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Differential intracavity phase spectroscopy and its application to a three-level system
in samarium
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A technique of differential intracavity phase spectroscopy is introduced. The measured beat frequency
between the two counterpropagating fields in a ring laser directly yields the differential phase shift due to the
presence of an atomic vapor. In an unstabilized laser cavity, phase differences neard @neasured. This
technique is used to study the nonlinear dispersion associated with a thred-leysiem in atomic samarium.
Sub-Doppler resonances and population trapping are observed, both of which are attributed to the coherences
between the two lower levels of the level structure. Solutions of the density matrix describing the system are
also presented, and good qualitative agreement is found between the calculations and the measurements.
[S1050-294{@8)01909-X

PACS numbgs): 42.50.Md, 39.30+w, 42.50.Gy

I. INTRODUCTION above the samarium ground st4®. The m;=*1 lower
levels are coupled to theJ=0 excited state with
Traditional methods of intracavity laser spectroscopyo ..-polarized fields, creating a three-leval system. The
typically measure absorption—whether it be the decrease idegeneracy of the thermally populated lower level can be
power of a single-mode laser, hole burning in the spectrumemoved with the application of a magnetic field. We neglect
of a broadband laser, or the fluorescence from an intracavitthe m;=0 sublevel because-polarized light is required to
sample[1,2]. In contrast, the method presented here is phaseouple it to the excited state. Similar transitions in samarium
sensitive, whereby changes in the index of refraction associat wavelengths accessible to common dye lasers have been
ated with a weakly absorbing transition are measured. Thistudied by several groups over the past two decptigs14.
technique involves decoupling the two counterpropagatingt is well established that Zeeman coherences between the
fields inside a ring laser and measuring the net phase diffeim;= +1 sublevels strongly alter the real part of the polar-
ence between the fields. The phase difference, which is dugation of the optical transition—modifying and enhancing
to the presence of an intracavity atomic vapor, is manifest inhe rotation of linear polarized light when the atomic vapor is
a beat frequency » when the counterpropagating waves areplaced between crossed polariz¢i2—15,17—-19 In this
mixed together on a photodetector outside the cavity. Thevork, the circular birefringence in tha system is studied
phase shift is therefore directly measured as a frequency, asside the cavity of a ring dye laser. The two counterpropa-
opposed to being converted to an intensity variatiosing  gating fieldsE . andE_ are given orthogonal circular polar-
polarization rotation, for exampleSuch a measurement nec- izations, such that each field interacts with only one branch
essarily implies that stable bidirectional operation must firsiof the A system. Phase shifts imparted to the fields are then
be obtained, and furthermore, the two counterpropagatingheasured in the beat frequency betwé&en and E_. The
waves must not be frequency locked together, as is often théependence of the beat frequency on the detuning of the
case in ring laser3,4]. In this work, the problems of fre- fields and the separation of they= + 1 lower levels is stud-
quency locking and stable bidirectional operation are overied. Sub-Doppler resonances in the beat frequency are ob-
come with a ring dye laser operating in a unique modeserved when the lower level separation matches the detun-
locked regime[5]. Previous studies with mode-locked dye ings. These resonances are attributed to the sublevel
lasers have shown no measurable coupling between thgherences which result from the interaction of the strong
counterpropagating fields. This has made possible the meéields with theA system. Measurements of the dependence
surement of differential phase shifts on the order of 40 of the beat frequency on buffer gas pressure and the obser-
with the unstabilized cavity being the limiting fact8—8].  vation of a null in the fluorescence from the excited state
We apply this technique of differential intracavity phase confirm the presence of the sublevel coherences and popula-
spectroscopy to a three-level system in samarium vapor. Thgon trapping. All measurements are in good qualitative
transition of interest is between B=1 lower level and a agreement with the results of a steady-state theoretical cal-
J'=0 excited state with a resonant wavelength of 653.8&ulation.
nm. The 4%6s®> 'F, lower state at 292.58 cm is part of This paper is structured in the following manner. The fol-
the thermally populated ground-state manifold of samariumlowing section contains a simple description of the principle
while the 4f®6s6p °D, excited state is 15567.32 c¢th  of differential intracavity phase spectroscopy, including an
order of magnitude estimate of the potential sensitivity. Sec-
tion 1l describes the experimental setup, which employs a
*Present address: JILA, University of Colorado, Boulder, COnovel ring laser with a linear extension. As will be shown,
80309-0440. this configuration greatly reduces the frequency stability re-
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frequency separation between the modes in a linear fashion.
The inset(a) of Fig. 1 provides a simple frequency domain
picture of the interaction between the longitudinal modes of
a. the ring laser(depicted asé functiong and the index of
refraction dispersion curve associated with the two-level
transition. If the two modes are scanned in opposite direc-
tions across the dispersion curve, the effective cavity lengths
in the two directions will be lengthened and shortened, re-
spectively. The difference in cavity length for the two oppo-
sitely directed fields implies different resonant frequencies
which results in a modulation of the beat frequency between
the fields when they are mixed on a photodetector outside the
cavity. In this qualitative analysis, we would expect that
N when the fields are near resonance the beat frequency will
vary in a fashion similar to that of the index dispersion
curve. The beat frequency as a function of the frequency
control mechanism is shown in inséf) of Fig. 1, where the
normally linear relationship is distorted due to the presence
of the resonance.

It is possible to make a simple estimate of the order of
magnitude of the expected variation of the beat frequency in
such an experiment. The beat frequency is the net phase
differenceA ¢ per cavity round-trip timergr such that:
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FIG. 1. (a) Differential intracavity phase spectroscopy works on
the principle that different longitudinal modes in the laser can beAll other things in the cavity being equal, to first ordee is
made to interact with different parts of the dispersion curve associrelated to the path length differendenL=(n.—n_)L for
ated with an atomic transitiorib) As the offset between the longi- the two fields propagating through the atomic vapor. Ne-
tudinal modes is scanned the dispersionlike response is seen in thgecting broadening mechanisms and assuming a Lorentzian
beat frequency. line shape for the atomdn is maximum when the counter-

propagating fields are detuned approximately one-half line-

strictions placed on the unstabilized laser. In Sec. IV intracwidth on each side of line centér.e., a detuning equal to
avity measurements of the nonlinear birefringence inkhe 1/T,, with T, being the dephasing timeThis means that the
system are presented, along with observations of coherentaximum path length difference between the counterpropa-
population trapping in the Zeeman sub-levels of thesys-  gating fields is on the order of
tem. Section V outlines the simple theory behind the mea-

