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Differential intracavity phase spectroscopy and its application to a three-level system
in samarium

Scott A. Diddams,* Jean-Claude Diels, and Briggs Atherton
Department of Physics and Astronomy, University of New Mexico, Albuquerque, New Mexico 87131

~Received 23 September 1997; revised manuscript received 23 April 1998!

A technique of differential intracavity phase spectroscopy is introduced. The measured beat frequency
between the two counterpropagating fields in a ring laser directly yields the differential phase shift due to the
presence of an atomic vapor. In an unstabilized laser cavity, phase differences near 1026 are measured. This
technique is used to study the nonlinear dispersion associated with a three-levelL system in atomic samarium.
Sub-Doppler resonances and population trapping are observed, both of which are attributed to the coherences
between the two lower levels of theL level structure. Solutions of the density matrix describing the system are
also presented, and good qualitative agreement is found between the calculations and the measurements.
@S1050-2947~98!01909-X#

PACS number~s!: 42.50.Md, 39.30.1w, 42.50.Gy
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I. INTRODUCTION

Traditional methods of intracavity laser spectrosco
typically measure absorption—whether it be the decreas
power of a single-mode laser, hole burning in the spectr
of a broadband laser, or the fluorescence from an intraca
sample@1,2#. In contrast, the method presented here is ph
sensitive, whereby changes in the index of refraction ass
ated with a weakly absorbing transition are measured. T
technique involves decoupling the two counterpropaga
fields inside a ring laser and measuring the net phase di
ence between the fields. The phase difference, which is
to the presence of an intracavity atomic vapor, is manifes
a beat frequencyDn when the counterpropagating waves a
mixed together on a photodetector outside the cavity. T
phase shift is therefore directly measured as a frequency
opposed to being converted to an intensity variation~using
polarization rotation, for example!. Such a measurement ne
essarily implies that stable bidirectional operation must fi
be obtained, and furthermore, the two counterpropaga
waves must not be frequency locked together, as is often
case in ring lasers@3,4#. In this work, the problems of fre
quency locking and stable bidirectional operation are ov
come with a ring dye laser operating in a unique mo
locked regime@5#. Previous studies with mode-locked dy
lasers have shown no measurable coupling between
counterpropagating fields. This has made possible the m
surement of differential phase shifts on the order of 1026,
with the unstabilized cavity being the limiting factor@6–8#.

We apply this technique of differential intracavity pha
spectroscopy to a three-level system in samarium vapor.
transition of interest is between aJ51 lower level and a
J850 excited state with a resonant wavelength of 653
nm. The 4f 66s2 7F1 lower state at 292.58 cm21 is part of
the thermally populated ground-state manifold of samariu
while the 4f 66s6p 5D0 excited state is 15 567.32 cm21

*Present address: JILA, University of Colorado, Boulder, C
80309-0440.
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above the samarium ground state@9#. The mJ561 lower
levels are coupled to theJ50 excited state with
s6-polarized fields, creating a three-levelL system. The
degeneracy of the thermally populated lower level can
removed with the application of a magnetic field. We negl
the mJ50 sublevel becausep-polarized light is required to
couple it to the excited state. Similar transitions in samari
at wavelengths accessible to common dye lasers have
studied by several groups over the past two decades@10–16#.
It is well established that Zeeman coherences between
mJ561 sublevels strongly alter the real part of the pola
ization of the optical transition—modifying and enhancin
the rotation of linear polarized light when the atomic vapor
placed between crossed polarizers@12–15,17–19#. In this
work, the circular birefringence in theL system is studied
inside the cavity of a ring dye laser. The two counterprop
gating fieldsE1 andE2 are given orthogonal circular polar
izations, such that each field interacts with only one bran
of the L system. Phase shifts imparted to the fields are t
measured in the beat frequency betweenE1 and E2 . The
dependence of the beat frequency on the detuning of
fields and the separation of themJ561 lower levels is stud-
ied. Sub-Doppler resonances in the beat frequency are
served when the lower level separation matches the de
ings. These resonances are attributed to the subl
coherences which result from the interaction of the stro
fields with theL system. Measurements of the dependen
of the beat frequency on buffer gas pressure and the ob
vation of a null in the fluorescence from the excited st
confirm the presence of the sublevel coherences and pop
tion trapping. All measurements are in good qualitati
agreement with the results of a steady-state theoretical
culation.

This paper is structured in the following manner. The fo
lowing section contains a simple description of the princip
of differential intracavity phase spectroscopy, including
order of magnitude estimate of the potential sensitivity. S
tion III describes the experimental setup, which employ
novel ring laser with a linear extension. As will be show
this configuration greatly reduces the frequency stability
2252 © 1998 The American Physical Society
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PRA 58 2253DIFFERENTIAL INTRACAVITY PHASE SPECTROSCOPY . . .
strictions placed on the unstabilized laser. In Sec. IV intr
avity measurements of the nonlinear birefringence in theL
system are presented, along with observations of cohe
population trapping in the Zeeman sub-levels of theL sys-
tem. Section V outlines the simple theory behind the m
surements, including steady-state solutions of the den
matrix for the three-level system. And finally, in Sec. VI w
conclude with a discussion of the results and suggestion
improvements and future applications.

II. PRINCIPLE OF DIFFERENTIAL INTRACAVITY
PHASE SPECTROSCOPY

The principle of differential intracavity phase spectro
copy can be understood with the aid of the gedanken exp
ment shown in Fig. 1. To keep this illustration simple, for t
moment we will use a two-level atomic system and per
only two longitudinal modes in this ring laser: one which
propagating clockwise (E1) and the other which is propa
gating counterclockwise (E2). A beat frequency between th
fields is measured by interfering them on a photodiode o
side the cavity as shown. With no vapor present, the b
frequency is equivalent to the frequency separation betw
the modes. This separation can be controlled by sev
means, including a nonreciprocal index difference in
electro-optic or magneto-optic crystal, or even the rotation
the laser@7,8#. For now, it is sufficient to designate the fre
quency control mechanism by a black box which varies

FIG. 1. ~a! Differential intracavity phase spectroscopy works
the principle that different longitudinal modes in the laser can
made to interact with different parts of the dispersion curve ass
ated with an atomic transition.~b! As the offset between the longi
tudinal modes is scanned the dispersionlike response is seen i
beat frequency.
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frequency separation between the modes in a linear fash
The inset~a! of Fig. 1 provides a simple frequency doma
picture of the interaction between the longitudinal modes
the ring laser~depicted asd functions! and the index of
refraction dispersion curve associated with the two-le
transition. If the two modes are scanned in opposite dir
tions across the dispersion curve, the effective cavity leng
in the two directions will be lengthened and shortened,
spectively. The difference in cavity length for the two opp
sitely directed fields implies different resonant frequenc
which results in a modulation of the beat frequency betwe
the fields when they are mixed on a photodetector outside
cavity. In this qualitative analysis, we would expect th
when the fields are near resonance the beat frequency
vary in a fashion similar to that of the index dispersio
curve. The beat frequency as a function of the freque
control mechanism is shown in inset~b! of Fig. 1, where the
normally linear relationship is distorted due to the prese
of the resonance.

