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Inversion relations for exclusive and inclusive cross sections
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M. M. Sant’Anna*

Instituto de Fı´sica, Universidade Federal Fluminense, 24210-340 Nitero´i, Rio de Janeiro, Brazil

E. C. Montenegro
Departamento de Fı´sica, Pontifı´cia Universidade Cato´lica, 22453-900 Rio de Janeiro, Rio de Janeiro, Brazil

J. H. McGuire
Physics Department, Tulane University, New Orleans, Louisiana 70118-5698

~Received 6 March 1998!

Inversion relations expressing inclusive cross sections as linear combinations of exclusive cross sections are
derived within the independent electron approximation without exchange. Both binomial and multinomial

probability distributions are used. No particular model is used forP(bW ). A criterion for applicability of the
multinomial probability distribution to describe second-order transitions for the different collision channels,

also independent ofP(bW ), is presented. The coupling of ionization and capture of outer-shell electrons is
discussed and the inversion relations derived are applied to the analysis of coincidence measurements of
projectile and target charge states. Parametrization and scaling laws for single and double ionization of outer-
shell electrons of many-electron atoms are considered by studying the influence of the electron capture chan-
nel. @S1050-2947~98!09809-6#

PACS number~s!: 34.10.1x, 34.50.2s, 34.70.1e
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I. INTRODUCTION

Collisions involving many-electron targets can lead
transitions of one or more target electrons to various fi
states. In collisions with highly charged projectiles, seve
such channels are not only important but also stron
coupled among themselves, resulting in relatively comp
collision systems. The independent electron approxima
~IEA! has been used as a useful starting point for the ana
of total cross sections involving many-electron transitio
@1–5#. In the IEA the collision is seen as a product of ind
pendent interactions between the projectile and the ta
electrons. By treating the motion of the projectile classica
ignoring electron correlation and exchange and choos
common transition probabilities, the cross sections desc
ing many-electron transitions can be expressed as integ
over the impact parameter of binomial or multinomial dist
butions of single-electron probabilities@5,6#. The simplified
binomial IEA ~BIEA! and multinomial IEA~MIEA ! allow a
relatively simple analysis of cross sections for many-elect
transitions using probabilities for effective one-electron tra
sitions. In the IEA first-order perturbation theory@5# or semi-
classical approximations@7# are often used.

Even for strongly correlated systems, the IEA can hav
role in defining the dynamical correlation since the corre
tion is defined generally as the difference between exac
experimental quantities and uncorrelated quantities@5#. For
example, Ford and Reading@8# proposed a definition for cor
relation in a collision as the difference between an ex
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collision calculation and calculations carried out within t
IEA, although they pointed out that this definition is n
unique because the results of the IEA depend on the sin
electron potential used.

II. BINOMIAL INDEPENDENT ELECTRON
APPROXIMATION

In the simple BIEA, the cross section for a collision
which m out of a total ofN equivalent electrons underg
transitions with the same probabilityP(bW ) is given by

sm
~N!5S N

mD E P~bW !m@12P~bW !#N2mdbW , ~1!

with m50,1,2,. . . ,N. This approximate expression forsm
(N)

contains information both on the dynamics of the collisi
with one single electron of the target and on the statistics
several equivalent electrons in the target. The collision
namics are carried by the choice of a particularP(b), which
is dependent on the single-electron potential used, and
statistics are binomial@5#. The sm

(N) are called exclusive
cross sections@1,5,9#.

Several theories predict useful scaling laws for the dep
dences ofP(bW ) on vp , Zp , and Zt for different collision
processes. In the case of one-electron target, scaling law
the integrated cross sections can be obtained directly f
those forP(bW ). On the other hand, exclusive cross sectio
for collisions with many-electron atoms have more comp
dependences onvp , Zp , andZt , partially due to the statis-
tical effect of the presence of many electrons on the tar
Within the BIEA, the inclusive cross sections@5,9# for m
2148 © 1998 The American Physical Society
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PRA 58 2149INVERSION RELATIONS FOR EXCLUSIVE AND . . .
transitions out ofN equivalent electrons, regardless of t
final states of the remainingN2m electrons, are expresse
as

sm
~N!5S N

mD E P~bW !mdbW , ~2!

with m50,1,2,. . . ,N. The exclusion of the term@1
2P(bW )#N2m, associated with the electrons that have a p
sive role in the collision, makes more evident the effect
the single interaction potential used and makessm

(N) a better
candidate for universal parametrizations than thesm

(N) . How-
ever, the usually measured cross sections are the exclu
cross sections, obtained through the observation of target
projectile final states.

DuBois and Toburen@10# pointed out that for the ioniza
tion of He by different projectiles, the role of correlation
better studied by comparing the double ionization cross s
tion s2

(2) to the ‘‘total ionization cross section,’’ defined a
sT

(2)5s1
(2)12s2

(2) , because this linear combination of th
exclusive cross sectionss1

(2) ands2
(2) results in the inclusive

cross sections1
(2)5sT

(2) . For multiple ionization in proton-
atom collisions, DuBois and Manson@11# used a different
approach, choosing a particular form forP(bW ) and compar-
ing the exclusive cross sections thus obtained. In orde
obtain some information about the interaction between
projectile and each of the active electrons, these auth
modeled the ionization probability by the expressionP(bW )
5P(b)5P(0)exp(2b/R) to obtain the scaling parameterR
in terms of the measured exclusive cross sections. This
of model calculation, with different choices forP(b), has
been widely used@10,12–15# for the analysis of the ioniza
tion and the electron capture collision channels in multiel
tronic targets.

