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Dynamics of a driven two-level atom coupled to a frequency-tunable cavity

Peng Zhou* and S. Swain†
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A cavity-modified master equation is derived for a coherently driven two-level atom coupled to a single-
mode cavity in the bad cavity limit, in which the cavity frequency is tuned to either the center or one of the
sidebands of the Mollow triplet. The atomic populations in both the bare- and dressed-state representations are
analyzed in terms of the cavity-modified transition rates. In the bare-state basis, the role of the cavity may be
interpreted as enhancing the stimulated absorption of the atom while suppressing the stimulated emission. The
bare-state population may thus be inverted under appropriate conditions. The dressed-state inversion, however,
originates from the enhancement of the atom-cavity interaction when the cavity is resonant with the atomic
dressed-state transition. We show that two-phase quadratures of the atomic polarization decay at different rates.
The decay of the in-phase~or out-of-phase! quadrature may be greatly inhibited as the driving intensity
increases, depending on the cavity resonant frequency. The spectrum of the atomic fluorescence emitted out the
side of the cavity is also studied. The spectral profiles are sensitive to the cavity frequency. When the cavity
frequency is tuned to the center of the Mollow resonances, the fluorescence spectrum is symmetrical with three
peaks whose linewidths and heights are intensity dependent. When the cavity frequency is tuned to one of the
Mollow sidebands, however, it is asymmetric, and the central peak and the sideband on resonance with the
cavity can be significantly suppressed for strong driving fields. All three spectral lines can be narrowed by
increasing the Rabi frequency. The physics of these striking spectral features is explored in the dressed-state
basis. We also investigate the probe absorption spectrum. When the cavity frequency is tuned to the center of
the Mollow fluorescence triplet, the central component exhibits a Lorentzian line shape, while the side bands
show the Rayleigh-wing line shape. Probe gain may occur at line center due to cavity-induced, bare-state
population inversion. When the cavity is tuned to resonance with one sideband, only two sidebands, with
Lorentzian profiles, dominate. Gain can occur at the sideband far off resonant with the cavity. The sideband
gain is a consequence of an unbalanced dressed-state population distribution.@S1050-2947~98!07706-3#

PACS number~s!: 42.50.Ct, 42.50.Hz, 42.50.Dv
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I. INTRODUCTION

A fundamental model for light-matter interactions
quantum optics and laser physics is that of an excited, t
level atom interacting with the infinite number of electr
magnetic modes of the vacuum in free space. The radia
properties of this system are well understood: an expone
rate of decay to the ground level, giving rise to a Lorentz
spectrum with the natural linewidth. In the presence o
strong laser beam, however, novel radiative effects
dominate, since the excited atom can be stimulated to e
and absorb several photons from the driving field during
time interval for one spontaneous decay. The decay of
excited state is thus modulated with oscillations at the R
frequency. Consequently, the fluorescence spectrum de
ops into the Mollow triplet@1,2# , in which the sidebands ar
symmetrically shifted from the laser frequencyvL by the

generalized Rabi frequencyV̄, and are one and a half time
as wide and one-third as high as the central peak. The wi
and heights of the triplet are independent of the intensity
the laser field. The characteristic symmetric triplet struct
can also be inferred from a dressed-state model@3#.

*Electronic mail: peng@qo1.am.qub.ac.uk
†Electronic mail: s.swain@qub.ac.uk
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The probe absorption spectrum of such a driven atom a
exhibits a triplet structure in high driving intensities@4–6#.
The spectral features, however, depend on the detunin
the atom from the driving field. For resonant excitation, t
central component has a Lorentzian line shape, while
Rabi sidebands exhibit dispersionlike~Rayleigh-wing type!
profiles @4,5#. However, when the driving field is detune
from resonance with the atomic transition frequency,
central resonance of the absorption spectrum exhibit
dispersion-like profile, while the sidebands are two Loren
ians in which one shows absorption of the probe beam
the other amplification@5,6#.

