definitions

Ss~v!5E
0

`

dt cos@~v2v0!t#gs~t!,

~26!

Sa~v!5E
0

`

dt cos@~v2v0!t#ga~t!,

where

gs~t!5 (
k51

2

(
l 51

2

^sk
†~t!s l~0!&ssexp@ iw~k2 l !#,

~27!

ga~t!5^a†~t!a~0!&ss.

The parameterw is a phase describing the position of th
detector with respect to the line center and is given byw
5v0x/c, wherex denotes the displacement of the detec
from the symmetry plane perpendicular to the line conne
ing the two atoms. The quantitiesv0 and c are constants
representing the atomic transition frequency and the spee
light in vacuum, respectively. Thus,w50 corresponds to a
position at which the optical path length from each atom
identical. On the other hand, positions where the optical p
lengths differ by half of a cavity wavelength are represen
by w5p.

In Fig. 5 we show the fluorescence spectra that occu
positionsw50 andw5p for the parametersRAB5A51, g
510, andRBA520. For these parameters it may be sho
that a near-coherent field accumulates in the cavity, sim
to the behavior found in Figs. 2–4. Consequently, we m
effectively replace the atom-cavity system of Fig. 1 with t
semiclassical system of two atoms coherently driven
strong fields of the same phase and incoherently pum
with broadband radiation of random phase. It is well est
lished that a single atom that is coherently driven by a str
field radiates a fluorescence spectrum composed of an
tically scatteredd-function peak along with a three-peake
structure, known as the Mollow triplet@14#, arising from
inelastic scattering processes. The addition of an incohe
pump to this simple system serves only to broaden the th
near-Lorentzian Mollow peaks. For the case of two atoms
expect a similar behavior with the exception that the sc
tered coherent light forms the basis of a Young-type int
ference experiment@15–17#.

At the line center (w50) the coherent components of th
scattered light will experience constructive interferen
while at w5p canceling through destructive interferen
will occur. The inelastically scattered light does not expe
ence position-dependent constructive or destructive quan
interference due to the random phase of this emitted ra
tion. Thus, the detection of the identical triplet profiles i
elastically scattered by each atom is independent of posit
The spectral profile measured at the line center will th
consist of three broadened near-Lorentzian peaks toge
with an approximated-function component centered on th
natural atomic frequency. The width of the peaks of the M
low triplet will be of the order ofRBA for pump rates much
y
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greater than the natural atomic linewidth. This behavior
shown in Fig. 5~a!. As we move away from the line cente
the inelastically scattered component of the fluorescent s
trum will remain unchanged while the height of the elas
peak will diminish through increasing destructive interfe
ence. Eventually, atw5p, total cancelation of the coher
ently scattered light occurs and the remaining spectrum
simply the broadened Mollow triplet. This case is depicted
Fig. 5~b!.

The laser output spectrum has a behavior that is q
different from the fluorescence spectrum. As might be
pected, the build-up of a near-coherent field in the cavity
accompanied by an intensity spectrum that closely resem
a d-like Lorentzian. This behavior occurs for both one- a
two-atom laser systems, although with different widths o
curring for different parameters. Of more interest is a co
parison of the spectral widths from the two different ato
cavity systems. With this in mind we plot in Fig. 6 the fu

FIG. 5. Fluorescence spectra for a two-atom laser at posit
~a! w50 and~b! w5p for RAB51, g510, andRBA520 with all
parameters in units ofA.

FIG. 6. Full width at half maximum~FWHM! as a function of
RBA for the two-atom laser~solid! and the one-atom laser~dashed!
for RAB51 andg53. The inset shows the cavity output spectru
Sa(v) for the two-atom laser withRBA540. All parameters are in
units of A.
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width at half maximum of the single-peaked output las
spectrum as a function of the pump rate for equivalent o
and two-atom laser models. Here, of course, we cons
only the pumping regime beyond the first lasing thresh
where a single peak occurs. So that we may compare the
with the steady-state results of the preceding section, we
ploy the same atom-cavity parameters as in Figs. 2 and

By comparison of Fig. 6 with Fig. 3, we observe that t
pump rates that minimize the spectral widths also coinc
with Fano factor minima for both one- and two-atom sy
tems. This, of course, is to be expected as coherence is c
acterized not only by the photon number distribution be
Poissonian but also by a well-defined phase and therefo
narrow spectral width. Second, we note that the two-at
laser model gives rise to narrower laser peaks than the
atom laser when the same atom-cavity parameters are
ployed. Closer inspection shows that the narrowest peak
mitted in the two-atom laser model is approximately on
quarter of that found with one atom. This provides furth
confirmation of the^a†a&21 dependence of the laser line
width @9# in microscopic lasers. In addition, this finding r
inforces our theme of improved laser equality with mult
tom systems.