Using the binomial inverse pair relations@16–19#, we
show in Sec. III that for any number of equivalent targ
electronsN, the inclusive cross sectionssm

(N) can be ex-
pressed as linear combinations of the exclusive cross sec
sm

(N) corresponding to different numbers of electrons und
going transitions. The coefficients of the linear combinatio
are determined in a simple closed form. No hypothesis
made about the impact parameter dependence ofP(bW ) and
these relations can be applied to the ionization as well a
the electron capture or any other inelastic collision proce
However, for the remainder of this paper we replace*dbW
5*df b db by *2p b db, which is a little simpler. This
assumes thatP(bW ) is isotropic in the azimuthal anglef, i.e.,
P(bW )5P(b,f)→P(b). When the scattering is not isotrop
in f ~e.g., aligned targets!, thenP(b) and*2p b db may be
generally replaced byP(bW ) and*dbW , respectively.

In Sec. IV a generalization for multinomial distribution
is also presented and a criterion for applicability of t
MIEA to describe second-order transitions, using measu
total cross sections, is derived based on the Schwarz ineq
ity and without any hypothesis on the behavior of the pro
abilities involved. Finally, in Sec. V some applications of t
relations developed are explored. The coupling of ionizat
and capture of outer-shell electrons are discussed. App
tions to the analysis of coincidence measurements of pro
s-
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tile and target charge states are examined. Parametriza
and scaling laws for ionization and double ionization
outer-shell electrons of many-electron atoms are studied

III. INVERSION FOR THE BINOMIAL PROBABILITY
DISTRIBUTION

Although Eq. ~1! describes cross sections for collisio
channels involving onlym electronic transitions, the con
straint of having anotherN2m passive electrons to be de
scribed makessm

(N) dependent onP(b) in all orders between
m andN. This dependence becomes explicit when the in
grand in Eq.~1! is expanded in powers ofP(b). The bino-
mial term in the integral of Eq.~1! can be expanded to giv

~12P!N2m5 (
i 50

N2m

~21!N2m21S N2m
i D PN2m2 i . ~3!

Substituting this result into Eq.~1!, changing the order of the
sum and the integral, and introducing the indexj 5N2 i , we
have

sm
~N!5 (

j 5m

N

~21! j 2mS j
mD S N

j D E P~b! j2p b db. ~4!

This equation expresses the set ofsm
(N) as linear combi-

nations of integrals of powers ofP(b). Thus, if P(b) has a
simple dependence on some parameter, e.g.,Zp

2 , the cross
sections for collisions with atoms withN equivalent elec-
trons turns out to be a sum of terms in powers of this dep
dence, i.e.,Zp

2 j , with j varying fromm to N, and the original
simplicity is lost. Moreover,

sj
~N!5S N

j D E P~b! j2p b db

is the expression, within the BIEA, for the inclusive cro
sectionsj

(N) for j electrons undergoing transitions. Thus E
~4! expresses the set of exclusive cross sections as li
combinations of the set of inclusive cross sections. While
sm

(N) are cross sections for exactlym electrons undergoing
transitions, thesm

(N) are cross sections for at leastm electrons
undergoing transitions while the other electrons may or m
not be undergoing transitions. This becomes clearer by w
ing sm

(N) as

sm
~N!5S N

mD E P~b!m$P~b!1@12P~b!#%N2m2p b db.

With the inversion of the linear set of equations rep
sented by Eq.~4! it is possible to expresssm

(N) as a sum of
exclusive cross sections involving different numbers of
tive electrons. The coefficient matrix@20# of the system ofN
linear equations, described by Eq.~4!, is nonsingular. Thus
the system is invertible using Cramer’s rule@20# and can be
solved for the inclusive cross sections. For a general ma
this solution is expressed in terms of the cofactors of
system of equations, with each cofactor written in terms o
sum of several elements of the original coefficient matr
For the present system we show, using the inverse pair r
tions @16–19#, that the elements of the inverse matrix can
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written in a closed form and therefore each of the integrals
the sm

(N) can be written as a simple sum over the exclus
cross sectionss j

(N) .
The basic binomial inverse pair relations@17# states that if

the coefficientsa0 ,a1 , . . . ,an and b0 ,b1 , . . . ,bn are such
that

bn5(
i 50

n S n
i Dai , ~5!

then

an5(
i 50

n

~21!n2 i S n
i Dbi . ~6!

Introducing the indicesj 5N2 i and m5N2n, we obtain
the inverse pair relations

aN2mS N
mD5 (

j 5m

N

~21! j 2mS j
mD S N

j DbN2 j ~7a!

and

bN2mS N
mD5 (

j 5m

N S j
mD S N

j DaN2 j . ~7b!

Comparing Eq.~4! with Eq. ~7a!, we can make the identifi
cation of the coefficientsaN2m and bN2 j in Eq. ~7a! and
obtain from Eq.~7b!

bN2m5E P~b!m2p b db ~8a!

and

aN2 j5
s j

~N!

S N
j D . ~8b!

From Eqs.~7b!, ~8a!, and~8b! it follows that

sm
~N![ (

j 5m

N S j
mDs j

~N!5S N
mD E P~b!m2p b db, ~9!

with m50,1,2,. . . ,N.
Equation~9! is one of the main results of this paper. T

gether with Eq.~1! it forms a pair of relations that have th
same conditions of applicability to the description of inela
tic collisions with multielectronic targets and emphasize d
ferent aspects of these collisions. While the exclusive cr
sectionssm

(N) include the statistical effect of constraining th
interaction withN2m of the target electrons elastic, the in
clusive cross sectionssm

(N) make more evident the dynamic
of the inelastic interaction with each electron, described
P(b).

