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Emission spectrum in driven two-level systems
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We study the dynamic behavior of an electron in a two-level system driven by dc-ac electric fields. Ana-
lytical solutions for the dipole moment and its emission spectrum are obtained under the approximation of the
high-frequency driving case, from which the physical property of the system is found to be controlled by the
field parameters. A number of time-periodic and quasiperiodic phenomena as well as their signature in the
emission spectrum are revealed. By making the proper choice of the field parameters, it is possible to selec-
tively eliminate some components in the spectrum. The analytical findings are confirmed numerically.
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I. INTRODUCTION

In recent years the study of the dynamic effect of el
trons in double quantum wells or two-level systems sub
to time-dependent electric or/and magnetic fields has
tracted increasing attention@1–13#. The understanding of the
nature of quantum behavior of such systems is not only
fundamental importance but also provides a strong ba
ground of experimental relevance in fields as diverse as R
oscillations in the time domain@14# Landau-Zener transition
and Autler-Townes doublets in optical rings@15#, and other
contexts. Of particular interest is the case of electrons un
the influence of time-periodic electric fields, e.g., a laser fi
or a dc-ac field. Such systems are found to be equivalen
the previous studies of an atom with spin-1

2 subject to the
simultaneous action of a static magnetic field and an os
lating rf field @11–13#, where many unusual, fascinating r
sults have already been obtained. Of special interest is
tunneling effect, in which, dynamic localization and deloc
ization are involved. This phenomenon was reexamined
recent studies of emission properties of an electron i
double well or/and a two-level systems@9,16#. There, the
signature of the localization condition in the emission sp
trum for some special situation was revealed. Howeve
systematical study of the emission spectrum in the full fi
parameter space is absent.

In this paper, we report our findings on this problem fo
two-level system driven by a dc-ac electric field. We fi
that in the case of high-frequency driving, this problem c
be solved analytically. As the result, we obtain explicit e
pressions for the dipole moment and its emission spectrum
the full field parameter space. The time-periodic and qu
periodic evolution behavior as well as the dynamic locali
tion and delocalization for the system is manifested from
analytical results, which are in good agreement with those
Refs.@11–13#. To check the validity of our theory, we als
provide numerical calculations. The analytical and numer
results compare very well.

The rest of this paper is set out as follows. In Sec. II,
derive a kinetic equation for the dipole moment in the case
high-frequency driving dc-ac fields. This will establish
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sound foundation for further analysis, which we will addre
in Secs. III and IV. Section V contains the discussions a
conclusions.

II. KINETIC EQUATION OF THE DIPOLE MOMENT
IN THE HIGH-FREQUENCY DRIVING CASE

The Hamiltonian we consider here can be written as

H52V~ t !sx1\Dsz . ~2.1!

HereD is the splitting parameter,V(t) is the driving force:

V~ t !5mE01mE cosvt, ~2.2!

wherem is the transition dipole between two levels,E0 is a
constant field, andE andv are, respectively, the amplitud
and the frequency of the driving laser field. Hereafter we
the unit\51.

Equations~2.1! and~2.2! are formally equivalent to those
for an atom with spin-12 subject to a simultaneous action of
static magnetic field and an oscillating rf field@11#, which
has been studied in great detail and many different res
have been obtained@12,13#. With the usual Floquet theorem
the problem can be solved generally by the use of Shirle
well-known result@17#. However, in the following, we dea
with this problem in terms of the kinetic equation of th
time-dependent dipole momentm(t), which is defined as

m~ t ![^cusxuc&. ~2.3!

In the case of high-frequency driving~i.e., e[D/v!1!, the
time-dependent dipole moment satisfies the integrodiffer
tial equation@9,13#

dm~t!/dt52e2 ReE
0

t

dt1J0„2a sin@~t2t1!/2#…

3exp@ ib~t2t1!#m~t1!, ~2.4!

with the initial condition m~0!51. Here J is the ordinary
Bessel function. Note that in Eq.~2.4! we have made use o
the following substitutions,
1531 © 1998 The American Physical Society
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t5vt, m~t!→m~t!/m~0!;

and the following definitions,

a[2mE/v, b[2mE0 /v, e[D/v.

Equation~2.4! can be solved by using the Laplace tran
form, the solution of the dipole moment is

m~l![E
0

`

dt e2ltm~ t !5
1

l1D2K~l!
, ~2.5!

where

K~l![E
0

`

dt e2ltJ0„2a sin~vt/2!…cos@bvt#

5 (
m50

`
lJm

2~a!

l21@~m1b!v#2 1 (
m51

`
lJm

2~a!

l21@~m2b!v#2 .

~2.6!

