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Nonrelativistic two-photon electron bremsstrahlung in a Coulomb field, including retardation
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We study retardation effects in the two-photon electron bremsstrahlung in a Coulomb field, for the electron
energy range 1-10 keV. The calculation is based on an exact analytic expression for the matrix element of the
process, in a nonrelativistic treatment including retardation. The comparison with previous results for the
Coulomb casdexact Coulomb dipole approximation or Born approximation with retardaonfirms the
importance of retardation effects in the electron energy range under investigation, as indicated before by the
Born approximation[S1050-294{©8)02009-3

PACS numbes): 34.80—i, 32.80.Wr

I. INTRODUCTION Before the completion of our numerical calculation pre-
sented here, Kord|18] published analytical and numerical
The simultaneous emission of two photons in an electronresults on the two-photon bremsstrahlung, taking into ac-
atom collision, called two-photon or double bremsstrahlungcount retardation. It appears that we have used the same
has received some attention several years ago, stimulated byalytic method, but due to different algebraic manipula-
the experimental observation of Altman and Quaflekof  tions, we have obtained more compact expressions for sev-
two photons in coincidence in electron—thin-solid-target in-eral invariant amplitudes. For this reason, in this padpewre
teraction. Other experiments have been performed since, tshall present our analytic results, but we shall omit details on
Quarles and co-workekseeg] 2] for the most recent account their derivation, which employs the technique used in the
and by Hippler[3,4]. The electron energy range was differ- dipole approximation by \giard and co-workerf7], as Ko-
ent for the two sets of experiments: around 70 keV inrol also doesyii) we shall focus on the numerical predic-
Quarles’s case, and around 10 keV in Hippler's case. Pations, in the energy range 1-10 keV for the incident electron,
ticular configurations have been recorded, namely, incidenivhere the neglect of relativistic effect is justified, which is
electron momentum along the bisectrice of the angleb-  not always the case for energies around 70 keV, considered
tween the two emitted photor{slenoted as the- § geom- by Korol.
etry) for 6=45° and6=90°. The matrix element of two-photon bremsstrahlung, in an
On the theoretical side the situation was briefly revised inexact nonrelativistic treatment, including retardation, is pre-
[5]. The majority of the calculations reported up to now refersented in Sec. Il. Our results for the invariant amplitudes are
to the case of the electron scattering taking place in the Cowgiven in the Appendix, with the exception of one of the
lomb field of a fixed nucleus of charge[6—9]. An interest- amplitudes, discussed in more detail in Sec. Il. This ampli-
ing approach has been developed by Kddd], exploiting  tude requires a special treatment, in connection with the
the properties of the momentum operator matrix element beé-type behavior of the matrix element in the free electron
tween two continuum states. case. Section Il of this paper contains numerical results for
The orders of magnitude disagreement between the exwo types of cross sectionst,, which corresponds to the
perimental data in the- 45° geometry and the Coulomb field detection of the emitted photons orfsee Eq(13) herd and
results obtained in nonrelativistic dipole approximatisee o5, which describes the electron angular distribution at fixed
Fig. 2 of Ref.[11]) at electron energies of 70 keV was an photon geometry. The discussion starts with a comparison
indication of the inadequacy of the dipole approximation. Inwith experimental data obtained by Hippler oy, displayed
the same conditions a relativistic Born approximation de-in Fig. 1, corresponding ta-90° geometry. As explained
rived by SmirnoV{12] was in reasonable agreement with the previously[16], this geometry is least affected by retardation
experiment[13—15. The importance of retardation effects effects. Because there are no other experimental data in the
was confirmed afterwards in two different calculationsincident electron energy range we investigate, the theoretical
[16,17). In our previous papdr6], we have adopted a non- results presented in the other figures are selected in order to
relativistic Born approximation including retardation treat- illustrate the importance of the retardation effects and some
ment, in an exploratory study of retardation effects. We havef their features, with the hope that new experimental data
found that retardation effects are important even for energiewill be available.
in the 1-10 keV range. In a recent calculatidry], Korol We use the same notations ag 1%] in order to designate
has used the approximate method developeld @ for the  the different approaches used in the Coulomb cdse:
evaluation of the nonrelativistic matrix element of the doubleBNRR—nonrelativistic Born approximation, with retarda-
bremsstrahlung with retardation included. The numerication included;(ii) CNRD—nonrelativistic dipole approxima-
evaluations of the cross section[it7] bring more evidence tion, treating exactly the electron in a Coulomb fie(di)
on the importance of retardation effects, and are in agreeNRR—nonrelativistic “exact” calculation, retardation in-
ment with[16]. Korol's approach seems to include in a sat-cluded. The cases presented in Sec. lll and other cases we
isfactory way the Coulomb effects. have considered show th@j the validity of BNRR calcula-
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tions specified by the unit vectors andn,, and the photon
polarization vectors byEl ands,. The corresponding ener-
giesT,,T,,kq;, andk, are connected by the conservation law
T,=T,+k,+k,, and the momentum transfer &= p,—p,
—K, with K=K, +K,.