The casem51 in Eq. ~9! is of particular interest. In this
case Eq.~9! reduces to

(
j 51

N

j s j
~N!5NE P~b!2p b db. ~10!
f
e

-
-
ss

y

Equation~10! provides an example of an inclusive cross se
tion that can be directly measured@1,5#. The sum( j s j

(N) is
a quantity directly obtained from experiments where the to
current produced by all different ionization events is me
sured, without the knowledge of any particulars j

(N) . This
inclusive cross section has also been called an apparent
section for positive ion production@21#. For ionization by
electron impact, where the electron capture channel does
exist, or for ionization by high-velocity projectiles, wher
capture is negligible, it is also called a net ionization cro
section@22,23#, gross ionization cross section@24#, or simply
total ionization cross section@10#.

The symmetry between inclusivesm
(N) and exclusivesm

(N)

cross sections can be made more explicit by rewriting E
~4! and ~9! as

sm
~N!5 (

j 5m

N

~21! j 2mS j
mD sj

~N! ~11a!

and

sm
~N!5 (

j 5m

N S j
mDs j

~N! , ~11b!

which is a pair of equations very similar to the basic bin
mial inverse-pair relations. The simple mutual transform
tion relations connectingsm

(N) and thesm
(N) allow one to take

advantage of both exclusive and inclusive cross section
reach a better understanding of a collisions process. In
first step, the measured exclusive cross sections can be
bined, according to Eq.~9!, to determine one or more of th
N11 inclusive cross sections. In the next step, the inclus
cross sections for different collision systems can be co
pared with each other and with the theory. This comparis
can include not only collision systems with different proje
tiles but also targets with different number of equivale
electrons. Finally, once a satisfactory description of the
clusive cross sectionssm

(N) is achieved, the theoretical predic
tions for the exclusive cross sectionssm

(N) can be obtained by
either Eq.~1! or ~11a!.

The inversion relations can also be written for the exc
sive probabilities@5#

Pm
~N!~b!5S N

mD P~b!m@12P~b!#N2m ~12!

and the inclusive probabilities, resulting in the pair of equ
tions

Pm
~N!~b!5 (

j 5m

N

~21! j 2mS j
mD S N

j D P~b! j ~13a!

and

S N
mD P~b!m5 (

j 5m

N S j
mDP j

~N!~b!. ~13b!

The particular case ofm50 in Eq. ~13b! is the unitarity
condition forP j

(N) in the binomial probability distribution.
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The validity of Eq.~9!, derived in this section using bino
mial inverse pair relations, is also demonstrated in Appen
A using a simple proof by substitution. We proceed, in t
next section, to generalize these results when several c
sion channels need to be considered.

IV. MULTIPLE CHANNELS AND THE MULTINOMIAL
PROBABILITY DISTRIBUTION

The inversion relations between exclusive and inclus
cross sections, derived in Sec. III for a single inelastic co
sion channel, can be generalized using multinomial proba
ity distributions@5# to any number of collision channels. I
Appendix B it is shown that in the case of two inelas
collision channels, represented bya andb, the multinomial
probability distribution gives, forN equivalent electrons,

sm,n
~N! 5

N!

m!n! ~N2m2n!! E Pa~b!mPb~b!n@12Pa~b!

2Pb~b!#N2m2n2p b db, ~14!

(
i , j

S i
mD S j

nDs i , j
~N!5

N!

m!n! ~N2m2n!!

3E Pa~b!mPb~b!n2p b db, ~15!

where the sum of the indicesi and j is over i 1 j <N with
i>m and j >n. The probabilitiesPa(b)m and Pb(b)n may
represent, for example, the ionization and capture proba
ties in collisions of bare projectiles with an atom withN
equivalent electrons. Target excitation may be included w
ionization and electron capture to the continuum by defin
P(b)5((n1*dkW )P(bW ,n, or kW ), which sums over both
bound and continuum final states.

The generalization presented in Appendix B gives, forM
inelastic collision channelsa i ,

sn1 , . . . ,nM

~N! 5
N!

n1! ¯ nM! ~N2n12 ¯ 2nM !!

3E Pa1
~b!n1

¯ PaM
~b!nM@12Pa1

~b!2 ¯

2PaM
~b!#N2n12 ¯ 2nM2p b db, ~16!

(
i 1 ,...,i M

S i 1

n1
D ¯ S i M

nM
Ds i 1 , . . . ,i M

~N!

5
N!

n1! ¯ nM! ~N2n12 ¯ 2nM !!

3E Pa1
~b!n1

¯ PaM
~b!nM2p b db, ~17!

where the sum of the indicesi 1 ,i 2 , . . . ,j is over i 11 i 2
1 ¯ 1 i M<N with i 1>n1 , i 2>n2 , . . . ,i M>nM . With
sn1 , . . . ,nM

(N) the inclusive cross sections for theM inelastic

collision channelsa1 ,a2 , . . . ,aM ,
ix

lli-

e
-
il-

li-

h
g

sn1 , . . . ,nM

~N! [
N!

n1! ¯ nM! ~N2n12 ¯ 2nM !!

3E Pa1
~b!n1

¯ PaM
~b!nM2p b db,

~18!

it follows that

sn1 , . . . ,nM

~N! 5 (
i 1 , . . . ,i M

~21! i 11 ¯ 1 i M2n12 ¯ 2nM

3S i 1

n1
D¯S i M

nM
D si 1 , . . . ,i M

~N! ~19a!

and

sn1 , . . . ,nM

~N! 5 (
i 1 , . . . ,i M

S i 1

n1
D ¯ S i M

nM
Ds i 1 ,...,i M

~N! . ~19b!

Equations~19a! and ~19b! relate the exclusive and inclusiv
cross sections in the MIEA.

Criterion for applicability of the MIEA in multiple transitions

Several collision systems have been studied using m
nomial probability distributions with equivalent electron
@3#. Although good general agreement with the experimen
data is often obtained for single-electron transitions, it h
been noted that double-electron transitions frequently pre
poor agreement with experiment@3#.