surements, including steady-state solutions of the density LN|u|?T,

matrix for the three-level system. And finally, in Sec. VI we (ANL)max= e @
conclude with a discussion of the results and suggestions of

improvements and future applications. In an unstabilized ring laser viita 3 mperimeter it is pos-

sible to measure differential path lengtheL=1 pm(8]. If
we assume a vapor of sodium atoms such that1.8
x1072° C m, T,=32 ns, and_=10 cm, we find that this
system could measure number densities beldw
The principle of differential intracavity phase spectros-=10° cm 3. The corresponding linear absorption coeffi-
copy can be understood with the aid of the gedanken experiient for a vapor of this density would be on the order of
ment shown in Fig. 1. To keep this illustration simple, for thea=10"° cm™. With active stabilization of the laser cavity,
moment we will use a two-level atomic system and permitit is not unreasonable to expect an improvement in sensitivity
only two longitudinal modes in this ring laser: one which is of 3—5 orders of magnitude. Following the above example,
propagating clockwiseH,) and the other which is propa- this would permit measurements on very weak transit{ons
gating counterclockwiseH_). A beat frequency between the very few atomswith @ approaching 10** cm™. Such sen-
fields is measured by interfering them on a photodiode outsitivity could be comparable to that of established techniques
side the cavity as shown. With no vapor present, the bedtl,2,20,2]. As will be discussed in further detail, the same
frequency is equivalent to the frequency separation betweelaser can be equally sensitive to circular birefringence. The
the modes. This separation can be controlled by severalurrent sensitivity imA ¢ of 10~° is only an order of magni-
means, including a nonreciprocal index difference in artude less than that which can be attained with the best polar-
electro-optic or magneto-optic crystal, or even the rotation ofzers. Here again, active stabilization of the laser cavity
the lasef7,8]. For now, it is sufficient to designate the fre- could improve this sensitivity to 10 or better. At this level,
quency control mechanism by a black box which varies thehe ring laser would be an unparalled detector of birefrin-

Il. PRINCIPLE OF DIFFERENTIAL INTRACAVITY
PHASE SPECTROSCOPY
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FIG. 2. Ring laser with a linear extensi¢tail) used for intrac-

avity spectroscopy experiments of a three-level atomic system. See FlG' 3. Spegtrurr_l of the laser of Fig. 2 as measured with a
text for details. scanning Fabry-Ret interferometer. The solid line is the data and

the dashed line is a Lorentzian fit to the envelope. The width of the

King i ial | § . | individual modes is given by the instrument resolution. The pres-
gence, making it a potential tool for experimental measureycq of only the odd harmonics is expected from the square-wave

ments of parity non-conserving optical rotatif22—24. output of the laser. The frequency axis is normalized by the free
spectral range of the laser cavity, which is approximat®bgg
IIl. EXPERIMENTAL SETUP =75 MHz.

The experimental apparatus employed for differential in-we determine that the bandwidth of the laser is on the order
tracavity phase spectroscopy is shown in Fig. 2. The laser isf 150 MHz, with the majority of the power contained in just
a modified version of a femtosecond mode-locked ring dye¢hree modes. We note that multimode operation is not nec-
laser used in previous measurements of nonreciprocal phasssarily the preferred one. Indeed, it would be optimal to
differences[8]. The gain medium is DCMdicyanmethyl- have the ring laser operating with just two counterpropagat-
ene in a 2—3 mMolar solution with equal parts ethylene ing modes. However, two-mode ring lasers with homoge-
glycol and EPH(Exciton trade name and the saturable ab- neously broadened gain generally exhibit random switching
sorber is a weak solution<{0.05 mMolay of DQTCI (dieth-  between the counterpropagating mofi2s]. In contrast, the
ylquinolylthiacarbocyanine iodiden equal parts of ethanol multimode operation of the laser in Fig. 2 has proven to have
and EPH. The gain is pumped with 4—8 W of the multiline good stability such that a clean beat frequency is generated
output of an argon ion laser, which is about 2—3 times the cwwhen the counterpropagating fields are mixed on a photodi-
threshold. The flowing gain and saturable absorber jets arede as shown in the figure.
separated by approximately 1/4 of the cavity perimeter. The addition of the 85 cm tail to the ring laser is accom-
There are three modifications in particular which make thisplished with a quarter-wave plata.f4), a half-wave plate
laser different from the more familiar femtosecond ring dye(\/2), and a polarizing beam splitter. The wave plates are
laser: (1) the addition of the linear part of the cavity, which zero order and antireflection coated, while the polarizing
has been named the “tail,(2) the use of two ®lons to limit  beam splitter consists of two cemented calcite trapez@ids
the cavity bandwidth, an(B) the operation of the laser with tireflection coated on their facesThe extinction ratio of the
a weak saturable absorber. The immediate result of thle e polarizing beam splitter was measured to be better than
ons and the weak saturable absorber is that femtosecord °, and the insertion losses were on the order of 1%. The
pulses are no longer obtained. The more surprising result ipresence of the/4 plate gives the two counterpropagating
that the output of the laser now consists of two counterpropawaves opposite circular polarizatiof@ith respect to the
gating trains of square pulses with period equal to the cavityxis determined by the magnetic figldnce they enter the
round-trip time ¢ry=P/c, whereP is the perimeter andis  tail. The second pass through thé&t plate then converts the
the speed of light[5]. The spectrum of one of the outputs of circularly polarized light back to the appropriate linear po-
the laser operating in this mode was measured with a scatarization so that it continues around the ring in the same
ning Fabry-Peot interferometer, and the result is shown in direction it was traveling before entering the tail. The angle
Fig. 3. The spectrum is plotted as a function of the frequencyf incidence on the curved mirror at the end of the tail devi-
normalized by the free spectral ran@SR of the laser cav- ates from the normal by a few milliradians, such that any
ity, which is approximately 75 MHz(With respect to the small leakage through the polarizing beam splitter is not in-
units of frequency, in this work we always use units of Hz tojected into the counterpropagating wave. The linear tail con-
refer to cyclic frequencies, while units of sefer to angular  tains a stainless steel vapor cell where samarium metal is
frequencie9.As shown, the laser is multimode with its out- heated to temperatures between 550 and 750 °C. Partial
put consisting of a fundamental frequency plus odd harmonpressures of samarium for these temperatures range from
ics at both higher and lower frequencies. This is the expected.043 to 17 mTor{26]. The heated region of the cell is 5 cm
Fourier composition for a train of square pulses. From Fig. 3n length, such that the total interaction lengthdis 10 cm.
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Heating is provided by helically wound dc electrical coils, for 30—60 minutes. This is a sufficient time to perform sev-
and neon buffer gas is added at a minimum partial pressureral sets of measurements.