It is possible to make a simple estimate of the order
magnitude of the expected variation of the beat frequenc
such an experiment. The beat frequency is the net ph
differenceDf per cavity round-trip timetRT such that:

Dn5
Df

2ptRT
. ~1!

All other things in the cavity being equal, to first orderDf is
related to the path length differenceDnL5(n12n2)L for
the two fields propagating through the atomic vapor. N
glecting broadening mechanisms and assuming a Lorent
line shape for the atoms,Dn is maximum when the counter
propagating fields are detuned approximately one-half li
width on each side of line center~i.e., a detuning equal to
1/T2, with T2 being the dephasing time!. This means that the
maximum path length difference between the counterpro
gating fields is on the order of

~DnL!max5
LNumu2T2

e0\
. ~2!

In an unstabilized ring laser with a 3 mperimeter it is pos-
sible to measure differential path lengthsDnL51 pm @8#. If
we assume a vapor of sodium atoms such thatm51.8
310229 C m, T2532 ns, andL510 cm, we find that this
system could measure number densities belowN
5103 cm23. The corresponding linear absorption coef
cient for a vapor of this density would be on the order
a51026 cm21. With active stabilization of the laser cavity
it is not unreasonable to expect an improvement in sensiti
of 3–5 orders of magnitude. Following the above examp
this would permit measurements on very weak transitions~or
very few atoms! with a approaching 10211 cm21. Such sen-
sitivity could be comparable to that of established techniq
@1,2,20,21#. As will be discussed in further detail, the sam
laser can be equally sensitive to circular birefringence. T
current sensitivity inDf of 1026 is only an order of magni-
tude less than that which can be attained with the best po
izers. Here again, active stabilization of the laser cav
could improve this sensitivity to 1029 or better. At this level,
the ring laser would be an unparalled detector of birefr
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2254 PRA 58DIDDAMS, DIELS, AND ATHERTON
gence, making it a potential tool for experimental measu
ments of parity non-conserving optical rotation@22–24#.

III. EXPERIMENTAL SETUP

The experimental apparatus employed for differential
tracavity phase spectroscopy is shown in Fig. 2. The lase
a modified version of a femtosecond mode-locked ring d
laser used in previous measurements of nonreciprocal p
differences@8#. The gain medium is DCM~dicyanmethyl-
ene! in a 2–3 mMolar solution with equal parts ethylen
glycol and EPH~Exciton trade name!, and the saturable ab
sorber is a weak solution (;0.05 mMolar! of DQTCI ~dieth-
ylquinolylthiacarbocyanine iodide! in equal parts of ethano
and EPH. The gain is pumped with 4–8 W of the multilin
output of an argon ion laser, which is about 2–3 times the
threshold. The flowing gain and saturable absorber jets
separated by approximately 1/4 of the cavity perime
There are three modifications in particular which make t
laser different from the more familiar femtosecond ring d
laser:~1! the addition of the linear part of the cavity, whic
has been named the ‘‘tail,’’~2! the use of two e´talons to limit
the cavity bandwidth, and~3! the operation of the laser with
a weak saturable absorber. The immediate result of the´tal-
ons and the weak saturable absorber is that femtose
pulses are no longer obtained. The more surprising resu
that the output of the laser now consists of two counterpro
gating trains of square pulses with period equal to the ca
round-trip time (tRT5P/c, whereP is the perimeter andc is
the speed of light! @5#. The spectrum of one of the outputs
the laser operating in this mode was measured with a s
ning Fabry-Pe´rot interferometer, and the result is shown
Fig. 3. The spectrum is plotted as a function of the freque
normalized by the free spectral range~FSR! of the laser cav-
ity, which is approximately 75 MHz.~With respect to the
units of frequency, in this work we always use units of Hz
refer to cyclic frequencies, while units of s-1 refer to angular
frequencies.! As shown, the laser is multimode with its ou
put consisting of a fundamental frequency plus odd harm
ics at both higher and lower frequencies. This is the expec
Fourier composition for a train of square pulses. From Fig

FIG. 2. Ring laser with a linear extension~tail! used for intrac-
avity spectroscopy experiments of a three-level atomic system.
text for details.
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we determine that the bandwidth of the laser is on the or
of 150 MHz, with the majority of the power contained in ju
three modes. We note that multimode operation is not n
essarily the preferred one. Indeed, it would be optimal
have the ring laser operating with just two counterpropag
ing modes. However, two-mode ring lasers with homog
neously broadened gain generally exhibit random switch
between the counterpropagating modes@25#. In contrast, the
multimode operation of the laser in Fig. 2 has proven to ha
good stability such that a clean beat frequency is gener
when the counterpropagating fields are mixed on a phot
ode as shown in the figure.

The addition of the 85 cm tail to the ring laser is acco
plished with a quarter-wave plate (l/4), a half-wave plate
(l/2), and a polarizing beam splitter. The wave plates
zero order and antireflection coated, while the polariz
beam splitter consists of two cemented calcite trapezoids~an-
tireflection coated on their faces!. The extinction ratio of the
polarizing beam splitter was measured to be better t
1025, and the insertion losses were on the order of 1%. T
presence of thel/4 plate gives the two counterpropagatin
waves opposite circular polarizations~with respect to the
axis determined by the magnetic field! once they enter the
tail. The second pass through thel/4 plate then converts the
circularly polarized light back to the appropriate linear p
larization so that it continues around the ring in the sa
direction it was traveling before entering the tail. The ang
of incidence on the curved mirror at the end of the tail de
ates from the normal by a few milliradians, such that a
small leakage through the polarizing beam splitter is not
jected into the counterpropagating wave. The linear tail c
tains a stainless steel vapor cell where samarium meta
heated to temperatures between 550 and 750 °C. Pa
pressures of samarium for these temperatures range
0.043 to 17 mTorr@26#. The heated region of the cell is 5 cm
in length, such that the total interaction length isd510 cm.

