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Threshold and nonlinear behavior of lasers ofL and V configurations

Gennady A. Koganov* and Reuben Shuker
Physics Department, Ben Gurion University of the Negev, P.O. Box 653, Beer Sheva 84105, Israel

~Received 23 March 1998!

Dynamic properties of closed three-level laser systems are investigated. Two schemes of pumping—L and
V—are considered. It is shown that the nonlinear behavior of the photon number as a function of pump both
near and far above threshold is crucially different for these two configurations. In particular, it is found that in
the high pump regime laser can turn off in a phase-transition-like manner in bothL and V schemes.
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PACS number~s!: 42.55.Ah, 42.50.2p
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The interest in the dynamic behavior of lasers and
analogy to phase transition phenomenon have been rene
over recent years mainly due to experimental realization
microlasers@1#. The reason for this is a possibility of lowe
ing of the threshold pump needed to start the lasing proc
The value of the threshold pump is mostly determined by
fractionb of spontaneously emitted photons directed into
lasing mode@2#. It has been shown that in the limit when a
spontaneous photons are emitted into the lasing mode~which
corresponds to the spontaneous emission factorb51), the
laser becomes a ‘‘thresholdless’’device@3#. Such lasers are
also referred to as cavity-QED lasers.

Mu and Savage@4# pointed out that when the pumpin
excites the lower lasing level the number of photons c
decrease with pump, and the laser can even turn off at st
enough pump rate. Recently we have shown that the typ
nonlinear dependence of the photon number upon the p
rate is very sensitive to the type of pumping used in a la
@5#. Figure 1 illustrates the difference between the two typ
of pumping on the example of a three-level atom. In t
scheme shown in Fig. 1~a! an atom upon emitting a photo
decays from the lower lasing stateu0& to the ground stateu2&
with the decay rateg02, afterwards the pumping excites th
atom to the upper lasing stateu1& with the rateg21. Thus in
this case the rateg21 plays the role of the pump rate. In th
scheme shown in Fig. 1~b! on the other hand, the pumpin
first excites the atom, with the rateg02 from the lower lasing
stateu0&, which is the ground state in this case, to the exci
stateu2&, which is then depleted with the decay rateg21 to
the upper lasing stateu1&. Now the role of the pump rate i
played by the rateg02. We refer to the schemes depicted
Figs. 1~a! and 1~b! asL and V configurations, respectively
One has to differentiate, however, between theseL and V
schemes and those discussed in the literature on lasing w
out inversion@6#. The main feature of our V-type scheme
that the pumping is used to excite the lower lasing stateu0&
directly. It is this property of the V-type schemes that mak
their dynamic behavior crucially different from that of th
L-type schemes.

In the present paper we study the dynamic behavior of
lasers with L and V types of pumping using modifie
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Maxwell-Bloch equations which include a term describi
spontaneous emission into the lasing mode. We follow
gradual transition from the thresholdlike to thresholdless
havior of aL-type scheme. We also show that if the satu
tion parameter~or cooperativity parameter! is larger than
some critical value the lasing is not possible altogether. T
implies a restriction to the spontaneous emission factorb,
which has a minimal value. The V-type scheme always ha
threshold, however, the pump parameter is restricted by
maximal value, which is a critical point as at this point th
lasing is broken down in a phase-transition-like manner.
such a scheme the factorb is not a parameter because of i
dependence on the pump rate.

We start with the set of modified Maxwell-Bloch equ
tions, which describe bothL- and V-type schemes shown i
Fig. 1. These equations are derived by writing down an ex
master equation for the atoms1field density matrix in diver-
gent form and omitting the fluctuation terms:

ṅ522kn1Ngx, ~1!

ẋ52g'x12g@~n11!r112nr00#, ~2!

ṙ1152g10r111g21r222gx, ~3!