Using Schwarz’s inequality@25# and the expressions fo
inclusive cross sections of Sec. IV, it will be shown that t
hypothesis of equivalent electrons in the MIEA implies
inherent limitation on the agreement between theory and
perimental data for double-electron transitions, indep
dently of theP(b) used for each collision channel.

Schwarz’s inequality@25,26# leads to

E Pa~b!Pb~b!2p b db<F E Pa~b!22p b dbG1/2

3F E Pb~b!22p b dbG1/2

.

~20!

Note that the above inequality is valid for arbitrary probab
ties Pa(b) and Pb(b) with different impact parameter de
pendences. On the other hand, the particular case of
equality in Eq.~20! holds only if Pa(b) andPb(b) have the
same impact parameter dependence, i.e.,Pa(b)/Pb(b) is in-
dependent ofb.

In terms of the sumssm,n
(N) given by Eq. ~18!, for two

inelastic channels, the integrals in Eq.~15! are written as

E Pa~b!Pb~b!2p b db5
1

N~N21!
s11

~N! , ~21!

E Pa~b!22p b db5
2

N~N21!
s20

~N! , ~22!

and
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E Pb~b!22p b db5
2

N~N21!
s02

~N! . ~23!

Thus, as a consequence of Schwarz’s inequality, we h

RS[
s11

~N!/2

As20
~N!s02

~N!
<1. ~24!

While RS calculated within the MIEA with equivalent elec
trons has to be less than or equal to 1, independently of
energy and the collision system, the same does not hap
with the values ofRS obtained from the experimental dat
Applications of the criterion described above are presente
Sec. V.

The use of different probabilitiesP1(b) andP2(b) for the
same collision channel to describe two independent ev
occurring in a double-electron transition eliminates the
striction from Schwarz’s inequality@25#, but does not allow
the use of binomial or multinomial probabilities to descri
simultaneously all the collision channels. The version of
IEA using the different probabilitiesP1(b) andP2(b) is also
called the independent event model~IEV! @27–29#.

V. IONIZATION AND CAPTURE BY BARE PROJECTILES

A. Ionization and capture on a He target
by bare projectiles

The He atom is the simplest atom for which multiple tra
sitions can occur. The coupling between the ionization,
citation, and capture channels in collisions of bare project
with He has been extensively studied both theoretical
experimentally. Theoretical approaches involving the MIE
are often used@3,4,9,13,30#.

Neglecting excitation, the inelastic channels involved
the collision are single ionization, single capture, double i
ization, double capture, and transfer ionization, with the c
responding exclusive cross sections represented bys I , sC ,
sDI , sDC , and sTI , respectively. In this simple case, th
inclusive and exclusive cross sections are the same@9,13# for
the channels involving two-electron transitions and

s02
~2!5E PI~b!22p b db, ~25!

s20
~2!5E PC~b!22p b db, ~26!

s11
~2!52E PI~b!PC~b!2p b db. ~27!

The application of Schwarz’s inequality@25# results in the
criterion

RS5
sTI/2

AsDIsDC

,1. ~28!

In Fig. 1 the experimental data of Shah and Gilbody@31#
for double ionization, double capture, and transfer ionizat
of H1, He21, and Li31 projectiles incident on He are com
bined to giveRS as a function of projectile energy. Region
ve

he
en

in

ts
-

e

-
-
s
d

-
r-

n

is the region of the plot where calculations ofRS based on
the MIEA with equivalent electrons can, in principle, repr
duce simultaneously double ionization, double capture,
transfer ionization. In region I this is forbidden by Schwarz
inequality. In the range of velocities shown, almost all t
experimental data lie in region I. For the points in region
an expression forPI(b) and another forPC(b) can, in prin-
ciple, be found to describe two of the cross sections am
sDC , sDI , andsTI , but not all three of them. In Fig. 1 the
behavior for the H1 projectile is qualitatively different from
that of He21 and Li31 projectiles. When the projectile energ
increases, the values ofRS for He21 and Li31 projectiles
approach region II, indicating improvement for the cond
tions of applicability of the MIEA. This behavior, with the
improvement of the MIEA with increasing velocities, ha
been observed for most collision systems@5#. For H1 projec-
tiles, on the other hand,RS increases with the velocity an
reaches a constant value between 2 and 3, independent
the projectile energy.

Theoretical conditions for the validity of the MIEA use
above are the neglect of electron correlation~including ex-
change! and the equivalence of transition probabilities~i.e.,
PI is the same for both electrons and so isPC!. In reality,
electronic relaxation can occur during the collision. The
laxation of the second electron before its transition depe
on the projectile velocity. However, this effect is expected
have the same importance for the double ionization by
three projectiles. For double capture and transfer ioniza
the case of H1 projectile may be qualitatively different from
the others. In an idealized situation in which the electr
captured in the first event has enough time to fully relax,
capture in the second event will take place by the neu
projectile H0. In the case of the He21 and Li31 projectiles,
the dressed relaxed projectile will still be charged when
second event occurs.

The role of electron relaxation in single and double
moval of helium by protons is discussed by Fordet al. @27#.
They pointed out that an aspect of electron correlation t
can cause deviation from the MIEA and IEV calculations
the screening of the projectile from the second electron
the first electron if the first electron follows closely the pr
jectile after it has been released from the target@27#. They

FIG. 1. Criterion for applicability of the MIEA.RS ~see the text!
is shown for different projectiles incident on He as a function
projectile energy. The experimental data are from Ref.@31#: circles,
H1; squares, He21; triangles, Li31. The Schwartz inequality of Eq
~20!, corresponding toRS,1, is violated in region I, indicating a
breakdown of the MIEA.
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show that the inclusion of projectile screening effects in
second interaction of the H1 projectile, if the first electron is
captured, improves significantly the agreement with exp
ment at intermediary energies. The results in Fig. 1 are c
sistent with these arguments indicating that using the s
target wave function for both target electrons causes sig
cant deviations from the uncorrelated MIEA for all collisio
systems studied. The results in Fig. 1 show that the MI
tends to improve at high energies except forZp51.