ee FIG. 3. Spectrum of the laser of Fig. 2 as measured with
scanning Fabry-Pe´rot interferometer. The solid line is the data an
the dashed line is a Lorentzian fit to the envelope. The width of
individual modes is given by the instrument resolution. The pr
ence of only the odd harmonics is expected from the square-w
output of the laser. The frequency axis is normalized by the f
spectral range of the laser cavity, which is approximatelyDnFSR

575 MHz.
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Heating is provided by helically wound dc electrical coi
and neon buffer gas is added at a minimum partial pres
of 10 mTorr to provide sufficient collisions to keep the wi
dows of the cell clean. Three orthogonal sets of Helmho
coils surround the cell, providing a means of nulling const
external magnetic fields and providing a variable field alo
the direction of light propagation. An additional detail r
garding the tail is that it contains a periscope to raise
beam to 30 cm above the optical table during its traversa
the vapor cell. This was done so that Helmholtz coils of
largest practical diameter could be used.The linear tail is a
a convenient means of providing a frequency offset betw
the counterpropagating modes. This is accomplished wi
Faraday cell comprised of a permanent magnet and a 13
long piece of anti-reflection coated BK-7 glass. Because
BK-7 exhibits circular birefringence the two orthogonal
polarized fields experience a differential shift in cav
length which results in an offset~or bias! Dnb between the
longitudinal modes of the two fields. This bias is direc
measured in the beat frequency. By translating the BK
through the permanent magnetic field,Dnb can be varied
continuously over62 MHz.

The primary reason for using the linear extension of
ring cavity is that it relaxes the requirements on the f
quency stability of the laser. This is because the twocoun-
terpropagatingwaves from the ring laser nowcopropagate
through the tail—thereby interacting with the same Dopp
velocity group of atoms. This is in contrast to the case wh
two waves counterpropagate through a vapor and only in
act with the same velocity group of atoms if they are tun
exactly to line center. In the tail of Fig. 2 there can be
interaction between two counterpropagating waves in the
por; however, the probability of the two counterpropagat
waves being tuned to exactly line center is small~on the
order of the ratio of the linewidth of a laser mode to t
width of the Doppler broadened line!. Therefore standing
wave interference effects are negligible and the interac
between the laser and the samarium can be treated as
fields copropagating through a vapor having effectiv
double the length. We do, however, briefly consider the
teraction of counterpropagating fields in the Appendix.

The frequency control of the laser is coarse, consisting
just the single prism and two e´talons. By adjusting the angl
of the beam on the prism, the laser can be tuned by h
over many tens of nanometers. One of the e´talons is a 100
m m thick piece of uncoated fused silica while the seco
étalon is 500m m thick and coated to have a reflectivity o
about 30%. With the combination of the prism and the t
étalons, it is possible to tune the laser to resonance with
653.86 nm transition between the 4f 66s2 7F1 lower level
and the 4f 66s6p 5D0 excited state. In tuning to resonanc
fluorescence is observed by eye and the wavelength of
laser is measured with a monochromator. Care was take
avoid three other nearby transitions, all within61 nm of the
653.86 nm transition. Since no active stabilization of t
laser cavity is employed, mirror vibrations and table re
nances account for a constant motion~at mechanical reso
nance frequencies in the 1–100 Hz range! of the comb of
modes about the transition frequency. Despite this ‘‘tremo
of the modes, approximate resonance is maintained typic
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for 30–60 minutes. This is a sufficient time to perform se
eral sets of measurements.

Naturally occurring samarium, as was used in this wo
consists of seven isotopes. The five even isotopes are
abundant and have no nuclear spin. The two odd isoto
with nuclear spin equal toI 57/2, comprise the remaining
29% of the sample. The shift of the transition resonan
frequency for the various isotopes has been measured u
standard saturation spectroscopy@27#. Similar to measure-
ments on other samarium transitions@11,28#, the resonant
frequencies of the isotopes are spread over about 8 G
with the two most abundant isotopes (154Sm and152Sm) be-
ing well separated from the odd isotopes by 3 GHz. Previ
studies have taken advantage of this relatively large sep
tion to isolate only 154Sm and 152Sm. However, since the
laser of Fig. 2 is not single mode and employs only coa
tuning, it was impossible to determine with which isotope~s!
the laser was tuned to resonance for a particular meas
ment. Of particular concern are the two odd isotopes beca
their ground states have a 2F11 degeneracy withF5I 1J
59/2, 7/2, or 5/2. Here, the application of a magnetic fie
no longer results in the desired three-level system. Inter
ingly, it has been observed that for low buffer gas pressu
the contribution to Faraday rotation from the odd isotopes
small or nonexistent@12,14,15,27#. This is believed to be due
to optical pumping between the multitude of hyperfine le
els. In the simple three-level system with two driving fiel
Zeeman coherences develop as the population is transfe
back and forth between themJ561 sublevels. This is in
contrast to the situation of the odd isotopes where opt
pumping will tend to isolate population in some of the 2F
11 sublevels, thereby preventing the formation of Zeem
coherences. For these reasons, we will assume the cont
tion of the odd samarium isotopes to the following measu
ments to be small.

IV. MEASUREMENTS

With the laser tuned to theJ51˜J850 transition, the
two orthogonally polarized fields from the ring individuall
interact with only one branch of theL transition in sa-
marium. This is illustrated in the inset of Fig. 2. When th
splitting between the lower levels equalsDnb , the fieldsE1

and E2 are both in resonance with transitions 2→1 and 3
→1. Any resonant changes in the index of refraction of t
samarium are manifest in the beat frequency in a man
similar to what was initially described by Fig. 1. The be
frequency is measured by taking the outputs of the laser f
the two directions and mixing them on a standard photo
ode. A simple delay line, as shown in Fig. 2, is used
provide optimal temporal overlap of the two square pu
fields at the photodiode. The output of the photodiode
mixed with a reference oscillator at frequencyn0, producing
a difference frequencyuDn2n0u which can be sampled with
an inexpensive analog-to-digital~AD! card. With the laser
tuned to resonance with the transition, a triangle-wave v
age is applied to the axial Helmholtz coils. This voltage a
the difference frequencyuDn2n0u are simultaneously digi-
tized and stored on a computer. The raw data from suc
measurement are shown in Fig. 4~a!. In these data, the bia
beat frequency applied with the Faraday cell wasDnb
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2256 PRA 58DIDDAMS, DIELS, AND ATHERTON
51.105 MHz, and the reference oscillator frequency w
n051.0950 MHz. Neon buffer gas was added to a par
pressure of 20 mTorr, and the temperature of the vapor
was 530 °C. At this temperature, the partial pressure of
marium is 531026 Torr, and the number density is;5
31010 cm23 for 152Sm. Using the measured dipole mome