The amplitudeM of the two-photon bremsstrahlung is
P’ given by the Kramers-Heisenberg-Waller matrix element be-
107} 1 tween initial and final continuum energy eigenstdtes+ )
and| 52—). The asymptotic behavior at large distance is that
of a distorted plane wave plus an outgoing or incoming wave
for (r|p,+) or (r|p,—), respectively. The amplitud#1 can
be written as
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_ ) ) where we have denoted
FIG. 1. The cross sectiom, in the CNRR calculations, as a

function of the photon energk,, for Z=54 and the geometry Hij(KlaKZaQ)

+90°. For comparison, Hippler's experimental points are shown

(without error bars The results correspond f6,=8.82 keV, k; 1/.

=2.8 keV for dashed curve and solid circlé;=10 keV, k, “m P2—

=2 keV, for upper curve and open circle$;=12.5 keV, k; ¢
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tion (equations presented [16]) is restricted to high ener-

gies(usually tens of keY, but not too high because the rela- and

tivistic effects begin to play a significant role, and low

atomic numbers(ii) the validity of CNRD(se€[6,8]) is gen- > ([

erally limited to low electron energies excepting the case of a 0= < P2~ ex;{ N ﬁK ‘R

special emission geomet(the two photons emitted orthogo-

nal on the incident electron directiprfor which the retarda- The symbolsﬁ and P represent, respectively, the position
tion effects are very small. Our study clearly indicates theand the momentum operatois(()) is the Coulomb Green

need to use the CNRR calculation, to cover the range ofperator, and the two parametefk, , are given byQ;,
electron energies between 1 keV and 20 keV, where the twe-T, —k, ,. ' ’

51+>. &)

approximations are in difficulty. We have calculated the matrix elemeflg and © using
integral representations for the Coulomb Green function and
Il. THE MATRIX ELEMENT the continuum states in the momentum space. The tensor

. . with the componentsl;; can be expressed as a linear com-
_ We denote the asymptotic electron momentapgyand  bination of Kronecker tensor and of tensorial products be-
p», the photon momenta b, andK,, with photon direc- tween the involved momenta:

Hij(Kl K, Q) =AS;;+ B pyipa; + B (p1iKaj+ 1K) + B(12)K1iKlj + B(20>p2ip21 +BY(py Kaoj+p2;Kai)
+BYK Ko+ CYpaipa; + CTYpaiKo; + C1H2pa Ko+ CHPK 41K o+ CY iy

+C5 Py Ko+ CE P paiK g+ CPK 5Ky 4

The 15 coefficients of this linear combination are rotationallyrepresentations involving hypergeometric Gauss functions,

invariant amplitudegscalar functions very similar in their structure to those used in dipole approxi-
Because of orthogonality conditions,(K,=s,-K,=0),  mation. Before presenting the amplitudes, we introduce some

the terms containing!?, B, c{*V, c{(*? andc{? do  notations, used in the following:

not contribute toM. For the remaining ten amplitudes one

finds in this way analytic expressions, which are integral A=aZmg, X?=-2mgQ, 7;,=Npi, T=NX,
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—(p1FiX)2+K2, a5 =—(p,*iX)?+K3, (5

*
o, =

y=—4X[(p1—p2)?—K?].
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I1;; [Eq. (2)] is proportional with a5 function of momentum
transferA. Its contribution vanishes because energy conser-
vation does not allowA to vanish. As a consequence, the