B. Scaling for many-electron atoms: Single ionization

In collisions of heavy charged projectiles with man
electron atoms at intermediate velocities, ionization and c
ture are often collision channels that must both be con
ered. Outer-shell ionization@32# dominates the tota
ionization cross sections and the exclusive cross section
single ionization~neglecting excitation! within the MIEA is

s01
~N!5NE PI~b!@12PI~b!2PC~b!#N212p b db,

~29!

while the corresponding inclusive cross section can be w
ten, according to Eq.~15!, as

s01
~N![(

j 50

N

(
i 51

N2 j

is i , j
~N!5NE PI~b!2p b db, ~30!

which is independent ofPC(b).
Equation~30! is similar to the cross section for ionizatio

of simple one-electron atoms. Scaling laws based on o
electron atom transitions have been used@5,33# to search for
common patterns for different systems. A typical analy
searching for scaling laws can be illustrated by the work
Krishnamurthiet al. @23#, which used the BIEA to study the
dependence of the ionization of molecular targets withZp .
The form of Eq.~30! suggests the possible application of t
parametrization used forK-shell ionization@5,33# to search
for scaling laws for inclusive cross sections for ionization
outer target electrons. Because in the cross sections
sented in this section there is no selection of the shell of
ionized electrons, we make the hypothesis that the ioni
electrons are from the outer shell for each target, thus inv
ing the subshells 1s for atomic hydrogen and He, 2s and 2p
for Ne, 3s and 3p for Ar, and 4s and 4p for Kr. A mean
binding energyub for subshellss andp is taken as the har
monic mean@25#

ub5
N

Ns /us1Np /up
, ~31!

with N58, Ns52, andNp56. Here the mean velocity of th
outer-shell electrons, in atomic units, isv̄5Aub, whereub is
written in rydbergs. Sinceu5k/r , this corresponds to choos
ing a commonr̄ 5Nsr s1Npr p /(Ns1Np) for all electrons
within each shell. This choice ofub in Eq. ~31! gives the
expected result in the Bethe limit and heightens the weigh
electrons with lower binding energy. Numerically, for th
atoms mentioned above, the difference betweenub given by
Eq. ~31! and a simple arithmetic weighted mean is sma
e

i-
n-
e

fi-

p-
-

or

t-

e-

s
f

f
re-
e
d

v-

f

.

Values forun for all subshells were taken from Ref.@34#. In
the semiclassical approximation, the probability for ioniz
tion of a single electron with binding energy of modulusub,
in rydbergs, by a projectile of chargeZp at a velocityvp can
be written as@5,33#

PI~Zp ,ub,vp ;b!5
Zp

2

ub

PI~1,1,vp / v̄; v̄b! ~32!

or

PI~b!5
Zp

2

ub

PI
~1!~ v̄b!, ~33!

with PI
(1)(b) being the ionization probability for a proto

incident on atomic hydrogen, with velocityvp / v̄.
With the above parametrization, the exclusive and inc

sive cross sections are reduced, respectively, to the integ

N
Zp

2

ub

E PI
~1!~ v̄b!S 12

Zp
2

ub

PI
~1!~ v̄b!2PC~b!D N21

2p b db,

~34!

and

s01
~N!5N

Zp
2

ub

E PI
~1!~ v̄b!2p b db. ~35!

With the change of the integration variable tox5 v̄b, Eq.
~35! can be written as

s01
~N!~vp!5N

Zp
2

ub
2
s I

H~vp / v̄ !. ~36!

Thus Eq. ~36! expresses the inclusive cross sections
single ionization of outer-shell electrons at a velocityvp as a
function of N, Zp , ub, and the ionization cross section fo
the H target at a velocityvp / v̄.

In the high-energy limit, the Bethe approximation pr
vides useful analytical expressions for bothPI(b) @12#,

PI~b!5c1

Zp
2

ub

expS 2
c2

vp / v̄
v̄bD

~vp / v̄ !2~ v̄b!2
, ~37!

and the integrated inclusive cross section@12,24,35#

s01
~N!5Nc1

Zp
2

ub
2

lnS vp / v̄

c2
D

~vp / v̄ !2
, ~38!

wherec1 andc2 are dimensionless numbers, independen
N, Zp , andub.

In Figs. 2~a! and 2~b! the parametrized cross sections f
exclusive and inclusive one-electron ionization of few- a
many-electron targets by He21 projectiles are shown. For th
atomic hydrogen target the definitions of exclusive and
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clusive cross sections are the same. The continuous lin
the Bethe theory@24# for ionization of atomic hydrogen
which coincides with the high-energy limit of the plan
wave Born approximation~PWBA!. The excellent agreemen
between Bethe’s prediction and experimental data has t
considered with caution because the experimental data@36#
themselves were normalized by the PWBA in the hig
energy limit. Despite that, the agreement of velocity dep
dence between Bethe theory and experiment is remarka
In Fig. 2~b!, for projectile velocities higher than the mea
velocity of the target electron, all but the Ne data coale
with the H ionization data. Even for Ne, the curve of expe
mental data has a shape different from the exclusive c
sections@Fig. 2~a!# and assumes a maximum at the sa
position as the other curves. One possible explanation for
Ne points being low is that, for this target, exclusive cro
sections for ionization up to only four electrons were me
sured, while for Kr, for example, up to eight electrons we
measured. Thus the sum

s01
~N!5(

j 50

N

(
i 51

N2 j

is i , j
~N! ~39!