FIG. 4. ~a! Digitally sampled beat frequency and voltage appli
to the axial Helmholtz coils. The small ringing near the top of t
triangle wave is an artifact of the wave form generator.~b! and~c!
The same data as above after calibration of the magnetic field
beat frequency. In~c! the beat frequency is plotted versus the ma
netic field. The zero of the magnetic field has an error of61 G for
this data.
s
l
ll

a-

t

of umu57.5310231 C m @27#, this implies an optical den-
sity of aL50.005 at the center of the Doppler-broaden
line. The beat frequency at each value of the magnetic fiel
determined by performing a Fourier transform in a movi
time window of typically 128 or 256 data points. The ce
troid of the frequency spectrum is computed and designa
as the average frequency in each time window. The resu
shown in Fig. 4~b!, where the resonant type behavior of th
beat frequency is now clear. This is even more obvious if
beat frequency is plotted as a function of the magnetic fi
as is done in Fig. 4~c!. In this plot, the accumulated~unav-
eraged! data from four complete scans of the magnetic fie
are shown. The resolution of the beat frequency meas
ment is on the order of 100 Hz. From Eq.~1!, this implies an
uncertainty in the measured differential phase shift of
31026 if tRT513.4 ns.

The dispersionlike resonance of Fig. 4~c!, with a sharp
change in the beat frequency occurring over a few Gaus
characteristic of all measurements which we present.
resonance is quite narrow, in view of the large Doppler wid
of the the transition, and the absence of mode stabiliza
discussed earlier. TheJ51 lower level has a Lande´ factor
gJ51.5 from which we calculate the lower level splitting t
be v235(2p)4.23106 s21/G. This relationship is used to
define the upper axis of Fig. 4~c!. As can be seen, the ob
served resonance is on the order of 5 MHz wide. This is
much less than the Doppler-broadened linewidth (;800
MHz full width at half maximum! and provides convincing
evidence of the Doppler-free nature of the measurement.
narrowness of the resonance is due to the two strong fi
transferring population between the Zeeman sublevels
the resulting coherences which are established between t
sublevels. The dispersionlike shape of the resonance
served in the beat frequency is similar to the nonlinear F
aday rotation measured with samarium vapor placed betw
crossed polarizers@13,14#. Indeed, what is being measured
the ring laser is the phase difference between the right
left circularly polarized fields as they interact with the s
marium vapor. Whereas the more traditional intensity m
surements result in symmetric signals, the direct phase m
surements presented here are asymmetric. With regard to
difference, there is always an ambiguity in the sign of t
measurements made with the ring laser unless it is kno
which of the two counterpropagating waves receives
larger~or smaller! phase shift. However, this difficulty could
be resolved with a dual-element detector, as is used in l
gyroscopes. Furthermore, the particular choice of the re
ence oscillator frequencyn0 is also arbitrary. If for the data
of Fig. 4 we had chosenn0 to be smaller than the bias be
frequency, the maximum ofuDn2n0u would occur on the
right side of the figure rather than the left. This ambigu
will be seen in subsequent data.

If the dispersionlike shape of the beat frequency is
result of coherent interactions when both fields are tuned
resonance, one would expect the resonance to be center
the value of the lower level splitting,v23, which is equal to
the bias beat frequencyDnb . The data of Fig. 5 are such a
example. Here two sets of data were taken for two differ
orientations of the permanent magnet of the Faraday c
With the magnet in one orientation, a bias beat freque
was set atDnb52 MHz, and the reference oscillator fre

nd
-
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quency was close to this. This resulted in the circular d
points in the figure. The orientation of the magnet was th
reversed so that the sign of the bias beat frequency is
versed toDnb522 MHz. This resulted in the triangle dat
points of Fig. 5. In both cases, the data points are beat
quency values averaged over several scans of the mag
field. The two curves are shifted equally in opposite dire
tions from the zero magnetic field point, although the shif
closer to61.5 MHz than the expected62 MHz. Repeated
measurements always resulted in a shift less than wha
expected, indicating a systematic error in the calibration
alignment of the magnetic fields.

One might consider mode pulling by the resonant atom
vapor to be an explanation for the discrepancy in the p
tions of the resonance of Fig. 5. In a dispersionless c
cavity, the longitudinal modes are equally spaced such
the round-trip phase shift experienced by a mode at
quency v is vP/c. However, the addition of a resona
atomic medium provides an additional phase shift given
vnvd/c, whered is the total interaction length of the me
dium and,nv is its index at frequencyv. This extra phase
shift means that the cold-cavity mode must shift in frequen
such that the total round-trip phase shift is still an integ
number of 2p. To first order, the shift in frequency is give
by dv5vnvd/(ctRT) @29#. This, however, is simply the
beat frequency. For the data of Fig. 5, this means that
mode pulling would only be on the order of a few kiloher
which is too small to explain the 1 MHz discrepancy in th
figure.

The dependence of the beat frequency on the buffer
pressure was also explored. The results are presented in
6. For the data of this figure, the temperature of the va
cell was held constant at 538 °C. The laser was tuned
resonance with the 653.86 nm transition, and data were
quired as described above. A bias ofDnb51.95 MHz was
applied, and the frequency of the reference oscillator w
adjusted to be slightly lower than the bias. The pressure
the neon buffer gas was then varied and five sets of b
frequency data were recorded. After calibration and aver
ing over several scans of the magnetic field, the data