B. Intensity-intensity correlations

Similar to the spectral profiles, the intensity-intensity co
relations of the two-atom laser may be separately meas
in the fluorescence and cavity output fields. These statis
measures are described by the normalized second-order
relation function for the fluorescence field,gs

(2)(t), and for
the laser output,ga

(2)(t), defined as

gs
~2!~t !5

Gs
~2!~t !

@gs~0!#2
,

ga
~2!~t !5

Ga
~2!~t !

@ga~0!#2
, ~28!

where

Gs
~2!~t !5 (

k,l ,m,n51

2

^sk
†~0!s l

†~t!sm~t!sn~0!&ss

3exp@ iw~k1 l 2m2n!#,

Ga
~2!~t !5^a†~0!a†~t!a~t!a~0!&ss. ~29!

In Fig. 7 we plot the normalized second-order correlat
function of the fluorescence field for the parametersRAB
5A51, g53, RBA520 at positions corresponding tow50
and p. Similar to the spectral profiles of the fluorescen
field, we find that the intensity-intensity correlations a
strongly dependent on position. In particular, we observe
for short delay times the fluorescence field displays a
bunched statistics at the line center while bunching is fou
at w5p. This behavior is found to persist for paramete
that allow a near-coherent field to accumulate in the cav
Consequently, this effect may be explained by invoking
semiclassical picture of two atoms that are simultaneou
r
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coherently and incoherently pumped, as previously discus
in connection with the fluorescence spectrum.

When a single atom is strongly driven with coherent lig
and damped by spontaneous emission into the vacuum
steady-state population is distributed approximately equ
between the ground and excited state. Extending this be
ior to two atoms gives rise to equal populations of each
the Dicke statesuB1,B2&, uA1,A2&, and u6&5(uA1,B2&
6uB1,A2&)/A2. The addition of a strong incoherent pum
has the effect of depleting the population that accumulate
the antisymmetric state by excitation to the doubly exci
state uA1,A2&. The population of the symmetric state
uB1,B2& andu1& are also depleted by the action of the inc
herent pump. In contrast to the antisymmetric state, howe
these states are at least partially repopulated by the cohe
coupling, induced by the near-coherent cavity field, wh
exists between the three symmetric states. Consequentl
asymmetry in the populations of the singly excited Dic
states occurs in the lasing regime. This has a profound ef
on the intensity-intensity correlations. For example, the re
tively low occupation of the antisymmetric state means tha
photodetection event atw5p is more likely to correspond to
the decay processuA1,A2&→u2& thanu2&→uB1,B2& ~in the
caseRBA50 these events will, of course, be equally pro
able!. The remaining atomic excitation means that there i
strong possibility of immediately registering a subsequ
detection event at the same position, thereby produc
bunched photocounting statistics. The field statistics aw
50, on the other hand, display antibunched characteris
The increased population ofu1& relative to its antisymmetric
counterpart means that there is now a stronger probabilit
an initial photocount projecting the two-atom system on
the ground stateuB1,B2&. Thus, there is an increased pro
ability that no subsequent photocount can be recorded. T
behavior leads to antibunched statistics characterized
g2(0),1. Similar to single-atom resonance fluorescen
@18#, inspection of Fig. 7 reveals that the second-order c
relation function is modulated at the Rabi frequency and
cays at the rate of incoherent excitation. From our argum
we conclude that the antibunching behavior atw50 will
become less pronounced asRBA decreases as the populatio
of the u6& states will become more equal. Therefore, we s
that incoherent excitation is a necessary ingredient for
detection of antibunched statistics in the regime of stro
coherent driving.