was truncated with fewer terms in Ne than in Kr. Althoug
the cross sections for high-order processes were not m
sured because they are small, their relative importance
the sum of Eq.~39! increases with the order of the process
In addition, the mean binding energy of outer electrons
higher for Ne than for any other of the studied targets@34#

FIG. 2. Single ionization of several targets by He21 projectiles
for ~a! exclusive and~b! inclusive cross sections. Closed squares,
Ref. @36#; open squares, He, Ref.@31#; circles, Ne, Ref.@37#; up
triangles, Ar, Ref.@37#; down triangles, Kr, Ref.@37#. Theory: full
line, Bethe limit of the PWBA for H~see the text!.
is

be

-
-
le.

e
-
ss
e
he
s
-

a-
or
.
s

and because the scaled cross section is proportional toub
2,

the effect of the unmeasured cross sections for Ne is
hanced.

For vp / v̄n.3 the differences between inclusive and e
clusive cross sections become small because the probabi
involved are all small, typically less than 5%. Therefore,

@12PI~b!2PC~b!#N21'1 ~40!

and s1
(N)'s1

(N) . For (vp / v̄n),1 the parametrization use
increases the dispersion of the inclusive when compare
the exclusive cross sections, suggesting that a theoretica
scription based on the statistical energy deposition mo
@5,38# or on the IEV, taking into account relaxation of ele
trons, should be more appropriate.

C. Scaling for many-electron atoms: Double ionization

The IEA has been broadly used to study two-electr
transitions in collisions with a He target@3,4#. Although the
MIEA presents limitations to the analysis of this problem,
discussed in Sec. V A, the use of the MIEA by seve
groups @3,4# clearly leads to a better understanding of t
problem. To analyze the applicability of multinomial prob
ability distributions to collisions involving two-electron tran
sitions inmany-electron targets, the criterion derived in Sec
IV A for RS , neglecting the excitation channel,

RS5
s11

~N!/2

As02
~N!s20

~N!
,1, ~41!

is applied to He21 projectiles incident on He, Ne, Ar, and Kr
The inclusive cross sections for two-electron transitions
targets withN equivalent electrons are, according to E
~15!,

s02
~N![(

j 50

N

(
i 52

N2 j
i ~ i 21!

2
s i , j

~N!5S N
2 D E PI~b!22p b db,

~42!

s20
~N![(

j 52

N
j ~ j 21!

2 (
i 50

N2 j

s i , j
~N!5S N

2 D E PC~b!22p b db,

~43!

and

s11
~N![(

j 51

N

j (
i 50

N2 j

is i , j
~N!52S N

2 D E PCPI~b!2p b db,

~44!

corresponding to double ionization, double capture, a
transfer ionization, respectively. Note that this analysis ofRS
is independent of any estimate of the number of target e
tronsN accessible to the transitions. The results are show
Fig. 3.

We first consider the close grouping of data in Fig. 3. T
experimental data for all targets, including He, are in gene
good agreement. This suggests that the effect of correla
in many-electron atoms is not more important than for

,
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He target. Thus the MIEA with equivalent electrons may,
principle, give useful information about two-electron tran
tions in collisions with more complex targets than He f
relatively fast highly charged projectiles. Next we consid
the violation of the Schwartz inequality evident in Fig.
which indicates a breakdown in the MIEA. That the MIE
has limited validity for smallZp is not totally unexpected fo
outer-shell electrons. Shahet al. @39# have shown that trans
fer plus ionization of outer-shell electrons in Fe targets is
by the IEA within uncertainties of about 20%, which i
however, not inconsistent with Fig. 3. On the other hand
the case of protons, antiprotons, electrons, and positron
helium @40#, it would be difficult to argue that the IEA is
better than 30% or so at any velocity. A sensible sim
validity criterion for the IEA is that the interactionVI with
the projectile is large compared to the electron correlat
Vcorr. That is, *VIdt@*Vcorrdt. This is often satisfied for
largeZp at moderate to moderately largeVcorr.

For the double ionization of a target withN equivalent
electrons, with the same parametrization used for single
ization, the exclusive and inclusive cross sections are,
spectively,

s02
~N!5S N

2
D Zp

4

ub
2
E PI

~1!~ v̄b!2

3S 12
Zp

2

ub

PI
~1!~ v̄b!2PC~b!D N22

2p b db

~45!

and

s02
~N!5S N

2
D Zp

4

ub
2
E PI

~1!~ v̄b!22p b db. ~46!

From Eqs.~45! and ~46! we note that the MIEA predicts
s02

(N)ub
3/(N

2 ) to be constant for all targets, but no
s02

(N)ub
3/(N

2 ). In Figs. 4~a! and 4~b! experimental data from
Refs.@31# and@37# for s02

(N) ands02
(N) , respectively, are plot-

FIG. 3. Criterion for applicability of the MIEA.RS ~see the text!
is shown for He21 incident on several targets. Squares, He, R
@31#; circles, Ne; up triangles, Ar; down triangles, Kr, Ref.@37#.
The Schwartz inequality of Eq.~20!, corresponding toRS,1, is
violated in region I, indicating a breakdown of the MIEA.
-

r

t

n
on

e

n

n-
e-

ted with the parametrization suggested by the MIEA a
semiclassical approximation. The dispersion of the point
larger than that obtained for single ionization with the sa
parametrization, but the overall behavior is quite simi
~compare Figs. 2 and 4!. In Fig. 4~a! the scaled exclusive
cross sections for the three heaviest targets Ne, Ar, and
have a similar energy dependence, but with the maxim
located at a different energy and a factor of 3 smaller than
He. In Fig. 4~b! all scaled inclusive cross sections prese
their maxima at the same energy and with approximately
same magnitude, except for Ne. The underestimated va
for Ne can be explained in the same way as in the sin
ionization: the truncation with few terms in the sum of th
experimental exclusive cross sections givings02