FIG. 5. Two sets of data taken with two different beat frequen
biases. For the trianglesDnb522 MHz, while for the circles
Dnb512 MHz.
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shown in Fig. 6 were obtained. For display purposes e
curve was slightly shifted up or down so that the point
symmetry along they axis for each curve was the same. Th
is equivalent to having made small adjustments inn0 for
each curve. In addition, the center of the resonance for
curves lies close to a level splitting of about 2 MHz, which
the expected value for the applied bias. At the lower buf
gas pressures, a very sharp jump in the beat frequenc
observed, similar to what was presented in Fig. 4. As
neon pressure is increased, the resonance starts to disa
and the magnetic field dependence approaches the linea
sponse which is due to the two windows on the vapor c
~dashed line in the figure!. The decrease in the amplitude o
the resonance with increasing buffer gas pressure is to
expected if the resonance is indeed due to Zeeman co
ences. This is because dephasing collisions which destroy
coherences also increase with the increasing neon press

The simultaneous measurement of the resonant fluo
cence with the setup of Fig. 2 further illustrates the prese
of the Zeeman coherences in the interaction of the fields w
the samarium. This was done by imaging the fluoresce
into a large diameter optical fiber with a microscope obje
tive. The output of the fiber was sent into a 0.24 m mon
chromator, which was set to pass light at 653.86 nm, wit
1 nm bandwidth. The throughput of the monochromator w
detected with a photomultiplier tube~PMT!. With the oven
heated to 550 °C, and 40 mTorr of neon buffer gas in
cell, the magnetic field was scanned and the beat freque
and fluorescence were recorded. No bias beat frequency
applied and no reference oscillator was used, so that the
beat frequency was sampled. The calibrated results
shown in Fig. 7. In this figure the applied magnetic field
shown in arbitrary units in the upper plot, while the ca
brated beat frequency and PMT signals are shown in
lower plot. Because a PMT was used, a more negative si
implies higher fluorescence intensity. With no applied bi
the interaction with the samarium was sufficient to drive t
beat frequency through zero. As there is no way to dis

y
FIG. 6. Dependence of the beat frequency on the neon bu

gas pressure. The five sets of data points are for the five diffe
buffer gas pressures as indicated. The dashed line is the linea
sponse of the beat frequency due to the vapor cell windows.



th

h
is
se

.
o

sy

h
ig
m

all

n
i
t

at
t

th
e
T
n
tin
n
e

he
a

ti
tio
n
f t
n

nt
.
re-
ler-
m
o
of

d on
is

the

u-

e
is,
the
pa-

lve
tion
ser
s.
hat
fre-

ngi-

id-
gle

ne
by

li-

me
the
s:

-

-
u
el
of

2258 PRA 58DIDDAMS, DIELS, AND ATHERTON
guish between positive and negative beat frequencies in
measurement, the beat frequency hasv-shaped structures in
contrast to the structure of the signals in Figs. 4–6. T
interesting feature of this data is the correlation that ex
between the beat frequency and the fluorescence. It is
that near the resonance in the beat frequency~zero magnetic
field!, the fluorescence intensity decreases by about 50%
similar decrease in fluorescence, or the dark state, was
served and studied about 20 years ago with three-level
tems found in the hyperfine structure of sodium@30–33#.
The interpretation of the present results is the same as w
was presented in these past works. The fluorescence s
drops when both fields come into resonance with the sa
Doppler velocity group because the atoms are optic
pumped and trapped in a coherent superposition of themJ
561 sublevels. The atoms in this coherent state are
longer able to absorb the two fields because destructive
terference occurs between the excitation amplitudes on
two transitions@33#. Closer inspection of Fig. 7 shows th
an asymmetry exists between the signal associated with
two different slopes of the applied magnetic field. Indeed,
drop in fluorescence associated with the rising magnetic fi
is delayed with respect to the beat frequency resonance.
behavior is currently not understood. It is also worth me
tioning that the average intensities of the counterpropaga
waves were also monitored in this experiment, but
changes correlated to the decrease in fluorescence wer
served. This is indicative of the sensitivity of the phase~as
opposed to amplitude! measurement, and the fact that t
decrease in fluorescence is proportionately greater than
detectable change in the laser intensity.

V. THEORY

The presence of sub-Doppler resonances and popula
trapping, as evidenced by the data of the preceding sec
calls for a nonlinear theory. If only linear dispersion is co
sidered, the beat frequency should be representative o
different indices of refraction experienced by the two cou

FIG. 7. Calibrated beat frequency~dashed line! and excited-state
fluorescence~solid line! of as a function of time. As the fluores
cence was detected with a photomultiplier, lower light levels res
in less negative signals. The time varying applied magnetic fi
~arbitrary units! is shown in the small upper plot. The time axes
both plots are the same.
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terpropagating fields as they interact with the two differe
Doppler-broadened transitions of theL system in samarium
The characteristic width of the structure on the beat f
quency in this case would be determined by the Dopp
broadened profile, which has a full width half maximu
~FWHM! value greater than 800 MHz. This is about tw
orders of magnitude greater than the characteristic width
the measured resonance in Fig. 4~c!. In order to account for
the narrow resonances, a simple nonlinear theory base
the density matrix formalism will be used to handle th
problem@17,12,13#.

To calculate the beat frequency, one must determine
differential phase shift experienced by the fieldsE1 andE2

passing through the vapor cell. This will be done by calc
lating the Doppler-averaged complex susceptibilitiesx1 and
x2 for each leg of theL transition. As already noted, th
inclusion of the tail in the ring laser simplifies this analys
allowing us to reduce the problem to one of calculating
differential phase shift between the fields as they copro
gate through the vapor cell. Initially we assume thatE1 and
E2 each consist of a single longitudinal mode, and we so
the density matrix equations in steady state. This assump
is a valid starting point because the spectrum of the la
~Fig. 3! consists of only a few strong longitudinal mode
The approximation of single longitudinal modes neglects t
the measured beat frequency is the average of the beat
quencies between the all counterpropagating pairs of lo
tudinal modes which compriseE1 and E2 . Later, the
steady-state contribution of several modes will be cons
ered. As will be seen, these results are similar to the sin
longitudinal mode results.

With reference to the circular inset of Fig. 2, we defi
the time dependence for the two counterpropagating fields
E15(E1eiv1t1c.c.)/2, andE25(E2eiv2t1c.c.)/2, where
E1 and E2 are generally time-dependent, complex amp
tudes. We further assume thatE1 has right circular polariza-
tion such that it only couples themJ511 lower level~2! to
the upper level, whileE2 has left circular polarization such
that it only couples themJ521 sublevel~3! to the upper
level. Nine coupled differential equations describe the ti
evolution of the level populations and coherences within
rotating wave and slowly varying amplitude approximation

ṙ1152 i @kE1s21* 2kE1* s211kE2s31* 2kE2* s311#2G1r11,

ṙ225 i @kE1s21* 2kE1* s21#1
G1

2
r111g~r332r22!,

ṙ335 i @kE2s31* 2kE2* s31#1
G1

2
r111g~r222r33!, ~3!