of 10 mTorr to provide sufficient collisions to keep the win-  Naturally occurring samarium, as was used in this work,
dows of the cell clean. Three orthogonal sets of Helmholt£onsists of seven isotopes. The five even isotopes are 71%
coils surround the cell, providing a means of nulling constanfibundant and have no nuclear spin. The two odd isotopes,
external magnetic fields and providing a variable field alongwith nuclear spin equal té=7/2, comprise the remaining
the direction of light propagation. An additional detail re- 29% of the sample. The shift of the transition resonance
garding the tail is that it contains a periscope to raise thdreégquency for the various isotopes has been measured using
beam to 30 cm above the optical table during its traversal oftandard saturation spectroscoj®7]. Similar to measure-

the vapor cell. This was done so that Helmholtz coils of theMents on other samarium transitioftsl, 28, the resonant
largest practical diameter could be used.The linear tail is alsgequenues of the isotopes are spread over about 8 GHz,

; . 15
a convenient means of providing a frequency offset betweeWIth the two most abundant isotopeSSm and**2Sm) be-

the counterpropagating modes. This is accomplished with 29 well separated from the odd isotopes by 3 GHz. Previous

Faraday cell comprised of a permanent magnet and a 13 mstud|es have taken advantage of this relatively large separa-

; . ) n to isolate only®*Sm and*’Sm. However, since the
long piece of anti-reflection coated BK-7 glass. Because th?aser of Fig. 2 is not single mode and employs only coarse
BK-7 exhibits circular birefringence the two orthogonally

) : , ) : o .Y tuning, it was impossible to determine with which isot(pe
polarized fields experience a differential shift in cavity \he |aser was tuned to resonance for a particular measure-
length which results in an offs¢or biag Av, between the  ment. Of particular concern are the two odd isotopes because
longitudinal modes of the two fields. This bias is directly {heir ground states have &2 1 degeneracy withF=1+J
measured in the beat frequency. By translating the BK-7=9/2 7/2, or 5/2. Here, the application of a magnetic field
through the permanent magnetic fielly, can be varied no longer results in the desired three-level system. Interest-
continuously overt2 MHz. ingly, it has been observed that for low buffer gas pressures,
The primary reason for using the linear extension of thethe contribution to Faraday rotation from the odd isotopes is
ring cavity is that it relaxes the requirements on the fre-small or nonexistert12,14,15,27. This is believed to be due
guency stability of the laser. This is because the twan-  to optical pumping between the multitude of hyperfine lev-
terpropagatingwaves from the ring laser nosopropagate els. In the simple three-level system with two driving fields
through the tail—thereby interacting with the same DopplerZeeman coherences develop as the population is transferred
velocity group of atoms. This is in contrast to the case wherdack and forth between the;= =1 sublevels. This is in
two waves counterpropagate through a vapor and on|y intecontrast to the situation of the odd isotopes where optical
act with the same velocity group of atoms if they are tuned®Umping will tend to isolate population in some of thé 2
exactly to line center. In the tail of Fig. 2 there can be ant 1 sublevels, thereby preventing the formation of Zeeman
interaction between two counterpropagating waves in the vacoherences. For these reasons, we will assume the contribu-
por; however, the probability of the two counterpropagatingtion of the odd samarium isotopes to the following measure-
waves being tuned to exactly line center is smalh the ~ments to be small.
order of the ratio of the linewidth of a laser mode to the
width pf the Doppler broadened Ii_hgTherefore s;anding_ IV. MEASUREMENTS
wave interference effects are negligible and the interaction
between the laser and the samarium can be treated as two With the laser tuned to th=1—J'=0 transition, the
fields copropagating through a vapor having effectivelytwo orthogonally polarized fields from the ring individually
double the length. We do, however, briefly consider the indinteract with only one branch of thd transition in sa-
teraction of counterpropagating fields in the Appendix. marium. This is illustrated in the inset of Fig. 2. When the
The frequency control of the laser is coarse, consisting o$plitting between the lower levels equals,, the fieldsE .
just the single prism and twaadons. By adjusting the angle andE_ are both in resonance with transitions-2 and 3
of the beam on the prism, the laser can be tuned by hand>1. Any resonant changes in the index of refraction of the
over many tens of nanometers. One of tit@lans is a 100 samarium are manifest in the beat frequency in a manner
um thick piece of uncoated fused silica while the secondsimilar to what was initially described by Fig. 1. The beat
etalon is 500x m thick and coated to have a reflectivity of frequency is measured by taking the outputs of the laser from
about 30%. With the combination of the prism and the twothe two directions and mixing them on a standard photodi-
etalons, it is possible to tune the laser to resonance with thede. A simple delay line, as shown in Fig. 2, is used to
653.86 nm transition between thé®s? “F; lower level provide optimal temporal overlap of the two square pulse
and the 4%6s6p °D, excited state. In tuning to resonance, fields at the photodiode. The output of the photodiode is
fluorescence is observed by eye and the wavelength of thmixed with a reference oscillator at frequeney, producing
laser is measured with a monochromator. Care was taken @difference frequenchA v— vy which can be sampled with
avoid three other nearby transitions, all withirl nm of the  an inexpensive analog-to-digitéAD) card. With the laser
653.86 nm transition. Since no active stabilization of thetuned to resonance with the transition, a triangle-wave volt-
laser cavity is employed, mirror vibrations and table reso-age is applied to the axial Helmholtz coils. This voltage and
nances account for a constant moti@t mechanical reso- the difference frequencyA v—v,| are simultaneously digi-
nance frequencies in the 1-100 Hz rangé the comb of tized and stored on a computer. The raw data from such a
modes about the transition frequency. Despite this “tremor’measurement are shown in Figay In these data, the bias
of the modes, approximate resonance is maintained typicallpeat frequency applied with the Faraday cell wAsy
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of |u|=7.5x10"3 C m[27], this implies an optical den-
sity of «L=0.005 at the center of the Doppler-broadened
line. The beat frequency at each value of the magnetic field is
determined by performing a Fourier transform in a moving
time window of typically 128 or 256 data points. The cen-
troid of the frequency spectrum is computed and designated
as the average frequency in each time window. The result is
shown in Fig. 4b), where the resonant type behavior of the
beat frequency is now clear. This is even more obvious if the
beat frequency is plotted as a function of the magnetic field
as is done in Fig. @). In this plot, the accumulate@inav-
eraged data from four complete scans of the magnetic field
are shown. The resolution of the beat frequency measure-
ment is on the order of 100 Hz. From E@), this implies an
uncertainty in the measured differential phase shift of 8
X108 if 7rr=13.4 ns.