It is obvious that one can obtain the time-dependent
pole moment by using Eqs.~2.5! and ~2.6!, and the inverse
Laplace transform. However, since we are mainly concer
with the long-time evolution behavior of the system that
determined by the property ofK(l) at smalll, we will focus
on this special situation below.

The other observation on Eq.~2.6! is that the emission
spectrum of the system can be classified by the num
theoretical property of the field parameterb52mE0 /v. The
case ofb being an integer has already been presented in
@16#, where the signature of the localization condition for t
system in the emission spectrum was manifested. A sim
situation for the problem of magnetic resonance can be fo
in the literature@11–13#, where the effect of localization wa
revealed in the phenomenon of level crossing. However
provide a complete description of the problem, we will s
give a brief review for this case in the following sectio
Then, we report our results for the general case ofb being an
arbitrary real number in Sec. IV.

III. THE CASE OF 2 µE0 /v5N

From Eq.~2.6! we can see that, whenb5N, the behavior
of K(l) is dominated by the termm5N (N51,2,3,. . . ) in
the second summation, ifJN(a)Þ0. However, ifJN(a)50,
all terms in the summations ofK(l) are of same order. This
means that the behavior ofK(l) in the case ofJN(a)50 is
different from the case ofJN(a)Þ0. Therefore, in the fol-
lowing discussions, we present these two situations se
rately.

a. The case of JN(a)Þ0. In this case, considering thatl
is small and using inverse Laplace transform one gets

m~t!5cos~VNt!2e(
k51

`

~21!kCN,k$cos@~k2VN!t#

2cos@~k1VN!t#%, ~3.1!

where

VN5eJN~a!, ~3.2!
-

i-

d

r-

f.

ar
d

to

a-

CN,k5@JN1k~a!1JN2k~a!#/2k. ~3.3!

From Eq. ~3.1! we can see that the Fourier transfor
m~V! has a peak at the frequencyVN ~in this paper,VN , V,
andk are all inv units! which was stemmed from the firs
term on the right-hand of Eq.~3.1!. HereVN is small in the
high-frequency driving case~i.e., e[D/v!1!, it corresponds
to the low-frequency generation~LFG!. The other terms on
the right-hand side of Eq.~3.1! represent the high-frequenc
parts of the spectrum. Note that the intensity of the LF
peak is very high, as compared to the other peaks, since
transition dipole m~t! is dominated by the first term
cos(VNt), under the approximation ofe!1. In the extreme
low-frequency limit,VN→0, the induced dipolem~t! will
approach unity,m~t!→1, meaning that the localization oc
curs. Otherwisem~t! will oscillate between 1 and21. This
feature is confirmed by our numerical calculation depicted
Fig. 1, where the dipolem~t! is plotted as a function of the
scaled timet ~in 2p units!. In the figure, we have taken
e50.05. The solid line in Fig. 1 shows an example where
let the parametersa53.83 andb51 so thatVN5eJ1~3.83!
50 which corresponds to the localization condition@8#. It is
clearly seen in this casem~t! is almost equal to a constan
which is close to one at all times, plus a term oscillating w
small amplitude at a high frequency. This coincides with t
findings of Ref. @8#. The emission properties of this cas
shall be discussed in detail in the following part. The dott
line in Fig. 1 illustrates the situation ofa52.0 andb51 that
results in the value ofVN given by Eq.~3.2! being finitely
small. The time evolution ofm(t) shows a large-amplitude–
low-frequency component and a high-frequency–lo
amplitude behavior, as predicted by the theory@Eqs. ~3.1!
and ~3.3!#.

Equations~3.1!–~3.3! need more comments. First of al
the spectrumm(V) consists of a number of doublets,V
5(k1VN) andV5(k2VN); herek includes both even and
odd harmonics. This is different from the pure ac field dr
ing case where the spectrum consists of doublets at e
harmonics with vanishing amplitudes at odd ones@9#. Figure
2~a! shows an example for these doublets,V5(k1VN) and
V5(k2VN), as well as the low-frequency componentVN .
This plot is generated by the Fourier transform of the tim

FIG. 1. Induced dipolem(t) as a function of the scaled timet
~in 2p units!. The solid line showsm(t) for a52mE/v53.83 and
b52mE0 /v51, while the dots line showsm(t) for a52.0 and
b51, respectively. Heree50.05.



o

e

ce

c-
e

rm
r

it

um

har-

the
n-
ut

~4.5!

PRA 58 1533EMISSION SPECTRUM IN DRIVEN TWO-LEVEL SYSTEMS
dependent dipole moment numerically using Eq.~2.3!. Note
that we label the vertical axis by the relative intensity
harmonic generations inm(V).