ṡ215ṡ12* 52 i ~D12 ig12!s211 ikE1~r112r22!2 ikE2s23,

ṡ315ṡ13* 52 i ~D22 ig13!s311 ikE2~r112r33!2 ikE1s23* ,

ṡ235ṡ32* 52 i ~D12D22 ig23!s231 ikE1s31* 2 ikE2* s21.

In Eqs. ~3!, s i j are slowly varying amplitudes of the off
diagonal density matrix elements, such thatr21
5s21exp(iv1t), r315s31exp(iv2t), and r235s23exp@i(v1

lt
d
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TABLE I. Values of various rates and parameters. The neon buffer gas pressure (Pne) was taken to be 10
mTorr. These values were used in all calculations, unless specifically noted in the text.

Quantity Symbol 106 s21

Excited state relaxation rate G1 (2p)0.17
Natural linewidth gnat (2p)0.085
Transit time broadening rate g trans (2p)0.1
Collision rate g,gcol (2p)0.00253Pne(mTorr)
Polarization relaxation rate g12,g13 g trans1gnat1gcol

Coherence relaxation rate g23 g trans1(2p)0.00033Pne(mTorr)
Doppler width~FWHM! vD (2p)830.0
Rabi frequencies kE1 ,kE2 (2p)2.0
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2v2)t#. The detunings of the fields are given byD15v1

2v12 and D25v22v13, where v125v12v2, and v13
5v12v3. In addition, we have letk5m/(2\), with m be-
ing the dipole moment of both optical transitions. Using th
notation, in what follows we will refer to the Rabi frequen
cies on the two transitions askE6 . We note that we have
also considered the interaction of two counterpropaga
linearly polarized fields tuned to the line center of t
Doppler-broadened transition. A sample numerical resul
this situation is shown in the Appendix.

In the above analysis, we have omitted themJ50 lower
level because it is not directly coupled to the excited state
the optical fields. In a closed system this raises the issu
population trapping inmJ50. However, both collisions and
the rate at which atoms move through the interaction reg
minimize trapping inmJ50 by incoherently transferring
population to themJ561 levels. Furthermore, in this situa
tion, the rate of population decay from the excited state
much less than the Rabi frequencies of the optically coup
transitions—making the decay terms less important in
evolution of the density matrix elements. To a good appro
mation themJ50 level can be seen as an intermediate le
for incoherent population transfer between the excited s
andmJ561, and can therefore be neglected. We have p
nomenologically included incoherent population transfer
tween the ground states in the density matrix equations w
terms proportional tog. We further note that the simplified
system considered here gives results constant with des
tions of the complete four-level system@13#.

The other relaxation terms included in Eqs.~3! are defined
as follows. Spontaneous emission from the excited state
curs at a rateG1. The relaxation rates of the polarizations a
given by g125g135gnat1gcol , where the natural linewidth
is gnat5(2p)853103 s21 @27#. Measurements ofgcol have
not been reported for this transition. As an estimate, we
use a value ofgcol5(2p)2.53103 s21 per mTorr, which
was given by Pariggeret al. for argon buffer gas and theJ
51→J850 samarium transition at 571 nm at 727 °C@11#.
The relaxation rate of the ground-state coherence is
largely determined by the collision rate. However, as o
served in several studies, for the same buffer gas pres
this rate can be significantly lower thangcol @11,34,16#.
McLean et al. have measured the orientational relaxati
rate for coherences in theJ51 ground state and report
cross section of about 5 Å2, for depolarizing collisions with
neon buffer gas@16#. From this cross section we calculate t
g
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relaxation rate to beg235(2p)300 s21 per mTorr of neon
at 500 °C. As can be seen, this is about an order of ma
tude less than the collisional dephasing rate for the opt
transition. Finally, it is important to note that the free flig
of the samarium atoms through the laser beam~diameter;3
mm! leads to transit time broadening on the order
(2p)1003103 s21. This broadening affects both the natur
linewidth and the lower level decoherence rate, so that in
absence of buffer gasg125g135(2p)1853103 s21 and
g235(2p)1003103 s21. The relaxation rates used in subs
quent calculations, as well as other parameters importan
these calculations, are summarized in Table I.

Steady-state solutions to Eqs.~3! are obtained by setting
the time derivatives equal to zero. In this case, Eqs.~3! re-
duces to a set of linear equations which are solved with
merical techniques. The contributions of the various Dopp
velocity groups in the hot vapor cell are numerically int
grated, and the resulting values of the Doppler-integra
density matrix elementss̄ i j are used to obtain the suscep
bility for the counterpropagating fields:

x15
Nm2

\e0kE1
$s̄12

~r !2 i s̄12
~ i !%,

~4!

x25
Nm2

\e0kE2
$s̄13

~r !2 i s̄13
~ i !%.

In these equations, the superscripts (r ) and (i ) refer to the
real and imaginary part of the complex-valueds̄ i j . The
phase shifts experienced by the fieldsE1 and E2 each
round-trip due to the interaction with the samarium are p
portional to the real part of the susceptibility. The net pha
difference per round-trip is the expected beat frequencyDn,
which can be written in the following form:

Dn5
d

ltRT

Nm2

2\e0
H s̄12

~r !

kE1
2

s̄13
~r !

kE2
J , ~5!

whered is the total interaction path length,l is the average
wavelength andtRT is the cavity round-trip time. In all fol-
lowing results, Eq.~5! has been evaluated using the values
d510 cm,tRT513.3 ns,l5654 nm,m57.5310231 C m,
andN5531010 cm23 ~the latter corresponds to a vapor
T5525 °C). The results of the calculations can now be u
to compare the measured and calculated values of the
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frequency. We point out that the following numerical resu
are not intended to be theoretical fits to the measured d
because the experimental parameters–in particular the de
ing with respect to the optical transition–cannot be su
ciently controlled to make meaningful quantitative compa
sons. Instead, the results of this section are presented in o
to make qualitative comparisons and confirm the physics
derlying the most important features of the data. In gene
these qualitative comparisons are found to be in good ag
ment with the measured data.