The dispersionlike resonance of Figicy with a sharp
change in the beat frequency occurring over a few Gauss, is
characteristic of all measurements which we present. The
resonance is quite narrow, in view of the large Doppler width
of the the transition, and the absence of mode stabilization
discussed earlier. Thé=1 lower level has a Landéactor
g;=1.5 from which we calculate the lower level splitting to
be wy=(27)4.2x10° s Y/G. This relationship is used to
define the upper axis of Fig.(@. As can be seen, the ob-
served resonance is on the order of 5 MHz wide. This is is
i much less than the Doppler-broadened linewidth800

Time (s) MHz full width at half maximum and provides convincing
) . evidence of the Doppler-free nature of the measurement. The
Relative Zeeman Level Splitting (MHz) narrowness of the resonance is due to the two strong fields
-16 -8 0 8 16 transferring population between the Zeeman sublevels and
' ' ' " ' the resulting coherences which are established between these
sublevels. The dispersionlike shape of the resonance ob-
served in the beat frequency is similar to the nonlinear Far-
aday rotation measured with samarium vapor placed between
crossed polarizeffd3,14. Indeed, what is being measured in
the ring laser is the phase difference between the right and
left circularly polarized fields as they interact with the sa-
marium vapor. Whereas the more traditional intensity mea-
surements result in symmetric signals, the direct phase mea-
surements presented here are asymmetric. With regard to this
difference, there is always an ambiguity in the sign of the
measurements made with the ring laser unless it is known

. i which of the two counterpropagating waves receives the
-4 2 0 2 4 larger(or smallej phase shift. However, this difficulty could

Relative B Field (G) be resolved with a dual-element detector, as is used in laser
gyroscopes. Furthermore, the particular choice of the refer-

FIG. 4. (a) Digitally sampled beat frequency and voltage applied ence oscillator frequency, is also arbitrary. If for the data
to the axial Helmholtz coils. The small ringing near the top of theof Fig. 4 we had chosen, to be smaller than the bias beat
triangle wave is an artifact of the wave form generatby.and(c) frequency, the maximum dfA »— v, would occur on the
The same data as above after calibration of the magnetic field ar‘ﬁght side of the figure rather than the left. This ambiguity
beat frequency. Ific) the beat frequency is plotted versus the mag-yill be seen in subsequent data.
ne_tic field. The zero of the magnetic field has an errot-df G for If the dispersionlike shape of the beat frequency is the
this data. result of coherent interactions when both fields are tuned to

resonance, one would expect the resonance to be centered at
=1.105 MHz, and the reference oscillator frequency waghe value of the lower level splittingy,3, which is equal to
vo=1.0950 MHz. Neon buffer gas was added to a partiakhe bias beat frequencyv,. The data of Fig. 5 are such an
pressure of 20 mTorr, and the temperature of the vapor cebxample. Here two sets of data were taken for two different
was 530 °C. At this temperature, the partial pressure of sasrientations of the permanent magnet of the Faraday cell.
marium is 5<10°® Torr, and the number density is5  With the magnet in one orientation, a bias beat frequency
x 10'% cm™3 for 1%2Sm. Using the measured dipole momentwas set atAv,=2 MHz, and the reference oscillator fre-
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(A) s1109 o1 paiddy sbejop

[Av—v | (kHz)
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FIG. 5. Two sets of data taken with two different beat frequency
biases. For the triangleA»,= —2 MHz, while for the circles FIG. 6. Dependence of the beat frequency on the neon buffer

Avy=+2 MHz. gas pressure. The five sets of data points are for the five different
buffer gas pressures as indicated. The dashed line is the linear re-

quency was close to this. This resulted in the circular datgPonse of the beat frequency due to the vapor cell windows.
points in the figure. The orientation of the magnet was then
reversed so that the sign of the bias beat frequency is reshown in Fig. 6 were obtained. For display purposes each
versed toAv,=—2 MHz. This resulted in the triangle data curve was slightly shifted up or down so that the point of
points of Fig. 5. In both cases, the data points are beat fresymmetry along thg axis for each curve was the same. This
quency values averaged over several scans of the magnetic equivalent to having made small adjustmentsvinfor
field. The two curves are shifted equally in opposite direc-each curve. In addition, the center of the resonance for all
tions from the zero magnetic field point, although the shift iscurves lies close to a level splitting of about 2 MHz, which is
closer to+ 1.5 MHz than the expectedt 2 MHz. Repeated the expected value for the applied bias. At the lower buffer
measurements always resulted in a shift less than what igas pressures, a very sharp jump in the beat frequency is
expected, indicating a systematic error in the calibration obbserved, similar to what was presented in Fig. 4. As the
alignment of the magnetic fields. neon pressure is increased, the resonance starts to disappear
One might consider mode pulling by the resonant atomicand the magnetic field dependence approaches the linear re-
vapor to be an explanation for the discrepancy in the posisponse which is due to the two windows on the vapor cell
tions of the resonance of Fig. 5. In a dispersionless colddashed line in the figuyje The decrease in the amplitude of
cavity, the longitudinal modes are equally spaced such thahe resonance with increasing buffer gas pressure is to be
the round-trip phase shift experienced by a mode at freexpected if the resonance is indeed due to Zeeman coher-
quency w is wP/c. However, the addition of a resonant ences. This is because dephasing collisions which destroy the
atomic medium provides an additional phase shift given bycoherences also increase with the increasing neon pressure.
wn,d/c, whered is the total interaction length of the me-  The simultaneous measurement of the resonant fluores-
dium and,n,, is its index at frequencw. This extra phase cence with the setup of Fig. 2 further illustrates the presence
shift means that the cold-cavity mode must shift in frequencyof the Zeeman coherences in the interaction of the fields with
such that the total round-trip phase shift is still an integerthe samarium. This was done by imaging the fluorescence
number of 2r. To first order, the shift in frequency is given into a large diameter optical fiber with a microscope objec-
by w=wn, d/(cTgr) [29]. This, however, is simply the tive. The output of the fiber was sent into a 0.24 m mono-
beat frequency. For the data of Fig. 5, this means that thehromator, which was set to pass light at 653.86 nm, with a
mode pulling would only be on the order of a few kilohertz 1 nm bandwidth. The throughput of the monochromator was
which is too small to explain the 1 MHz discrepancy in this detected with a photomultiplier tub@MT). With the oven
figure. heated to 550 °C, and 40 mTorr of neon buffer gas in the
The dependence of the beat frequency on the buffer gasell, the magnetic field was scanned and the beat frequency
pressure was also explored. The results are presented in Fignd fluorescence were recorded. No bias beat frequency was
6. For the data of this figure, the temperature of the vapoapplied and no reference oscillator was used, so that the true
cell was held constant at 538 °C. The laser was tuned tbeat frequency was sampled. The calibrated results are
resonance with the 653.86 nm transition, and data were ashown in Fig. 7. In this figure the applied magnetic field is
quired as described above. A bias d¥,=1.95 MHz was shown in arbitrary units in the upper plot, while the cali-
applied, and the frequency of the reference oscillator wabrated beat frequency and PMT signals are shown in the
adjusted to be slightly lower than the bias. The pressure dbwer plot. Because a PMT was used, a more negative signal
the neon buffer gas was then varied and five sets of beamplies higher fluorescence intensity. With no applied bias,
frequency data were recorded. After calibration and averagthe interaction with the samarium was sufficient to drive the
ing over several scans of the magnetic field, the data setseat frequency through zero. As there is no way to distin-
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, terpropagating fields as they interact with the two different
B Field Doppler-broadened transitions of thesystem in samarium.
o5 The characteristic width of the structure on the beat fre-
quency in this case would be determined by the Doppler-
T 20 = broadened profile, which has a full width half maximum
_15 = (FWHM) value greater than 800 MHz. This is about two
3 15 & orders of magnitude greater than the characteristic width of
§ i qﬁ* g 1938 the measured resonance in Figc)4 In order to account for
g 10 'J*j:.‘”fﬂ M,,W'ﬁ i, ?“#’; Jrg "“‘;\ ;'\a‘.’-'klf,(\_ 0.4 ) the narrow resonances, a simple nonlinear theory based on
L i I'V N V T : the density matrix formalism will be used to handle this
8 5r 1 ) - i {052 problem[17,12,13.
@ i i ! ! < To calculate the beat frequency, one must determine the
0.04 006 008 040 012 o4a O differential phase shift experienced by the fiells andE _