ṙ0052g02r001g10r111gx, ~4!

r001r111r2251, ~5!

with x[ iz* r101c.c.,N is the total number of atoms,g is the
coupling constant,k is the cavity decay rate,n5z* z is the
number of photons in the cavity. Equations~1!–~5! differ
from the standard Maxwell-Bloch equations by the factorn
11 instead ofn in Eq. ~2!, which takes account for sponta
neous emission into the lasing mode. Such a factor occas
ally appears in rate equations@7#; however, Eqs.~1!–~5! pro-
vide a more complete description as their validity is n
restricted by the approximationg'@g i j used to derive the
rate equations. It follows from the derivation of the rela
ation rates@8# that the transversal relaxation rate is related
the other rates by the following important formula:

g'5 1
2 ~g101g021gcol! ~6!
1559 © 1998 The American Physical Society
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with gcol being the rate of collisional dephasing. This brin
about additional dependence of the photon number upon
rateg02, which in the case of V configuration plays a role
a pump rate. The steady state solution for the numbe
photonsn is

n5 1
2 ~b1Ab214c! ~7!

with

b5
l~a221!2S~a2111h!~a2a11a21a1!2a12a2

a212a1
,

c5
la1a2

a212a1
, ~8!

l[
Ng10

2k
, S[

g10
2

4g2
, a1[

g21

g10
, a2[

g02

g10
, h[

gcol

g10
.

~9!

Consider first theL configuration@Fig. 1~a!#. In this case
the role of the pump parameter is played bya1, so P15a1.
In Fig. 2 the number of photons is plotted as a function of
pump parameterP1 for various values of the saturation p
rameterS. WhenS is not too large and the pump parame
is small enough (P1,1) one can observe~i! threshold kinks,
which tend to disappear asS is approaching zero and~ii !
linear dependence of the photon number on the pump ab
threshold. In this regime our results are similar to those
tained by other authors@3,9,10#. However, the picture
changes in two ways when eitherP1 or S becomes large
enough. The photon number saturates at large values o
pump, which is not surprising since when the pumping

FIG. 1. Two three-level schemes of pumping:~a! L and ~b! V
configurations.
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cites the groung stateu2& very fast there is a bottleneck at th
u0&2u2& transition, which prevents further growth of th
photon number. This kind of nonlinearity~saturation! was
discussed by Hart and Kennedy@11# under similar condi-
tions. Note that the curves for different values of the satu
tion parameterS have different saturation limits atP1→`.
Another change occurs when the saturation parameterS ap-
proaches some critical valueScr (7.443105 for the set of
parameters used in Fig. 2!. The kinks become less define
with increasingS and at the same time the saturation phot
number decreases drastically. AtS5Scr ~curve xii in Fig. 2!
the kinks disappear and further increasing ofS results in a no
lasing regime.

Consider a threshold condition for theL scheme that can
be derived from Eqs.~1!–~5! with n11 replaced byn in Eq.
~2!, i.e., from the standard Maxwell-Bloch equations, as
condition for the existence of a positive steady state solu
for the photon number. Then the threshold condition rea

P1.P1thr5
a2S~a2111h!

l~a221!2S~a211!~a2111h!
. ~10!

One can make two major observations from Eq.~10!. The
first one is the well-known fact that the threshold pump d
creases withS and in the limitS→0, when the kinks in the
curves disappear,P1thr→0, i.e., the laser becomes threshol
less @3,9,10#. Secondly, the saturation parameterS is re-
stricted by its maximal value

S,Smax5
l~a221!

~a211!~a2111h!
, ~11!

which for the set of parameters used in Fig. 2 correspo
exactly to the curve xii. Therefore the curves xii–xv descri
the no-lasing regime. In this sense the valueSmax is a critical
one as it separates the regimes with and without lasing.
physical meaning of inequality~11! becomes apparent if we
rewrite it in the following equivalent form~provided g02
@g10): g021gcol,2Ng2/k, which, together with Eq.~6!,
implies a restriction on the timeT2.