We list the expressions for the amplitudes, excepting®XPression fO(_:(lo) is only apparently of zeroth order Z.
c{?, in the Appendix. The amplitude(®) deserves special BY an integration py parts, we were able to remove a )term,
attention because it retains a singularity of the matrix elewhich in fact vanishes and to get an expressmn_(’rlé?
ment. One can understand this singularity, observing that ishowing its true order imeZ (first orde). The expression we

the limit Z—O0 (free electroh, the term of zeroth order for

Ky
P1P2

CO=—7(1—in)(1—in)

1
fdpp
0

X[ta(1—p?)oF1(2—i11,2=1795;2;2) +87X*p%F1(2—i 91,21 72;3;2)],

get this way is

—r1-i(pt ), —2+in—2Fing
ta (—t1) 1t21

(6)

where we have defined several functions of the parameters (iii) For one low-energy photo‘soft” photon, k;—0),

introduced before, and of integration variable, dengted
ta=(a; —aip)(a; —a, p)+ yp,
t1z=[(P1—Kp)>+X?](1~p)(a; — a3 p)
+4X°[(p1—K)*=p3lp,
tar=[(Po+Ko)?+X?](1—p)(af —ayp)
—4X°[pi— (P2 +K)?p,
and

to=[(P1—K1)2+ XZI[(po+K2) 2+ X2](1— p) 2+ 4X2A%p.

one obtains an equation in agreement with the general pre-
diction of QED:

k1—0 1 . . > >
M~ MEM=—(s7-8)(s3-T),  (7)
where
5 L )
1—(1/mge)(ny-py)  1—(1/mgc)(Ny-py)
and
.. [ R
’T=<p2— exr{—%KzR)P p1+>. 9)

From the vector7 is constructed the matrix element of the

The variablez of the hypergeometric Gauss function is sjngle bremsstrahlung.

z=1-1,t,/t1t51, and the constary has the expression

8m
Kg= 2‘*
v

VP3P (1= im)T(1-i m)exp(w@).

We notice that the amplitud@(lo) is (up to factoy the one
Korol [18] denotes byC. Our result is much simpler than his
result(36¢ in Ref.[18].

We have considered also several limiting cases.

(i) For K;=K,=0 we reobtain the equations of CNRD

calculation[8]. Comparing the two sets of equations, one

observes that the retardation manifests in two wa¥s:
through supplementary terms Ith;; ; and(2) through some
modifications of the amplitudehe variable of Gauss func-

(iv) When both photons have low energl; 6—0), by
keeping in Eq.(1) only the terms corresponding to the am-
plitudesB{?, B”), andC{?), and neglecting the othettheir
contribution is negligiblie we obtain an equation which fac-
torizes the contributions of the two photons:

MklfoM(S-ph;2)=_ 71 r(l_l 771)
87°me I'(1+i7,)
2(—1+inq)
wsin?)" T L 05
2 k1k2 1 1 2 2/

(10

wheres,; was defined in Eq8) andd, is obtained from it by

tions and the functions which multiply these ones under inchanging ﬁl to ﬁz. We mention that the Eq10) can be
tegrals are modified and more complicated than in the CNR®btained from Eq(7), takingk,— 0, afterk;—0. Equation

calculation.

(i) For aZ—0, keeping only the terms of first order in
this parameter(i.e., the contribution of the amplitudes
B(”, B, BY, B, ¢V, and 0), and neglecting the
others(which are of second ordgmwe reobtain the equations
of BNRR calculation[16] (note also that in this limiB{"
=-B{, andB{=BY).

(10) is valid for nonforward electron scatteringdd# 0).
Equationg7)—(10) show that the retardation effect is present
even in the case of soft photons. The retardation effects are

present in the denominators of the terms dp and &,
through the quantities ng ,- p;)/mec and (1, p,)/meC,
which do not contain the photon magnitudes but only their
directions. This result is the same as E@p) of [18]. It is
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interesting that a relativistic Born approximation, soft-photon

calculation leads to the same res[ds], showing that, at oo 107
least in the two-soft-photon limit there are no relativistic <&
corrections comparable with the corrections shown here. £ 107
This is in fact the result predicted from QED, by successive &
application of the low-energy theorefh9]. 5107
The existence of the simple relation, N
107 b
i 2iny &
M(S—ph;z):—r(l f771) si Oe M BsPh2 (1) £
I'(1+in) ’ 2 0™
. . . . . . . . NE
betweenM (5P":2) and its limit M (B:SP":2) in Born approxi- o ]
mation is connected with the particularity of the Coulomb < o
field for which, in the nonrelativistic case, the first Born 00 02 04 06 0.8 00 02 04 0.6 08
approximation leads to the exact elastic cross sed¢tuth- kST, k,/T,