passing through the vapor cell. This will be done by calcu-
lating the Doppler-averaged complex susceptibilifigesand

FIG. 7. Calibrated beat frequenéyashed lingand excited-state X— for each leg of theA transition. As already noted, the
fluorescencesolid line) of as a function of time. As the fluores- inclusion of the tail in the ring laser simplifies this analysis,
cence was detected with a photomultiplier, lower light levels resul@llowing us to reduce the problem to one of calculating the
in less negative signals. The time varying applied magnetic fieldifferential phase shift between the fields as they copropa-
(arbitrary unitg is shown in the small upper plot. The time axes of gate through the vapor cell. Initially we assume tBat and
both plots are the same. E_ each consist of a single longitudinal mode, and we solve

the density matrix equations in steady state. This assumption

guish between positive and negative beat frequencies in this a valid starting point because the spectrum of the laser
measurement, the beat frequency hashaped structures in (Fig. 3) consists of only a few strong longitudinal modes.
contrast to the structure of the signals in Figs. 4—6. Thelhe approximation of single longitudinal modes neglects that
interesting feature of this data is the correlation that existéhe measured beat frequency is the average of the beat fre-
between the beat frequency and the fluorescence. It is se@niencies between the all counterpropagating pairs of longi-
that near the resonance in the beat frequemeyo magnetic tudinal modes which compris&€, and E_. Later, the
field), the fluorescence intensity decreases by about 50%. Ateady-state contribution of several modes will be consid-
similar decrease in fluorescence, or the dark state, was olered. As will be seen, these results are similar to the single
served and studied about 20 years ago with three-level sy$ngitudinal mode results.
tems found in the hyperfine structure of sodiiB0-33. With reference to the circular inset of Fig. 2, we define
The interpretation of the present results is the same as whé#te time dependence for the two counterpropagating fields by
was presented in these past works. The fluorescence sigrial = (£.€'“+'+c.c.)/2, andE_=(£_e'*~'+c.c.)/2, where
drops when both fields come into resonance with the samé, and £_ are generally time-dependent, complex ampli-
Doppler velocity group because the atoms are opticalljtudes. We further assume tHat has right circular polariza-
pumped and trapped in a coherent superposition ofnthe tion such that it only couples thm;=+1 lower level(2) to
==+1 sublevels. The atoms in this coherent state are nthe upper level, whil&_ has left circular polarization such
longer able to absorb the two fields because destructive irthat it only couples then;=—1 sublevel(3) to the upper
terference occurs between the excitation amplitudes on thievel. Nine coupled differential equations describe the time
two transitions[33]. Closer inspection of Fig. 7 shows that evolution of the level populations and coherences within the
an asymmetry exists between the signal associated with thetating wave and slowly varying amplitude approximations:
two different slopes of the applied magnetic field. Indeed, the
drop in fluorescence associated with the rising magnetic fielgpy1= —i[ kE; 05— kE 0oy + kE_ 05— kE 731+ - T 1p11,
is delayed with respect to the beat frequency resonance. This
behavior is currently not understood. It is also worth men- . . . I
tioning that the average intensities of the counterpropagating ~ P22=! [kE 05— KkE o]+ 7#’114r Y(p3a—p22),
waves were also monitored in this experiment, but no
changes correlated to the decrease in fluorescence were ob- r,
served. This is indicative of the sensitivity of the phdas pas=i[kE_ 05— kE 03]+ - put Y(p2o—p33), (3)
opposed to amplitudemeasurement, and the fact that the
decrease in fluorescence is proportionately greater than any . | . ) i )
detectable change in the laser intensity. 021=015= — (A —iy1) ot i k€ (p11—p2d) —1KE 023,

Time (s)

V. THEORY 031=073= —1(A_—iy19) 05+ kE_(p11— p3a) —ikE, 0,
The presence of sub-Doppler resonances and populatiohrzgz £r§2= —1(Ay—A_—iyp)optikE o5~ kE 0yq.

trapping, as evidenced by the data of the preceding section,

calls for a nonlinear theory. If only linear dispersion is con-In Egs. (3), oj; are slowly varying amplitudes of the off-

sidered, the beat frequency should be representative of thilagonal density matrix elements, such thai,,

different indices of refraction experienced by the two coun-= o,explw.t), p3;=oz€Xplw_t), and pr3= oexdi(w,



PRA 58 DIFFERENTIAL INTRACAVITY PHASE SPECTROSCOPY ... 2259

TABLE I. Values of various rates and parameters. The neon buffer gas presgyrevéR taken to be 10
mTorr. These values were used in all calculations, unless specifically noted in the text.