FIG. 2. Photon number as a function of the pump parameter
the L scheme.l5107, a2510, h50, S50 ~i!, 0.1 ~ii !, 1 ~iii !, 10
~iv!, 102 ~v!, 103 ~vi!, 104 ~vii !, 33105 ~viii !, 73105 ~ix!, 7.43105

~x!, 7.433105 ~xi!, 7.443105 ~xii !, 83105 ~xiii !, 106 ~xiv!, 107 ~xv!.
Curve xii separates regimes with and without lasing.
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Another interpretation can be obtained if we relate
parameters defined in Eq.~9! with the spontaneous emissio
factor b, which results in the following:

b5
1

11S~11a21h!
, bmin5

1

11l~a221!/~a211!
.

~12!

Thus the limitS→0 corresponds to an ideal QED las
(b51) in which case all spontaneous photons are direc
into the lasing mode. Note that there exists a minimal va
of b, which means that the laser cannot operate if the por
of spontaneously emitted photons directed into the las
mode is less thanbmin . If a2 and l@1, bmin51/l. The
physical meaning of the critical pointb5bmin is illustrated
in Fig. 3 where the saturation photon numbernsat ~which is
calculated as a limit of the photon numbern at P1→`) is
plotted as a function ofb ~S! parameter.

Now consider the V scheme shown in Fig. 1~b!. In this
case the pumping excites the lower lasing stateu0&, which is
also the ground state and so the rateg02 plays a role of the
pump rate. Therefore it is reasonable to introduce the pu
parameterP25a2. The dependence of the photon numben
upon this pump parameter is essentially different from tha
the L scheme due to relation between the transversal re
ation rateg' and the pump parameterP2 following from Eq.
~6! and the definition of the pamp parameterP2, namely,

g'5
g10

2
~11P21h!, ~13!

which brings about additional dependence on the pump
rameter. This difference is clearly seen in Fig. 4 where
photon numbern as well as the inversionD5r112r00 are
plotted as functions of the pump parameterP2 for various
values of the saturation parameterS. Now as the pump pa
rameter increases the photon number grows to some cri
value, at which it begins to decrease. The curvesn(P2) have
two kinks; the first kink corresponds to the threshold po
whereas the second one corresponds to the break poi

FIG. 3. Saturation photon number as a function of satura
parameterSand spontaneous emission factorb. The parameters are
the same as in Fig. 2. Ifb factor is less than the critical value 1027,
the saturation number of photons jumps down to nsat,1 and hence
the laser turns off.
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which lasing ceases. Note that in contrast to theL scheme~i!
the values of the threshold pump for all curves in Fig. 4~a!
are close to 1 and~ii ! the kinks do not disappear atS→0
(b→1), i.e., the threshold exists even in an ideal QED las

The two critical points can be obtained from semiclassi
steady-state equations by solving the inequalityn.0, as has
been done for theL scheme, which results in the following

P2thr,P2,P2max ~14!

with

P2thr511
S

l

~112a1!~21h!

a1
, ~15!

P2max5
l

S

a1

11a1
. ~16!

Approximate equations~15! and~16!, obtained by expan-
sion of exact expressions forP2thr andP2max at S!l, work
pretty well for any reasonable values of the involved para
eters. The presence of the second critical pointP2max is
caused by the dependence of the transversal relaxation
g' on the pump parameterP2 @see Eq.~13!#. In fact, Eq.
~16! gives rise to the same restriction for the depletion r
g02 as in the case of theL scheme, this time, however, this

n

FIG. 4. Photon number~a! and inversion~b! as functions of the
pump parameterP2 for the V scheme.l5107, a2510, h50, S50
~i!, 0.1 ~ii !, 1 ~iii !, 10 ~iv!, 102 ~v!, 103 ~vi!, 104 ~vii !, 105 ~viii !,
106 ~ix!, 1.253106 ~x!, 107 ~xi!.
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the restriction on the pump rate. This causes a breaking d
of lasing at the pointP25P2max.