erford cross sectignThe difference between the two ampli-

tudes in the preceding relation is a phase factor, irrelevant for FIG. 2. The values ofr,/Z? in the CNRR(full line), CNRD
the cross sections. This implies that for soft photons thedot-dashed ling and BNRR(dashed ling calculations, as a func-
CNRR and BNRR calculations give the same results, even ifion of the ratiok, /T, for T;=10 keV,k;=1 keV, and the ge-
the conditions for Born approximation to be valid are notometry =45°.

fulfilled.

For the case of near forward scatteringy£0), the situ- is done for the cross sectiom,, as a function of photon
ation is quite different: in Born approximation one can dem-energyk,, atZ=>54, for several values of electron eneffy
onstrate analytically that the terms linear in photon and elect8.82, 10, and 12.5 keVand the other photon enerdsy
tron momenta have a contribution of the same order as thdixed (2 or 2.8 keVJ. While for high photon energk, the
of the terms quadratic in electron momenta. We mention thaagreement between theory and experiment is reasonable, one
in a CNRR treatment, this property seems to be confirmed byotices a serious discrepancy at low photon energy, not un-
our numerical calculations. As a consequence, for near forderstood up to now.

ward scattering the matrix elementsv 5P%2) and We mention that all the experimental data of Hippler cor-
M (BisP:2) differ not only by a phase factor, and also the respond to a+90° geometry, for which the inclusion of
corresponding cross sections are different. retardation is practically without effedtsee also Fig. 3,
here. This situation was noticed before, and it is connected
Ill. NUMERICAL RESULTS AND CONCLUSIONS with the argument given in Ref16], that due to the sym-

metry of the process amplitudes to the interchange;céind
We consider two types of the possible multiple differen-

tial cross sections for double bremsstrahlung, denoteay 2, the linear terms in photon momenta an, will a[:lpear
andoy. The most completely differential cross sectigith- only in the scalar produqnl- (k14 1), Or in the +90° ge-
out observation of electron spin and without photon polariza®metry P1-k1=P;- K,=0. It was one of the conclusions of
tion detection is obtained from the amplitudé1 in Eq. (1) ~ our previous papefr16] that retardation effects may be sup-

as pressed by picking configurations for Wh|¢i1~(f<1+ K2)
=0.

r3 kik, In what follows we shall present theoretical results which
> M2 (12

o=
5 2 2T1

$1.:52

For the experiments performed up to now, the scattered
electron being not observed, the quantity of interest is

Y
N

(e J 0'5dQe. (13)

o]

All the results presented here consider the rather low elec-
tron energy of several keV.

We start by illustrating in Fig. 1 the present status of the
comparison between theory and experiment for incident elec- .
tron energies around 10 keV. For this energy range, we refer 0 30 60 90 120 150 180
to Hippler's experimental results, presented in H&i. (to e(degrees)
our knowledge, there are no other experimental )datée
already have compared a part of Hippler's data with the the- FIG. 3. The cross sectiom (CNRR full line, CNRD dot-
oretical results in dipole approximation in a previous papefdashed ling and the ratios{C""P/o{NR® as functions of the
(Fig. 1 in [11], corresponding to Fig. 1 of3]). Now we  angled between each photon and the incident electron momentum,
consider the data presented in Fig. Z8f. The comparison for Z=18,T;=8.82 keV,k;=2.8 keV, andk,=1 keV.

14 14
(uND) Of(auno) ©

'S

6,(10"°cm’/keV’sr?)
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illustrate the importance of retardation effects for the cros: T ]
sectionso, andos.