Quantity Symbol 16 st

Excited state relaxation rate r, (27)0.17

Natural linewidth YVnat (27)0.085

Transit time broadening rate YVirans (27)0.1

Collision rate Y\ Yeol (27)0.0025< P, (mTorr)
Polarization relaxation rate Y12+ Y13 YiransT Ynatt Yeol
Coherence relaxation rate Y23 YransT (277)0.0003< P, mTorr)
Doppler width(FWHM) wp (27)830.0

Rabi frequencies k&, kE_ (2m)2.0

—w_)t]. The detunings of the fields are given By, =w , relaxation rate to be/,,=(27)300 st per mTorr of neon
—wp and A_=w_— w3, Where w,=w;—w,, and w3 at 500 °C. As can be seen, this is about an order of magni-
=w,— w3. In addition, we have lek=u/(2#), with u be-  tude less than the collisional dephasing rate for the optical
ing the dipole moment of both optical transitions. Using thistransition. Finally, it is important to note that the free flight
notation, in what follows we will refer to the Rabi frequen- of the samarium atoms through the laser bédrmmeter~ 3
cies on the two transitions as£.. We note that we have mm) leads to transit time broadening on the order of
also considered the interaction of two counterpropagating2=)100x 10° s *. This broadening affects both the natural
linearly polarized fields tuned to the line center of thelinewidth and the lower level decoherence rate, so that in the
Doppler-broadened transition. A sample numerical result obsence of buffer gas;,= y;3=(27)185x10° s and
this situation is shown in the Appendix. v23=(27)100x 16° s 1. The relaxation rates used in subse-
In the above analysis, we have omitted thg=0 lower  quent calculations, as well as other parameters important to
level because it is not directly coupled to the excited state byhese calculations, are summarized in Table I.
the optical fields. In a closed system this raises the issue of Steady-state solutions to Eq8) are obtained by setting
population trapping irm;=0. However, both collisions and the time derivatives equal to zero. In this case, Egsre-
the rate at which atoms move through the interaction regiomluces to a set of linear equations which are solved with nu-
minimize trapping inm;=0 by incoherently transferring merical techniques. The contributions of the various Doppler
population to them;= +1 levels. Furthermore, in this situa- velocity groups in the hot vapor cell are numerically inte-
tion, the rate of population decay from the excited state igrated, and the resulting values of the Doppler-integrated
much less than the Rabi frequencies of the optically coupledensity matrix elements;; are used to obtain the suscepti-
transitions—making the decay terms less important in thejlity for the counterpropagating fields:
evolution of the density matrix elements. To a good approxi-

mation them;=0 level can be seen as an intermediate level Nu?

for incoherent population transfer between the excited state X+ e E oKl {;(fz)_ig (1'2) '

andm;= *=1, and can therefore be neglected. We have phe- )
nomenologically included incoherent population transfer be- Nu?2 '

tween the ground states in the density matrix equations with X- :ﬁeo—m‘:_{ =gt}

terms proportional toy. We further note that the simplified

E)c/;tsergf ?ﬁgsclg;rsgtgi;eug:\és;rs;;gf’mgf nstant with deSCI‘I[?n these e.quati.ons, the superscripty énd () refer to the
The other relaxation terms included in E¢@). are defined €@l and imaginary part of the complex-valueg . The

as follows. Spontaneous emission from the excited state o®hase shifts experienced by the fielis and E_ each

curs at a ratd,. The relaxation rates of the polarizations areound-trip due to the interaction with the samarium are pro-

given by y1o= Y15= Ynatt Yeol, Where the natural linewidth p_ortlonal to the real part ef the susceptibility. The net phase

iS Ya= (2)85X 10° 571 [27]. Measurements of . have dlfference per ro_und-t_np is the expected beat frequehey

not been reported for this transition. As an estimate, we wilWWhich can be written in the following form:

use a value ofy.,=(2m)2.5x10° s per mTorr, which .

was given by Pariggeet al. for argon buffer gas and th& Ap— d Nu®| o _ Y13

=1—J"=0 samarium transition at 571 nm at 727 PTl]. Ve N71r7 2heg| kE,  KE_)’

The relaxation rate of the ground-state coherence is also

largely determined by the collision rate. However, as ob-whered is the total interaction path length, is the average

served in several studies, for the same buffer gas pressuveavelength andzy is the cavity round-trip time. In all fol-

this rate can be significantly lower tham., [11,34,16.  lowing results, Eq(5) has been evaluated using the values of

McLean et al. have measured the orientational relaxationd=10 cm, rrr=13.3 ns,\ =654 nm,u=7.5x10 3! Cm,

rate for coherences in thé&=1 ground state and report a andN=5x10 cm2 (the latter corresponds to a vapor at

cross section of about 5 %Afor depolarizing collisions with  T=525 °C). The results of the calculations can now be used

neon buffer gagl6]. From this cross section we calculate theto compare the measured and calculated values of the beat

®
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Zeeman Splitting (MHz) emphasizing that it is the strength of the fields which create
-1000 0 1000 the narrow resonance and distinguish it from the linear Far-
' ' aday effect. For Fig. @), both fields were assumed to be
tuned to Doppler line center at zero magnetic field. When the
intensity of the optical radiatioh= cey|£]%/2 is expressed in

terms of the Rabi frequency, one finds:

504 -5 0 5

2e,ch?(kE)?
|:°—2()_ (6)
M

For k€= (2m)2x 1P s, the intensity isl=1.6 W/cnf,
which is much greater than the saturation intensity of the
transition.
200 0 200 The dependence of the nonlinear Faraday effect on the
B Field (G) intensity of the two fields was explored further, and the re-
sults are shown in Fig.(B). For these data, the Rabi frequen-
Zeeman Splitting (MHz) cies of the fields(assumed equplwere varied between
-5 0 5 (2m)0.1x10° st and (27)10x 10° s %, corresponding to
' ' ' ' ' a range of intensities from 0.004 W/érap to 40 W/cr. It
v is clear that the peak beat frequency increases and then satu-
rates at the highest intensities. In the experiments, the aver-
age intracavity power is on the order of 100 mW. If we
consider the strongest mode of the laser to contain about
30% of the energysee Fig. 3, and assume a spot size in the
interaction region of~(0.15 cmY, then the intensity of
this mode is about 400 mW/dnThis is about one-fourth

Beat Frequency (kHz)