To complete our discussion of the intensity-intensity c

FIG. 7. Second-order correlation function of the fluorescen
field from a two-atom laser atw50 ~solid! andw5p ~dashed! for
RAB51, g53, andRBA520 with all parameters in units ofA.
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relations of the two-atom laser, we now consider the sta
tics of the cavity output field. In Fig. 8 we plotga

(2)(t) for
the outputs of both one- and two-atom systems for the
rameters corresponding to Fig. 7. We note here that the t
atom and one-atom lasers display second-order correla
functions similar to that characteristic of coherent light
their values are close to unity. Furthermore, in keeping w
the previously noted behavior, we find that for identical p
rameters the two-atom laser exhibits behavior that m
closely resembles that of classical coherent light.

VI. CONCLUSIONS

It has recently been demonstrated that pairs of ions m
be trapped, cooled, and stored with a level of stability su
cient to perform a Young-type interference experiment@15#
where two-level atomic systems replace the slits of Youn
original experiment. Indeed, in tests of cooperative pheno
ena@19# it has been shown in practice that atom pairs may
stored with interatomic separations of the order of an opt
wavelength. To date, a number of practical and ingeni
schemes such as quantum logic devices@20# and improved
frequency standards@21# have been proposed that exploit th
unique environment presented by trapped and cooled i
As sources of localized multiatom systems become m
readily available, questions relating to their behavior a
other possible applications become pertinent. For insta
an experiment to determine which-way information by e
ploying two atoms has been suggested in Ref.@22#.

In this paper we have extended the theory of the one-a
laser to incorporate a second identical atom. The theory
the one-atom laser has reached a stage of development w
realizable experimental schemes have been proposed tha
lize multilevel but single-atom systems with an array
pumps and coherences. However, the central difficulty in
realization of microscopic laser systems remains rooted
the strength of the atom-cavity coherence that is require
produce lasing action. With the advancements in trapp
technology in mind, it seems sensible to attempt to incre
this interaction strength via the atom-atom correlations t
occur when two atoms are coupled to the same reson
mode. We have shown, in agreement with Ref.@10#, where
the lasing transition was coherently pumped, that the sim
addition of a second atom leads to a factor of 4 increas
the allowed mean cavity photon number. This increase

FIG. 8. Second-order correlation function of the cavity outp
field from the two-atom laser~solid! and the one-atom lase
~dashed! for RAB51, g53, and RBA520 with all parameters in
units of A.
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found to coincide with a significantly more pronounced c
herent behavior reflected in the laser linewidth and the p
ton number probability distribution. All of this suggests th
new generations of linear ion traps, able to store a la
number of ions at a potential minimum, may provide the k
to the development of microscopic sources of laser light.
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APPENDIX A: ANALYTICAL RESULTS

Here we outline the method used to derive the analyt
results of Ref.@11#. In Ref. @11# it was established that fo
weak incoherent pump rates, that is, below the laser thre
old, the fluorescence field displays an intensity minimum
the line center, characterized by the quantity

C5
^s1

†s21s2
†s1&ss

^s1
†s11s2

†s2&ss

~A1!

having negative values. Furthermore, for particularly we
pumpsRBA!RAB ,g the fringe contrast factorC has an exact
analytical solution. This result is derived by solving the m
trix equation~16! and then applying the limitRBA→0. The
key to this derivation is that the probability of the atom
cavity system having two or more excitation quanta is n
ligible for particularly weak pumps. Therefore, we need on
solve for the vectorsX0 andX1 as the components of all th
remaining vectors will have values that rapidly tend towa
zero in the limit under consideration.

In the steady state, the remaining set of linear equati
may be expressed in the following form:

LY50, ~A2!

where

L5S M0 u G0

22 u 22

F1 u M1

D ~A3!

and

Y5S Y1

Y2

A

Y14

D 5S X0

22

X1

D . ~A4!

Before solving this 14314 problem, we note that there exis
a degeneracy in the equations involvingM0 and G0 . To
obtain a unique solution, we simply remove one of the d
generate equations and substitute the normalization cond

a00
AA,AA 1a00

BB,BB1a00
BB,AA1a00

AA,BB51 ~A5!

in its place. By using standard techniques of linear algeb

t
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the components of the vectorY may now be found as func
tions of the system parametersg, A, RAB , andRBA . These
solutions, of course, are only valid forRBA!RAB ,g. We
now generate the final exact solution for the fringe contr
factor in the limit of weak incoherent pumping by applyin
the limit RBA→0 to C,
.

A

tt.

6

t

lim
RBA→0

C5 lim
RBA→0

Y5

2Y11Y4

5
24g2A

4g2~A12RAB!1ARAB~A1RAB!
. ~A6!
n,
v.

en,

v.
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