Secondly, from Eqs.~3.1!–~3.3! we can see that som
doublets will disappear whenCN,k50. This condition can be
fulfilled by proper choice of the parameters. For instan
whena53.055,b51, we haveJ3(3.055)1J21(3.055)50.
Therefore,C1,250. Correspondingly, the amplitude of se
ond harmonic doublet should be eliminated. This becom
transparent in Fig. 2~b!.

b. The case of JN(a)50. Whena52mE/v is taken to be
a zero of theNth order Bessel functionJN(a) ~which is the
localization condition in Ref.@8#!, the Eq.~3.1! cannot give
any spectrum information except of a zero-frequency te
This difficulty can be overcome by calculating the highe
order correction ofm~t!. When VN50 @or JN(a)50#, one
gets

m~t!512e2(
k51

`

Dk2e2(
k51

`

Dk cos@kt# ~3.4!

with

Dk5 (
n52`

`

8
Jn~a!

~n1N!k
@Jk2N~a!

1Jn2k~a!2J2k2N~a!2Jn1k~a!#, ~3.5!

where the prime in the sum is used to exclude the term w
n1N50, andN is a constant for a given dc field, i.e.,b
52mE0 /v5N.

FIG. 2. Numerically calculated emission spectrum with:~a! a
52mE/v52.0 andb52mE0 /v51; ~b! a53.055 andb51. Here
e50.05.
f

,

s

.
-

h

Through the study of the higher-order correction ofm(t),
we can get the following properties of emission spectr
when we choose the field parameters that makeJN(a)50
~i.e., VN50!. In this case, because ofVN50, the LFG line
goes to zero and the doublets coalesce to give a pure
monic, andm(t) acquires a static dipole moment@i.e., m(t)
equals a constant plus a time dependent part#. Hence, the
emission spectrum consists of a static component and
pure harmonick ~herek includes both even and odd harmo
ics!. This feature is confirmed by our numerical result abo
m~V! depicted in Fig. 3 fore50.05,a53.83 andb51 @such
choice of parameters makesV15eJ1(3.83)50#.

IV. THE CASE OF 2 µE0 /vÞN

Similar to the case ofb5N, whenbÞN one gets

m~t!511a1b0 cos~bt!1 (
k51

`

$bk cos@~k1b!t#

2gk cos@~k2b!t#2uk cos~kt!%, ~4.1!

where

a5e2 (
n52`

`

(
m52`

`

8Jn~a!Jm~a!
1

n1bS 1

m1b
1

1

m2nD ,

~4.2!

bk5
pe2

~k1b!sin~bp!
Jk~a!Ĵb~a! ~k50,1,2,3, . . .! ,

~4.3!

gk5
pe2

~k2b!sin~bp!
Jk~a!Ĵb~a! ~k51,2,3, . . .! ,

~4.4!

uk5e2 (
n52`

`
Jn~a!

~n1b!k
@Jn1k~a!2Jn2k~a!# ~k51,2,3, . . .!,

FIG. 3. Numerically calculated emission spectrum witha
53.83,b51, ande50.05.
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and Ĵb(a) is the Anger function defined by@18#

Ĵb~a![~1/p!E
0

p

dt cos~bt2asint!. ~4.6!

In the above expressions, the prime in the second sum of
~4.2! indicates that the term withn2m50 is excluded.

In the following discussions, we divide this section in
two parts:~a! the case ofb5p/q and ~b! the case ofb5Q
~Q is an irrational!.

a. The case of b5p/q. When we put the dc field param
eterb5p/q, from Eq. ~4.1! we can see that, in general, th
spectrum consists of a static componentV50, the character-
istic frequency of localized motionVb5b5p/q ~Vb is in v
units!, and the tripletsV5k andV5(k6b), which centered
at all harmonics of ac field frequencyv. This is different
from the case ofb5N. This feature is confirmed by ou
numerical calculation depicted in Fig. 4. In Fig. 4, we sho
the emission spectrum fore50.02,b51/4 anda52.0. It is
obvious that the spectrum consists of a very high static c
ponent, the lower characteristic frequency of localized m
tion Vb51/4, and the tripletsk and (k61/4), which are
centered at all harmonics of ac field frequencyv.

Equations~4.1!–~4.6! also need further comment. Firs
from Eqs.~4.3!, we can see that the characteristic frequen
of localized motionVb will disappear whenb050. This can
be achieved by the choice of the field parameters. For
stance, whena52.40, we haveJ0(2.40)50. Therefore,b0
50. Correspondingly, the amplitude ofVb5b should be
eliminated. This becomes transparent in Fig. 5~a!.

Second, from Eqs.~4.1!, ~4.3!, and~4.4!, it is obvious that
we can eliminate any pair of the two satellites that is c
tered atk by the proper choice of the field parameters, sin
both bk and gk have the same factorJk(a) Ĵb(a). For in-
stance, when we choosea53.83, we haveb150 and g1
50 because ofJ1(3.83)50. Correspondingly, the amplitud
of V5k6b5161/4 should be eliminated, as we can s
from Fig. 5~b!.