Beat Frequency (kHz)
<

-101
the intensity of the curve in Fig.(B) for which the Rabi
0. P frequencies are (2)2x10° sL.
b. Good qualitative agreement exists between the experi-
3 0 1 mentally measured result in Fig(e} and the calculated nar-
B Field (G) row resonances shown in Fig(8. The general shapes are

similar and the width of the resonance is on the order of a

FIG. 8. Calculation of the dependence of the beat frequency ofiew megahertz in both cases. In addition, the amplitudes of
magnetic field. The sharp features in the center of the smooth curvthe measured and predicted beat frequencies are of the same
in (a) are characteristic of the nonlinear Faraday effect. The inset ofrder of magnitude. The much broader features of Fig) 8
(a) shows these features in greater detail. Just the sharp featurggcur over a range of magnetic fields which could not be
about zero magnetic field are shown (i), where the beat fre-  coyered with the Helmholtz coils used to scan the magnetic
quency as a func?ion of the_ magnetic_ field is plotted for_differentﬁem in Fig. 4. An interesting feature of Fig. 8 is that the
values of the R_abl frequencies. The given Rabi frequencies are thﬁope of the beat frequency within a few Gauss of the zero is
same for both fields. opposite the slope of the general trend of the signal which

occurs over a range af 50 G. In addition, a rough compari-

frequency. We point out that the following numerical resultsson of these slopes indicates that the magnetic field depen-
are not intended to be theoretical fits to the measured datdgence of the nonlinear response is approximately 500 times
because the experimental parameters—in particular the detugreater than the linear response. As seen in the inset of Fig.
ing with respect to the optical transition—cannot be suffi-8(a), the magnitude of the slope of the beat frequency about
ciently controlled to make meaningful quantitative compari-zero magnetic field is 200 kHz/G. If the Doppler width could
sons. Instead, the results of this section are presented in ordee decreased to a few MHz, this slope would increase by a
to make qualitative comparisons and confirm the physics unfactor of 50. Increasing the number density and decreasing
derlying the most important features of the data. In generathe intensity(to the point of less saturatipmvould both act
these qualitative comparisons are found to be in good agred¢e further increase the slope. In principle, this sensitivity
ment with the measured data. could be exploited to make measurements of small magnetic

The results shown in Fig.(8 demonstrate the transition fields, or as an error signal for stabilization of the laser cav-
from the linear to the nonlinear regime. Except for the sharpty.
central feature in the middle of the graph, the overall shape With the coarse techniques employed in tuning the laser
of the graph of Fig. &) is identical to that obtained from to resonance with the 653.86 nm transition, it is unlikely that
linear theory. This particular narrow feature is shown ex-the laser frequency be set at the center of the Doppler-
panded in the inset of Fig(&). This rapid change in the beat broadened line. In fact, it is more probable that the laser
frequency near zero magnetic field is the result of the strongends to operate in the wings of the Doppler profile. It is
fields coming into resonance with the same Doppler velocitytherefore necessary to ask what effect detuning the fields will
group of atoms and coherently transferring population behave on the beat frequency. A reasonable first guess is that
tween the two sublevels via the excited state. It is worthwith fewer atoms to interact with, the magnitude of the beat
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Zeeman Splitting (MHz) Zeeman Splitting (MHz)
-20 -10 0 10 20
20 —— 0 MHz
T | 250 MHz
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= 2
3 w
o T
- (]
i}
21 ——— 750 MHz
-------- 1000 MHz

............. 1250 MHz B Field (G)

:-.--‘:fiifi:f;;; ________ FIG. 10. Calculated beat frequency as a function of applied

o4 T e magnetic field for various neon buffer gas pressures.

Fig. 11. Here the system parameters were fixed at those
given in Table I, withA;, =A,_=0. The Doppler-averaged

(b) upper-state populatiop,; is plotted as a function of applied
W 5 0 2 2 magnetic field. For very large magnetic fielgst shown in
B Field (G) Fig. 11 , the Zeeman splitting is so great that the two fields
are completely out of resonance with the Doppler-broadened
FIG. 9. Dependence of the beat frequency on the detuningransition andp,;=0. Then as the magnetic field is reduced
Ao, =4, of the two fields from the Doppler line center. Note the the fields begin to pump more atoms into the excited state.
difference in the vertical scales for plas) and (b). More atoms in the excited state means more fluorescence.
This trend continues until the magnetic field is zero and both
frequency will vary less. To account for this in the numericalfields are in resonance with the same Doppler velocity group
simulations we defind,, andA,_ to be additional detun- of atoms, which are optically pumped and trapped in a co-
ings of bothE, andE_ from the Doppler line center. The herent superposition of they=+1 sublevels. As already
calculations shown in Fig. 9 indicate that the magnitude ofoted, these atoms no longer absorb the fields because de-
the beat frequency does indeed decrease. In addition, it Biructive interference occurs between the two excitation
seen that the shape of the beat frequency signal changes paths. Consequently, the population of the upper level drops
well, becoming flatter at higher magnetic fields. Here we segharply and is accompanied by the observed drop in fluores-
that the visual agreement between these curves and the mezgnce.
sured data improves for values afy, =A,_ greater than Because the actual experiments employed time-dependent
750 MHz. Detuning from line center also reduces the amplifields (two counterpropagating trains of square pulses with
tude of the predicted beat frequency by about a factor of 5@eriod of 13.4 ng checks were made of the validity of the
in the case of\y, =A,_=1000 MHz. single-mode, steady-state approximation used in the previous
As already mentioned, the very fact that nonlinear Farahumerical results. The most straightforward estimate of the
day signals are measured at all is a consequence of coherence

Beat Frequency (kHz)

between the two lower Zeeman sublevels. Using the Zeeman Splitting (MHz)
pressure-dependent dephasing rates given in Table I, we can -20 -10 0 10 20
investigate the dependence of the predicted beat frequency 0.007 | ' ' '

on the buffer gas pressure. The results are shown in Fig. 10,
where the beat frequency is plotted for various values of the
neon buffer gas pressure. For all curvas,, =A,_=500
MHz. In this figure, it is interesting to note that the slope of 0.006
the signal near zero field does not change appreciably with
the increasing buffer gas pressure, although the amplitude of 1~
the signal in the same region drops almost in half. This is 0.005
also the case for the 20, 50, and 100 mTorr experimental
curves of Fig. 6, although at higher pressures the measured
curves flatten out much more rapidly than the calculated