(N) . For

vp / v̄n,1 the relaxation of the target electrons seems
cause the breakdown of the MIEA with equivalent electro
In the limit of high velocities, only the Kr target does no
converge to the values of the cross sections for the o
gases. The high-energy behavior can be further analyze
considering the ratio between double and single ionizati
This ratio has been extensively used to analyze double
ization in He by several projectiles@3,4#. In order to compare
different targets we show in Figs. 5~a! and 5~b! the ratios
between the scaled exclusive and inclusive cross sect
defined as

r21[
s02

~N!

s01
~N! ub

2

N21
~47!

and

f.

FIG. 4. Double ionization of several targets by He21 projectiles
for ~a! exclusive and~b! inclusive cross sections. The data are fro
Ref. @31# ~squares, He! and from Ref.@37# ~circles, Ne; up triangles,
Ar; down triangles, Kr!.
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r 21[
s02

~N!

s01
~N! ub

2

N21
, ~48!

respectively.
In Fig. 5~b!, at velocities corresponding to the maximu

of the He double ionization,vp / v̄'2, the experimental re
sults for all targets coalesce. Forvp / v̄.2, the r 21 data for
He, Ne, and Ar present the same energy dependence, bu
data for Kr are almost constant withvp . In other words,s02

Kr

has the same energy dependence ass01
Kr . This means thats02

Kr

is dominated, for high velocities, by some postcollision
effect leading to multiple ionization. The fact that this effe
appears forr 21 but not for r21 indicates that forvp / v̄.2
ionization channel for three or more electrons by postco
sional effects can be a relevant ionization mechanism for
the only target studied withd-shell electrons.

VI. CONCLUSIONS

The binomial and multinomial independent electron a
proximations are quite simple and may be easily applied
the analysis of many-electron transitions in relatively co
plex atomic systems without the use of intricate~but more
detailed! computer codes. The BIEA and MIEA express t
difficult N-electron quantum amplitude in terms of mu
simpler one-electron amplitudes without exchange. T
BIEA and MIEA are valid when the electron correlation a
exchange are small. This often occurs when the interactio
the electrons with an external potential is larger than

FIG. 5. Ratio of double to single ionization by He21 incident on
several targets. The ratio between exclusive cross sections is s
in ~a! and between inclusive cross sections in~b!. The data are from
Ref. @31# ~squares, He! and from Ref.@37# ~circles, Ne; up triangles
Ar; down triangles, Kr!.
the

l
t

-
r,

-
o
-

e

of
e

fluctuations in the mean field of the electron-electron int
actions and exchange effects are small. For inner-shell ta
electrons the BIEA and MIEA tend to work because t
nuclear charge of the target is relatively strong. For out
shell target electrons considered in this paper the MI
tends to work at intermediate collision velocities, especia
for highly charged projectiles where the influence of the p
jectile charge dominates. At high velocity, the electron c
relation tends to dominate since there is more time for
correlations to affect the collision process than the fa
weakly interacting projectile. At low velocity both electro
correlation and exchange can be significant. Therefore
this paper we have considered intermediate velocities for
many-electron targets with active outer electrons. At th
intermediate velocities the cross sections and correspon
reaction rates tend to be large, so this is an important reg

We have presented a way to express physically mea
able inclusive cross sections and*P(bW )dbW . This is a major
result of this paper. This provides a more direct connect
between experiment and the effective one-electron transi
probability P(bW ) than exclusive cross sections, whic
specify which electrons make transitions and which do n
If the probabilities are small, i.e.,P(bW )!1, then*P(bW )dbW
reduces to the inclusive total cross section.

Using the Schwartz inequality *PaPbdbW

<@*PadbW #1/2@*PbdbW #1/2, we have tested the consistency
the observed cross sections in systems with active outer-s
electrons with the MIEA. In many cases considered in t
paper Schwarz’s inequality can be violated by a factor
2–3, suggesting that the MIEA is not sufficient to cons
tently describe the observed data with high precision. T
Schwartz inequality is most strongly violated when the p
jectile in the final state is neutral. We recommend that ot
data be tested in this manner.

Also we have used our inclusive cross sections to
scaling behavior based on the high-energy PWBA and Be
scaling for P(bW ). The PWBA and Bethe scaling hold ap
proximately at moderately high velocities for the data co
sidered here. Although in theory our analysis is not cons
tent to higher orders inZp

2 , we do observe some consisten
in practice. It is not unusual for the PWBA results to hold
regions that exceed somewhat the expected range of the
ical validity. At moderately low velocities, the MIEA could
hold without following the Bethe or PWBA scaling since th
MIEA can be valid for interactions of arbitrary strengt
However, for strongly interacting systems we are not aw
of any simple scaling properties forP(bW ). Nevertheless, spe
cific theories forP(bW ) could be tested using our analysis
cases where the MIEA is valid.
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APPENDIX A: PROOF BY SUBSTITUTION OF THE
INVERSE PAIR RELATION FOR EXCLUSIVE

AND INCLUSIVE CROSS SECTIONS

In Sec. III the correspondence between the pair of eq
tions

sm
~N!5S N

mD E P~b!m@12P~b!#N2m2p b db, ~A1a!