Third, when we choose the field parameters in such a w
that Ĵb(a)50, all of the amplitudesbk(k50,1,2,3, . . . ) and
gk(k51,2,3,. . . ) should disappear, and Eq.~4.1! becomes

FIG. 4. Numerically calculated emission spectrum fora52.0
andb51/4. Heree50.02.
q.

-
-

y

-

-
e

y

m~t!511a2 (
k51

`

uk cos@kt#. ~4.7!

From this equation, we can see that the emission spect
consists of a static component and the pure harmonick ~here
k includes both even and odd harmonics!. This feature is also
confirmed by our numerical result aboutm(V) depicted in
Fig. 6 for e50.02,b51/2 anda53.32@such a choice of the
field parameters makesĴb(a)5 Ĵ1/2(3.32)50#.

b. The case of b5Q. Here Q is an irrational and we
restrict 0,Q,1. From Eqs.~4.1!–~4.6! we can see that, if

FIG. 6. Numerically calculated emission spectrum fora53.32
andb51/2. Heree50.02.

FIG. 5. ~a! Numerically calculated emission spectrum fora
52.404 andb51/4; ~b! numerically calculated emission spectru
for a53.83 andb51/4. Heree50.02.
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Ĵb(a)50, one gets the same equation as Eq.~4.7!. There-
fore, the above discussion is still valid for this case. Ho
ever, if b is an irrational andĴb(a)Þ0, the situation is dif-
ferent. In this case, contrary to the situation ofb being
rational, one cannot find any periodic characteristics in
evolution of the dipole momentm(t). This feature has bee
shown in Fig. 7. There, we show them(t) ~in 2p units! for
e50.02,b5A22@A2#, where@A2# means the integral par
of A2 and a52.0 @such a choice of the field paramete
makesĴb(a)Þ0#. It can be clearly seen from Fig. 7 that th
dipole momentm(t) is close to one with small amplitud
oscillations within any period of the driving laser. But the
is not any periodic characteristics shown in this figure. T
suggests the dipole momentm(t) in this case is quasiperi
odic. That conclusion agrees with the findings in Ref.@8~b!#.

V. CONCLUSION

We have studied the evolution properties and emiss
spectrum of an electron in a two-level system driven
dc-ac fields under the approximation of high-frequency dr
ing (e[D/v!1). The problem can be mapped into that
atoms with spin-12 under the simultaneous action of sta
magnetic and oscillating rf fields@11–13#. Based on the out-
come of Refs.@11–13# we carried out the analytical solution

FIG. 7. Induced dipolem(t) as a function of the scaled timet
~in 2p units! for b5A22@A2# anda52.0. Heree50.02.
P.

. B
-

e

s

n
y
-
f

for the dipole moment and its emission spectrum. From th
results, we have shown that, whenb52mE0 /v5N, in gen-
eral, the emission spectrum consists of a static compon
low-frequency VN ~LFG!, and doublets at frequency (k
6VN) for k51,2,3, . . . . It was found that the amplitudes
all the Fourier components of dipole moment andVN depend
on the field parametersa and b. We have also shown ana
lytically and numerically that it is possible, by making th
proper choice of the field parameters to selectively elimin
any one of the doublets in the spectrum. Whenb
52mE0 /v5N and JN(a)50 ~i.e., VN50!, the doublets
coalesce to give pure harmonic andm(t) acquires a static
dipole moment. The emission spectrum consists of a v
high static component and the lower pure harmonic, wh
includes both even and odd harmonics. Whenb52mE0 /v
ÞN, the emission spectrum of electron has following pro
erties: ~1! When b52mE0 /v5p/q and Ĵb(a)Þ0, in gen-
eral, the spectrum consists of a static componentV50, the
characteristic frequency of localized motionVb5b5p/q,
and the tripletsV5k andV5(k6b), which is centered at
all harmonics of ac field frequencyv. Meanwhile, we have
also shown analytically and numerically that it is possib
by making the proper choice of the field parameters, to eli
nate the characteristic frequency of localized motion and
selectively eliminate any a pair of two satellites in the sp
trum. ~2! Whenb52mE0 /v5p/q and Ĵb(a)50, the emis-
sion spectrum consists of a very high static component
the lower pure harmonic.~3! When b52mE0 /v5Q is an
irrational andĴb(a)50, the emission spectrum also consis
of a very high static component and the lower pure h
monic. ~4! When b52mE0 /v5Q is an irrational and
Ĵb(a)Þ0, the evolution of the dipole momentm~t! becomes
quasiperiodic.
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