The results shown in Fig. 8~a! demonstrate the transitio
from the linear to the nonlinear regime. Except for the sh
central feature in the middle of the graph, the overall sh
of the graph of Fig. 8~a! is identical to that obtained from
linear theory. This particular narrow feature is shown e
panded in the inset of Fig. 8~a!. This rapid change in the bea
frequency near zero magnetic field is the result of the str
fields coming into resonance with the same Doppler velo
group of atoms and coherently transferring population
tween the two sublevels via the excited state. It is wo

FIG. 8. Calculation of the dependence of the beat frequency
magnetic field. The sharp features in the center of the smooth c
in ~a! are characteristic of the nonlinear Faraday effect. The inse
~a! shows these features in greater detail. Just the sharp fea
about zero magnetic field are shown in~b!, where the beat fre-
quency as a function of the magnetic field is plotted for differe
values of the Rabi frequencies. The given Rabi frequencies are
same for both fields.
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emphasizing that it is the strength of the fields which cre
the narrow resonance and distinguish it from the linear F
aday effect. For Fig. 8~a!, both fields were assumed to b
tuned to Doppler line center at zero magnetic field. When
intensity of the optical radiationI 5ce0uEu2/2 is expressed in
terms of the Rabi frequency, one finds:

I 5
2e0c\2~kE!2

m2
. ~6!

For kE5(2p)23106 s21, the intensity isI 51.6 W/cm2,
which is much greater than the saturation intensity of
transition.

The dependence of the nonlinear Faraday effect on
intensity of the two fields was explored further, and the
sults are shown in Fig. 8~b!. For these data, the Rabi freque
cies of the fields~assumed equal! were varied between
(2p)0.13106 s21 and (2p)103106 s21, corresponding to
a range of intensities from 0.004 W/cm2 up to 40 W/cm2. It
is clear that the peak beat frequency increases and then
rates at the highest intensities. In the experiments, the a
age intracavity power is on the order of 100 mW. If w
consider the strongest mode of the laser to contain ab
30% of the energy~see Fig. 3!, and assume a spot size in th
interaction region of;p(0.15 cm)2, then the intensity of
this mode is about 400 mW/cm2. This is about one-fourth
the intensity of the curve in Fig. 8~b! for which the Rabi
frequencies are (2p)23106 s21.

Good qualitative agreement exists between the exp
mentally measured result in Fig. 4~c! and the calculated nar
row resonances shown in Fig. 8~b!. The general shapes ar
similar and the width of the resonance is on the order o
few megahertz in both cases. In addition, the amplitudes
the measured and predicted beat frequencies are of the
order of magnitude. The much broader features of Fig. 8~a!
occur over a range of magnetic fields which could not
covered with the Helmholtz coils used to scan the magn
field in Fig. 4. An interesting feature of Fig. 8 is that th
slope of the beat frequency within a few Gauss of the zer
opposite the slope of the general trend of the signal wh
occurs over a range of650 G. In addition, a rough compari
son of these slopes indicates that the magnetic field de
dence of the nonlinear response is approximately 500 tim
greater than the linear response. As seen in the inset of
8~a!, the magnitude of the slope of the beat frequency ab
zero magnetic field is 200 kHz/G. If the Doppler width cou
be decreased to a few MHz, this slope would increase b
factor of 50. Increasing the number density and decreas
the intensity~to the point of less saturation! would both act
to further increase the slope. In principle, this sensitiv
could be exploited to make measurements of small magn
fields, or as an error signal for stabilization of the laser c
ity.

With the coarse techniques employed in tuning the la
to resonance with the 653.86 nm transition, it is unlikely th
the laser frequency be set at the center of the Dopp
broadened line. In fact, it is more probable that the la
tends to operate in the wings of the Doppler profile. It
therefore necessary to ask what effect detuning the fields
have on the beat frequency. A reasonable first guess is
with fewer atoms to interact with, the magnitude of the be
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frequency will vary less. To account for this in the numeric
simulations we defineD01 andD02 to be additional detun-
ings of bothE1 and E2 from the Doppler line center. The
calculations shown in Fig. 9 indicate that the magnitude
the beat frequency does indeed decrease. In addition,
seen that the shape of the beat frequency signal chang
well, becoming flatter at higher magnetic fields. Here we
that the visual agreement between these curves and the
sured data improves for values ofD015D02 greater than
750 MHz. Detuning from line center also reduces the am
tude of the predicted beat frequency by about a factor of
in the case ofD015D0251000 MHz.

As already mentioned, the very fact that nonlinear Fa
day signals are measured at all is a consequence of cohe
between the two lower Zeeman sublevels. Using
pressure-dependent dephasing rates given in Table I, we
investigate the dependence of the predicted beat frequ
on the buffer gas pressure. The results are shown in Fig
where the beat frequency is plotted for various values of
neon buffer gas pressure. For all curves,D015D025500
MHz. In this figure, it is interesting to note that the slope
the signal near zero field does not change appreciably
the increasing buffer gas pressure, although the amplitud
the signal in the same region drops almost in half. This
also the case for the 20, 50, and 100 mTorr experime
curves of Fig. 6, although at higher pressures the meas
curves flatten out much more rapidly than the calcula
ones.

The dark state measured in Fig. 7 is a further indication
the coherent nature of the interaction between the light fie
and the samarium. The mathematical model described ab
also predicts the existence of this phenomenon as show

FIG. 9. Dependence of the beat frequency on the detun
D015D02 of the two fields from the Doppler line center. Note th
difference in the vertical scales for plots~a! and ~b!.
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Fig. 11. Here the system parameters were fixed at th
given in Table I, withD015D0250. The Doppler-averaged
upper-state populationr̄11 is plotted as a function of applied
magnetic field. For very large magnetic fields~not shown in
Fig. 11! , the Zeeman splitting is so great that the two fiel
are completely out of resonance with the Doppler-broade
transition andr̄1150. Then as the magnetic field is reduce
the fields begin to pump more atoms into the excited st
More atoms in the excited state means more fluoresce
This trend continues until the magnetic field is zero and b
fields are in resonance with the same Doppler velocity gro
of atoms, which are optically pumped and trapped in a
herent superposition of themj561 sublevels. As already
noted, these atoms no longer absorb the fields because
structive interference occurs between the two excitat
paths. Consequently, the population of the upper level dr
sharply and is accompanied by the observed drop in fluo
cence.

Because the actual experiments employed time-depen
fields ~two counterpropagating trains of square pulses w
period of 13.4 ns!, checks were made of the validity of th
single-mode, steady-state approximation used in the prev
numerical results. The most straightforward estimate of

g

FIG. 10. Calculated beat frequency as a function of appl
magnetic field for various neon buffer gas pressures.