(
j 5m

N S j
mDs j

~N!5S N
mD E P~b!m2p b db. ~A1b!

was derived by making use of the binomial inverse pair
lation @16–19#. In this appendix a simpler alternative pro
by substitution is presented. Taking the sum of the produc
Eq. ~A1a! ~with the indexm replaced byj ! and the binomial
coefficient (m

j ),

(
j 5m

N S j
mDs j

~N!5 (
j 5m

N S j
mD S N

j D
3E P~b! j@12P~b!#N2 j2p b db ~A2!

5E N!

m! (
j 5m

N
1

~N2 j !! ~ j 2n!!

3P~b! j@12P~b!#N2 j2p b db ~A3!

5E N!

m! ~N2m!!
P~b!m

3 (
j 5m

N
~N2m!!

~ j 2m!! ~N2 j !!
P~b! j 2m

3@12P~b!#~N2m!2~ j 2m!2p b db. ~A4!

In terms of binomial coefficients and with the change in t
indices j 2m[ i , one has

(
j 5m

N S j
mDs j

~N!5E S N
mD P~b!m (

i 50

N2m S N2m
i D P~b! i

3@12P~b!#~N2m!2 i2p b db. ~A5!

However, by the binomial expansion theorem

(
i 50

N2m S N2m
i D P~b! i@12P~b!#~N2m!2 i51. ~A6!

Thus
a-

-

of

(
j 5m

N S j
mDs j

~N!5S N
mD E P~b!m2p b db. ~A7!

APPENDIX B: PROOF OF MULTINOMIAL
INVERSION RELATIONS

For two inelastic collision channels, the multinomi
probability distribution gives, forN equivalent electrons,

Pm,n
~N! ~b!5

N!

m!n! ~M2m2n!!
Pa~b!mPb~b!n

3@12Pa~b!2Pb~b!#N2m2n, ~B1!

with

(
m,n

Pm,n
~N! ~b!51, ~B2!

where the sum extends over all the possible non-nega
values ofm and n with n1m<N. The cross sections ar
expressed in the MIEA as

sm,n
~N! 5

N!

m!n! ~N2m2n!! E Pa~b!mPb~b!n

3@12Pa~b!2Pb~b!#N2m2n2p b db. ~B3!

Looking at Eqs.~A1a! and ~A1b! we can try the ansatz

sm,n
~N! [(

i , j

i ! j !

m!n! ~ i 2m!! ~ j 2n!!
s i , j

~N! , ~B4!

where the domain of the indices of the sum will be chos
later. Thus

sm,n
~N! 5(

i , j

i ! j !

m!n! ~ i 2m!! ~ j 2n!!

N

i ! j ! ~N2 i 2 j !!

3E Pa~b! i Pb~b! j@12Pa~b!

2Pb~b!#N2 i 2 j2p b db, ~B5!

sm,n
~N! 5E N!

m!n! (
i , j

1

~ i 2m!! ~ j 2n!! ~N2 i 2 j !!

3Pa~b! i Pb~b! j@12Pa~b!2Pb~b!#N2 i 2 j2p b db,

~B6!

and
sm,n
~N! 5E N

m!n! ~N2m2n!!
Pa~b!mPb~b!n(

i , j

~N2m2n!!

~ i 2m!! ~ j 2n!! @~N2m2n!2~ i 2m!2~ j 2n!#!

3Pa~b! i 2mPb~b! j 2n@12Pa~b!2Pb~b!#~N2m2n!2~ i 2m!2~ j 2n!2p b db. ~B7!
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Introducing the indicesk[ i 2m and l[ j 2n ~i[k1m and
j [ l 1n!, we obtain

sm,n
~N! 5E N!

m!n! ~N2m2n!!
Pa~b!mPb~b!n

3(
k,l

~N2m2n!!

k! l ! @~N2m2n!2k2 l #!
Pa~b!kPb~b! l

3@12Pa~b!2Pb~b!#~N2m2n!2k2 l2p b db.

~B8!

If we choose this sum to extend over all the possible n
negative values ofk and l with k1 l<N2m2n,

(
k,l

~N2m2n!!

k! l ! @~N2m2n!2k2 l #!
Pa~b!kPb~b! l

3@12Pa~b!2Pb~b!#~N2m2n!2k2 l51 ~B9!

and

(
i , j

i ! j !

m!n! ~ i 2m!! ~ j 2n!!
s i , j

~N!

5E N!

m!n! ~N2m2n!!
Pa~b!mPb~b!n2p b db,

~B10!

where, to be consistent with the choice for the domain ok
and l , the sum overi and j must extend overi 1 j <N with
i>m and j >n. In terms of binomial coefficients and cros
sections we can write
-

n

ys
-

sm,n
~N! 5

N!

m!n! ~N2m2n!! E Pa~b!mPb~b!n

3@12Pa~b!2Pb~b!#N2m2n2p b db,

~B11!

(
i , j

S i
mD S j

nDs i , j
~N!5

N!

m!n! ~N2m2n!!

3E Pa~b!mPb~b!n2p b db.

~B12!

The generalization of this result for any number of collisi
channelsM is straightforward

sn1 , . . . ,nM

~N! 5
N!

n1! ¯ nM! ~N2n12 ¯ 2nM !!

3E Pa1
~b!n1

¯ PaM
~b!nM@12Pa1

~b!2 ¯

2PaM
~b!#N2n12 ¯ 2nM2p b db, ~B13!

(
i 1 ,...,i M

S i 1

n1
D ¯ S i M

nM
Ds i 1 , . . . ,i M

~N!

5
N!

n1! ¯ nM! ~N2n12 ¯ 2nM !!

3E Pa1
~b!n1

¯ PaM
~b!nM2p b db,

~B14!

where the sum overi 1 ,i 2 , . . . ,j must extend overi 11 i 2
1 ¯ 1 i M<N with i 1>n1 , i 2>n2 , . . . ,i M>nM .
a,

ys.
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