Figure 2 illustrates th& dependence of retardation ef-
fects foray,, in the case oft45° geometry. The four panels,
each one corresponding to a different atomic numBer
present a comparison between CNR®#I line), CNRD (dot-
dashed ling and BNRR(dashed lingresults, for an incident
electron energy of 10 keV. The quantity represented is o
04172, as a function of the ratik, /T, the energy; of the e R
other photon being fixed &;=1 keV. One observes that:
(1) the dipole approximation is not valid for this ener(gy
similar conclusion was obtained in R€fl6], working in
Born approximatioji (2) the Born approximation is accept-
able for the case of the panel corresponding tol (except
the case of low final electron enefgyut unacceptable for
the other cases. Born approximation requires bgtland »,

[Eq. (5)] to be much smaller than 1. At fixdd, 7, increases 0 30 60 90 120 180 0 30 60 90 120 150
with increasingk,, up tox, reached foff,=0. This explains 0 (degrees) 9 (degrees)
why, even for lowZ, for k, approaching the maximum value ) _

T,—k,, Born approximation results deviate from the exact FIG. 4. The cross sections, as a function of the scattered
Coulomb ones. electron angled,, for Z=13, T;=10 keV, k;=1 keV, andk,

The dipole approximation predicts identical results for the;5 | keV. fTh'i ;gﬁ’e{ paner(]sa) andl(l:;)hare for the geometrffsgiﬁ
geometries= 6§ and *(7— 6). This symmetry is lost in € lower for= 59" I €ach panel, Ihe curves correspondfo citer-

CNRR theory, as one can see in Fig.(GNRR full line, STt \1&;)|U<?34ofothe Zzg(])ljthﬁldang:{ﬂe' Startm? frolngotzelov(\;: 3?0 :
CNRD dot-dashed line where we represent the dependence ' . >, 45° an - Itd), the curves for an are

. identical, as also are those for 135° and 45°.
of the cross section, on the angled between each photon

momentum and the incident electron momentum. We havg/er small scattering analeg.<0.2°. where Coulomb field
considered the process of emission of two photons with en- y ; g ang &%<0.27, ; .
ffects come into play in a more complicated manner. With

ergies 2.8 keV and 1 keV, by an electron with the energ)}3

8.82 keV, scattered by a target with= 18 (one of the cases E:Ltg'rsdg'rﬁsfrﬂgeﬁ.?ué;l;;ntﬁzci]reliugsdsaese;nr:gt.'gg'gite that
investigated by Hippler{3], but only for the geometry gnitu piitu unct 1

+90°). In the CNRR calculation, the emission of photons inand K, in the soft-photon regime, does not change dramati-

the forward directions is more probable than in backwarofzal.Iy when appr_oaching the limit of f_orward scatteri_ng. This
directions. We represent als@ashed ling the ratio of Is in contrast with the results established 8], for higher

CNRD and CNRR values far,. This ratio is close to 1 for electron Eenergies. .
§=90°, a feature met also in the Born approximatisee In concluson, our paper demonstrates the importance of
Ref. [16]), and having the explanation mentioned before. the retardation effects in the energy range considéexind

Information about the importance of retardation effects10 ke), for the two-photon bremsstrahlung in the Coulomb

for the most detailed cross section in its dependence on thf'eeld' With the exception of some geometries, these effects

electron scattering anglé, is given in Fig. 4. The left pan- cannot be ignored in an exact calculation. Unfortunately,
els, (a) and(c), give CNRR results, and the right pandls)
and (d), CNRD results. The emission geometries ard5°
for upper panel¢a) and(b), and +90° for lower panelgc) $,=90
and (d). The different curves correspond to different values
of the electron azimuthal anglg, , in a reference frame with

z axis along the incident electron momentum and the pho-
tons in thex-z plane. The energies ar€; =10 keV, k;

=1 keV, and k,=5 keV. A large retardation effect,
strongly dependent on the final direction of the electron, is
observed for geometries 45°. On the contrary, for geom-
etries +90°, the CNRR and CNRD theories give close re-
sults.

Finally, in Fig. 5, we consider the emission of two very
low-energy photons, namel, /T,=k,/T,;=0.001, at very C ) )
low electron scattering angle®{<1°). Two sets of curves 00 01 02 03 04 05 06
are represented, given by CNRR and BNRR theories. One 6_(degrees)
observes that fop,>0.5°, the two curves practically coin- ©
cide; this is so, not because the Born approximation is valid, FIG. 5. The values of the cross sectiog, in the CNRR(full
but because for this angular range the matrix elements diffefine) and BNRR(dashed lingcalculations as a function of the angle
with a good approximation, only by a phase factor, as ex+#,, for three valuesg, (0°,45°,90°),Z=13, T;=10 keV, k;
plained at the end of Sec. Il. The situation is different for=k,=10 eV. The emission geometry {s45°.