Another interesting feature of theV scheme is that the
spontaneous emission factorb is not a parameter as it de
pends upon the pump parameterP25a2 @see Eq.~12!#.
Therefore increasing of the pump results in decreasing ob,
which is restricted by its minimal value. In this sense t
breaking pointP25P2max in the V scheme and the pointS
5Smax in theL scheme have the same physical origin—bo
stem from the restriction onT2. Figure 5 summarizes th
results for the V scheme by plotting the photon number,
polarization, and the inversion as a function of both t
pump parameterP2 and the spontaneous emission factorb

FIG. 5. Photon number~solid line!, polarization~dashed line!,
and inversion~dotted line! as functions of the pump parameterP2

andb factor for the V scheme.
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in one plot. One sees what happens atP25P2max: the inver-
sion saturates to 1, i.e., all atoms occupy the upper las
level, the coherence between the lasing levels is destro
therefore the number of photons slows down and the las
ceases altogether. Further increase ofP2 does not affect the
picture since the medium became practically transparent

Finally, a comparison of threshold pump for theL and V
schemes indicates different dependence on the saturatio
rameterS. In the L scheme the threshold pumpP1thr in-
creases by several orders of magnitude asS changes. In con-
trast, in the V scheme the threshold pumpP2thr changes
within one order of magnitude for the same range of chan
of S. This difference can be seen by comparing Figs. 2 a
4~a! for the L and V schemes, respectively.

In summary, we have shown that the dynamic behavio
lasers ofL and V schemes of pumping is essentially diffe
ent at both low and very high pump rates. In the case oL
configuration the photon number saturates with pumpi
The threshold pump ofL scheme is determined by the spo
taneous emission factorb. If b is less than some minima
value the laser operates in a ‘‘quiet’’ regime when no las
occurs.

In the V case the number of photons increases with pu
up to some maximal value, then it begins to decrease. At
critical value of the pump rate the laser turns off because
destruction of the coherence between the lasing levels, w
in turn determines the atomic lifetime. In this case theb
factor is not a fixed parameter, but depends upon the pu
rate.

This paper was supported in part by the grant from
Israeli Ministry of Immigrant Absorption.
.

@1# K. An et al., Phys. Rev. Lett.73, 3375~1994!.
@2# There are many ways to calculate theb factor. The most re-

cent approach can be found in M. P. van Exter, G. Nienh
and J. P. Woerdman, Phys. Rev. A54, 3553~1996!.

@3# See, for example, P. R. Rice and H. J. Carmichael, Phys. R
A 50, 4318~1994!, and references therein.

@4# Yi Mu and C. M. Savage, Phys. Rev. A46, 5944~1992!.
@5# G. A. Koganov and R. Shuker, e-print quant-ph/9801045.
@6# O. Kocharovskaya, P. Mandel, and Y. V. Radeonychev, Ph

Rev. A 45, 1997 ~1992!; M. O. Scully, Phys. Rep.219, 191
~1992!.
,

v.

s.

@7# A. E. Sigman,Lasers~University Science Books, Mill Valley,
CA, 1986!.

@8# L. A. Lugiato, Physica~Utrecht! 81A, 565 ~1975!; L. A. Pok-
rovsky, Theor. Math. Phys.37, 102~1978!; T. Arimitsu and F.
Shibata, J. Phys. Soc. Jpn.52, 772 ~1983!.

@9# R. Jin, D. Boggavarapu, M. Sargent III, P. Meystre, H. M
Gibbs, and G. Khitrova, Phys. Rev. A49, 4038~1994!.

@10# Y. Yamamoto and R. E. Slusher, Phys. Today46 ~6!, 66
~1993!.

@11# D. L. Hart and T. A. B. Kennedy, Phys. Rev. A44, 4572
~1991!.