FIG. 11. The Doppler-averaged population of the upper le
(J50) of theL system as a function of the magnetic field.
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2262 PRA 58DIDDAMS, DIELS, AND ATHERTON
influence of the additional longitudinal modes is to treat
modes as being independent in their interactions with
samarium. This assumption is valid because the mode s
ing (;75 MHz! is much greater than the natural linewidth
the transition and the response of the three-level system
seen in the previous calculation. In addition, since only sm
magnetic fields are considered, the lower level splitting
always less than the cavity frequency, eliminating the re
nant driving of s23. Within this approximation, the mea
sured beat frequency is simply the average beat freque
between the different counterpropagating mode pairs. H
ever, this average beat frequency does not differ stron
from the beat frequency between a single pair of longitudi
modes. A calculation illustrating this is presented in Fig. 1
In this calculation, Eqs.~3! were solved separately for fiv
pairs of longitudinal modes with detunings and amplitud
given by the data of Fig. 3. The resulting beat frequenc
from the five pairs of modes were then averaged to give
result which is plotted. For comparison with the calculatio
of Fig. 8, the strongest mode pair@(n2n0)/DnFSR50# was
assumed to be at Doppler line center, and to have intens
such thatkE15kE25(2p)23106 s-1. In Fig. 12 the previ-
ously calculated beat frequency for a single pair of longi
dinal modes with the same Rabi frequency is also plotted
the dashed line. As an additional check, the time-depen
differential equations of Eqs.~3! were integrated numerically
assuming excitation by two pulse trains of square pulses.
results of these calculations show that after some initial
cillation, all the density matrix elements relax to consta
values on the time scale of 5–10ms. Furthermore, the cal
culated final values of the density matrix elements~with
time-dependent fields! are nearly identical to those obtaine
by solving Eqs.~3! in steady state with constant fields. Fro
a physical standpoint, this is to be expected since the c
acteristic relaxation rates of the atomic system all occur o
time scale which is much slower than the round-trip time
the laser cavity.

The reasonably good agreement between the experim
and the calculations leads us to conclude that the sin

FIG. 12. The average beat frequency of five pairs of longitudi
modes corresponding to spectrum of Fig. 3. The dashed line is
calculated beat frequency assuming a single pair of longitud
modes.
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mode, steady-state model, which was initially presented,
equately describes the major features of the measurem
The theory confirms the approximate spectral width of
measured signals, the dependence on buffer gas pressure
the existence of the dark state. In addition, the theoret
results suggest that saturation and detuning from the Dop
line center both contribute to the observed signals. The m
shortcoming of the theory is its failure to accurately pred
the shape of the beat frequency signal in the wings. Excep
the cases of high intensity and large detuning from Dopp
line center, the calculated signals always returned to n
zero faster than the measured signals. Probable cause
this behavior are spatial inhomogeneities of the magn
field, frequency instability of the laser, and the influence
the odd isotopes—all of which act as broadening mec
nisms.

VI. CONCLUSION

In summary, a technique of differential intracavity pha
spectroscopy has been presented, and encouraging proo
principle experiments have been performed with samar
vapor inside a unique ring laser with a linear tail. In i
current implementation, the technique permits the dir
measurement of phase shifts between the counterpropag
fields with an accuracy close to 1026. The greatest benefit o
this technique lies in its potential sensitivity, which will onl
be attained when the frequency stability and control of
laser has been improved. The most straightforward mean
accomplishing this is to lock the laser frequency to the Do
pler absorption peak of one of the even samarium isotope
an external vapor cell. Locking to the samarium transition
an external cell would present several advantages and p
bilities. It would improve the frequency stability of the lase
and ensure that the laser is tuned to a known point of
samarium spectrum. In addition, with the laser locked to
center of the Doppler profile data could be acquired at slo
rates, enabling one to take full advantage of signal averag
Furthermore, the linear part of the laser could then be
moved, permitting Doppler-free experiments in the ring ca
ity itself, using a small vapor cell or atomic beam mount

l
he
al

FIG. 13. Plot of the real part ofs̄122s̄13 for the situation in-
volving two counterpropagating linearly polarized fields.
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between quarter-wave plates. In this situation, one could
vision using the narrow resonance of the beat frequency~as
seen in Fig. 4! as the actual error signal for locking the las
to the center of the Doppler-broadened transition. Her
would be possible to use the laser as a sensitive magnet
ter, with the error signal being proportional to small appli
magnetic fields. A different approach, which could elimina
some of the uncertainties with the bias, would be to us
linear cavity with two pulses per cavity round-trip time@35#.
This might be the appropriate choice when attempting
stabilize the difference frequency between the two pu
trains to the splitting of two hyperfine levels. In any cas
stabilization to a high finesse Fabry-Pe´rot cavity @36# could
reduce the uncertainty in the beat frequency to the millihe
range, which implies a phase sensitivity of 10212 radians.
Finally, accurate stabilization of the cavity to a known op
cal transition would present a unique possibility for using
multimode laser as a frequency reference in three diffe
frequency regimes: the optical, the rf~given by the longitu-
dinal mode spacing!, and the audio range~given by the beat
frequency between the counterpropagating fields!.
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APPENDIX: ANALYSIS WITH LINEARLY POLARIZED
COUNTERPROPAGATING FIELDS

We have analyzed another more complex situation t
that which we presented above. The following situation
volves two linearly polarized counterpropagating fields in
ring laser interacting with an intracavity vapor of samariu
atoms. The three-level system is the same as described
viously, but this situation is more complicated because e
field in the system of density matrix equations has to
replaced by a sum of two fields with opposite wave vect
The two density matrix elementsr12 andr13 have two com-
ponents corresponding to the1k and2k wave vectors. The
three diagonal elementsr11, r22, and r33 and the off-
diagonal elementr23 each have three components: One co
ponent with no spatial dependence and two components
wave vectors12k and22k responsible for a standing wav
pattern. In all, there are 16 coupled~complex-valued! equa-
tions describing the system.

An example solution of this system is shown in Fig. 13.
this figure we plot the real part of the difference of the tw

matrix elements responsible for the beat frequency (s̄12

2s̄13), as a function of detuning~splitting! of the two lower
levels. Parameters used are those of Table I. As seen,
system yields qualitatively the same results as the sys
considered in the main text.
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