CNRD

0,(10 em’/keV’sr)

®/keV?sr®)
w

10%"em

1F CNRR 4} CNRD

o,

4 1 ) L) L) ]

0

(10 °cm?/keV’sr’)
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their neglect does not appear to be the cause of the discrefung. The present investigation is directly connected with the
ancy between theory and the experimental data of Hipplecooperative work of one of the authdié.F.) and R.H. Pratt
[3]. For a precise comparison with experimental data screeninder a National Research Council Romanian Twinning Pro-
ing effects should be included. An opinion on their effectgram. The work was supported by the Romanian Academy
was expressed at the end of Sec. | of R&B]; taking the  through Grant No. 2928/1997.
one-photon bremsstrahlung case as a guide, one may think
that they will reduce the value of the cross section, but will
still indicate their order of magnitude. APPENDIX: THE EXPRESSIONS

OF THE AMPLITUDES

ACKNOWLEDGMENTS We give here the list of amplitudes which enter in Et).

The authors express their gratitude to R.H. Pratt for manysome of the notations and the amplituﬂéo) are given in
discussions on various aspects of two-photon bremsstrateec. Il.

1 . . _ f
A=27;7,K, JO dp pr= 7t D () T Ime YR (11— 252), (A1)

1 . .
0)_ — 2= i(mt+n2) — i —1+i
B&)_YBJ‘O dp pt™ 7t T TI(—typ) 3 img, T2

a : .
E2F1(2_|711,1_|772?2i2)

(A2)

1-iny(by &
2 \ta

oF1(3—i7m1,2—11,;3;2)

with ye=4(1~i71)(2=i71) n2(XIP1)Kg, 8= a; —a p*, by=[(P2+Kp)*+X?](1~p?%), andw=1-z;

e (1 1 i 14 . . . .
B(ll)=—2_inljo dp pt 7ty " (—ty) TR, o (2= i 1= 252:2) + X oF 1 (3= 1, 2- 723 312) ],
(A3)
with
1—ing—i 2—i b
x<'>=( e, (1—imy)
ta t1o try
and
(”):_(Z_iﬂl)(l_”h)[(i_i 4 i_i)b }W
X 2 W ta 1) Tty ty) 2
1 . L
cy'= cho dp p? 7t T (—ty) TR PR (2,2 3352), (Ad)
with 702:_87717]2(1_i771)(1_i772)X2Kg;
cah=— _ 2762 1d z—rt*i(nﬁnz) —t 71+inlt*1+i772 1 E.(1—i 1—in,: 2
2T T T mimlo pp- 1y (—t) 21 t_122 1(1=i71,1-192;2;2)
1-igf 1 1 , .
T\ WoF1(2—i9,,2=17,;3;2) |, (A5)

1 . . i
Cy'=~ 16771772X2Kgf0 dp p? 7t D (—ty) Tty Ly O F (1 1721202

+yM,F(2—i91,2—17,:3;2)], (AB)
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with — A%, 115=p3—(p1—K)?, andy= pi— (pz+K)?, we have
. . . established the expression
y(l):|(771+ 7]2)+1_|771+1_'712 P
t t t ’ )
a 12 21 :_& A Tafi(nl+7]2)(_7_12)*1+i7717_2*11+|772
and 8 pyp, X3
. i + T
(I (1_|771)(1_|7]2)/1 1 1 1 X (1_|771)(p1 p2+_a) 2F1(2_i771,1_i772,2;zo)
y= Pl Aok P1—P2 712
2 lta ty tip tp
P1+P2 T4

The expressions of amplitud&”, BSY, andC{? (not
listed her¢ are obtained from the expressions Bf®,
B, and — Y with the interchangep;— —p, and

+_) 2F1(1—in,2—11,,2;2p) |,

+(1—i
( 772)(Pz_pl 721

(A7)

K:L(—) K)z.
For the amplitude), using the same technique as foy; ,
and defining new parameters,=(p;+ p,)°—K?, 7=

with zg=1— 7,7,/ 71,72,. One notes that the amplitud®
does not contribute toM in the dipole approximatiortfor
K=0, the coefficients ofF; functions are zeno
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