0.004 L L !
ones. -4 2 0 2 4

The dark state measured in Fig. 7 is a further indication of B Field (G)

the coherent nature of the interaction between the light fields
and the samarium. The mathematical model described above FIG. 11. The Doppler-averaged population of the upper level
also predicts the existence of this phenomenon as shown {{I=0) of the A system as a function of the magnetic field.
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Zeeman Splitting (MHz) 0.002
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Zeeman Splitting (MHz)

Re{G,- G5}

Beat Frequency (kHz)

B Field (G)

. . o FIG. 13. Plot of the real part of-;,— o5 for the situation in-
FIG. 12. The average beat frequency of five pairs of Iongltudlnaklolving two counterpropagating linearly polarized fields.
modes corresponding to spectrum of Fig. 3. The dashed line is the

calculated beat frequency assuming a single pair of longitudinal

modes.
mode, steady-state model, which was initially presented, ad-

equately describes the major features of the measurements.

influence of the additional longitudinal modes is to treat all The theory confirms the approximate spectral width of the
modes as being independent in their interactions with th&neasured signals, the dependence on buffer gas pressure, and
samarium. This assumption is valid because the mode spagle existence of the dark §tate. In addlltlon, the theoretical
ing (~ 75 MH2) is much greater than the natural linewidth of r_esults suggest that s_aturatlon and detumng_from the Dopp_ler
the transition and the response of the three-level system, e center both contribute to the observed signals. The major
seen in the previous calculation. In addition, since only smalfhortcoming of the theory is its failure to accurately predict
magnetic fields are considered, the lower level splitting ishe Shape of the beat frequency signal in the wings. Except in
always less than the cavity frequency, eliminating the resoth® cases of high intensity and large detuning from Doppler
nant driving of op3. Within this approximation, the mea- line center, the calculated S|gnal_s always returned to near
sured beat frequency is simply the average beat frequend&f© faster_ than the m_eas_ured 5|gnals_._ Probable causes _for
between the different counterpropagating mode pairs. HowtiS behavior are spatial inhomogeneities of the magnetic
ever, this average beat frequency does not differ strongl%/eld' frequency instability of _the laser, and the mfluence of
from the beat frequency between a single pair of longitudinal® 0dd isotopes—all of which act as broadening mecha-
modes. A calculation illustrating this is presented in Fig. 12.11SMS.
In this calculation, Eqs(3) were solved separately for five
pairs of longitudinal modes with detunings and amplitudes
given by the data of Fig. 3. The resulting beat frequencies VI. CONCLUSION
from the five pairs of modes were then averaged to give the In summary, a technique of differential intracavity phase
result which is plotted. For comparison with the calculationsspectroscopy has been presented, and encouraging proof-of-
of Fig. 8, the strongest mode pdifv— vq)/Avesg=0] was  principle experiments have been performed with samarium
assumed to be at Doppler line center, and to have intensitiespor inside a unique ring laser with a linear tail. In its
such thatk&, = k€_=(2m)2x 1P st In Fig. 12 the previ- current implementation, the technique permits the direct
ously calculated beat frequency for a single pair of longitu-measurement of phase shifts between the counterpropagating
dinal modes with the same Rabi frequency is also plotted afields with an accuracy close to 18 The greatest benefit of
the dashed line. As an additional check, the time-dependetthis technique lies in its potential sensitivity, which will only
differential equations of Eq$3) were integrated numerically be attained when the frequency stability and control of the
assuming excitation by two pulse trains of square pulses. Thiaser has been improved. The most straightforward means of
results of these calculations show that after some initial osaccomplishing this is to lock the laser frequency to the Dop-
cillation, all the density matrix elements relax to constantpler absorption peak of one of the even samarium isotopes in
values on the time scale of 5-16s. Furthermore, the cal- an external vapor cell. Locking to the samarium transition in
culated final values of the density matrix elemefgth an external cell would present several advantages and possi-
time-dependent fieldsare nearly identical to those obtained bilities. It would improve the frequency stability of the laser,
by solving Egs(3) in steady state with constant fields. From and ensure that the laser is tuned to a known point of the
a physical standpoint, this is to be expected since the chasamarium spectrum. In addition, with the laser locked to the
acteristic relaxation rates of the atomic system all occur on aenter of the Doppler profile data could be acquired at slower
time scale which is much slower than the round-trip time ofrates, enabling one to take full advantage of signal averaging.
the laser cavity. Furthermore, the linear part of the laser could then be re-
The reasonably good agreement between the experimentoved, permitting Doppler-free experiments in the ring cav-
and the calculations leads us to conclude that the singlaty itself, using a small vapor cell or atomic beam mounted
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between quarter-wave plates. In this situation, one could en-APPENDIX: ANALYSIS WITH LINEARLY POLARIZED

vision using the narrow resonance of the beat frequéasy COUNTERPROPAGATING FIELDS

seen in Fig. #as the actual error signal for locking the laser

to the center of the Doppler-broadened transition. Here it We have analyzed another more complex situation than
would be possible to use the laser as a sensitive magnetomgrat which we presented above. The following situation in-
ter, with the error signal being proportional to small appliedyolves two linearly polarized counterpropagating fields in a
magnetic fields. A different approach, which could eliminaterjng |aser interacting with an intracavity vapor of samarium
some of the uncertainties with the bias, would be t0 use &ioms. The three-level system is the same as described pre-
linear cavity with two pulses per cavity round-trip tif@]. \iqusly, but this situation is more complicated because each
This might be the appropriate choice when attempting Gield in the system of density matrix equations has to be

sta_bilize the diffe_rence frequency _between the two pUIS?eplaced by a sum of two fields with opposite wave vector.
trains to the splitting of two hyperfine levels. In any CaSe,rpa two density matrix elemens;, and p s have two com-

stabilization to a high finesse FabrysBecavity [36] could . B
reduce the uncertainty in the beat frequency to the miIIihert?OhentS. corresponding to thek and —k wave vectors. The
three diagonal elementg;;, p,,, and psz and the off-

range, which implies a phase sensitivity of 10 radians. . _
Finally, accurate stabilization of the cavity to a known opti- didgonal elemen,s each have three components: One com-

cal transition would present a unique possibility for using thePonent with no spatial dependence and two components with
multimode laser as a frequency reference in three differenfave vectorst-2k and — 2k responsible for a standing wave
frequency regimes: the optical, the(diven by the longitu-  Pattern. In all, there are 16 couplécomplex-valueglequa-
dinal mode spacing and the audio rang@iven by the beat tions describing the system.

frequency between the counterpropagating fields An example solution of this system is shown in Fig. 13. In
this figure we plot the real part of the difference of the two
ACKNOWLEDGMENTS matrix elements responsible for the beat frequeney (
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