Over the past decade, considerable interest has been
voted to systems in which atoms interact with a modifi
vacuum, such as that presented by a cavity@7#, where the
electromagnetic modes are concentrated around the ca
resonant frequency. The coupling of the atoms to the mo
fied electromagnetic vacuum is therefore frequency dep
dent. For an excited atom located inside such a cavity,
cavity mode is the only one available to the atom for em
sion. If the atomic transition is in resonance with the cavi
the spontaneous emission rate into the particular cavity m
is enhanced@8#; otherwise, it is inhibited@9#. Therefore, one
may manipulate the atomic decay rate by tuning the ca
into or out of resonance with the radiative atom. Cavi
enhanced and cavity-inhibited spontaneous emission, re
ing in a broadening or narrowing of the spectrum, has b
1515 © 1998 The American Physical Society
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observed by several groups@8,9#. On the other hand, whe
the atom-cavity coupling is very strong, the spontaneou
emitted photon may be repeatedly absorbed and emitte
the atom before it leaves the cavity. This effect results in
oscillatory exchange of energy between the atom and
cavity field, which in turn leads to a splitting of the spont
neous emission spectrum. Such a splitting, termed ‘‘vacu
Rabi splitting,’’ has been widely investigated both theore
cally and experimentally@10#.

Atomic radiative properties can be modified not only
the essentially passive means described above, but
through dynamical means, i.e., by imposing a coherent d
ing field on the atoms. Rice and Carmichael@11# showed that
for a system with a large cavity decay rate with weak ato
cavity coupling, a weakly driven atom inside the cavity b
haves formally the same as in free space, but with a re
malized decay rate. A fully quantum mechanical analysis
the system by Savage, however, predicted a steady-
atomic population inversion due to its coupling to the cav
@12#. Recently, Lewenstein and co-workers@13# demon-
strated that a strong driving field may dynamically suppr
the rate of atomic spontaneous emission, and so dramati
modify the resonance fluorescence spectrum. The inte
field effect of the cavity-induced spontaneous emission w
observed later in a microwave cavity@14#, as well as in an
optical cavity@15,16#. For strong atom-cavity coupling, Sav
age’s study@17# showed that the resonance fluorescen
spectrum has two sidebands with a linewidth given by
atom-cavity coupling constant rather than the system di
pation rate. Population inversion and multipeaked sponta
ous emission spectra of a two-level atom coupled strongl
a cavity at a finite temperature were reported by Cir
Ritsch, and Zoller@18#. Similar multipeaked spectral feature
have been shown to occur in a strongly coupled atom-ca
system in which the atom is subject to incoherent pump
@19#.

Most studies mentioned above were carried out by ass
ing that the cavity is in resonance with the atomic transit
and the driving laser. However, a series of investigatio
reported very recently by Freedhoff and Quang@20–22#
showed a variety of remarkable effects when the cavity
quency is tuned to one of the sidebands of the Mollow sp
trum. For instance, in the moderate atom-cavity coupling
gime the steady-state atomic population may be hig
inverted@20#, and all the spectral components of the Mollo
triplet become extremely narrow@21#, whereas, for strong
atom-cavity coupling, both the resonance fluorescence
probe absorption spectra split into multiplets whose str
tures depend on the photon-number distribution of the ca
field @22#. Recently, Zhu, Lezama, and Mossberg@15# re-
ported an experimental study of the effects of cavity det
ing on the atomic radiative properties. They showed that
atomic fluorescence of a strongly driven, off-resonant, tw
level atom can be enhanced when the cavity frequenc
tuned to one of the sidebands of the Mollow spectru
whereas it can be inhibited by tuning to the other sideba
The enhancement of atomic fluorescence at one sideband
direct demonstration of population inversion.

In this paper, we study the dynamical modification of t
radiative properties of a coherently driven two-level ato
coupled to a frequency-tunable, single-mode cavity in
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bad cavity limit. The properties discussed include populat
inversion, transverse and longitudinal decay rates, reson
fluorescence, and probe absorption spectra. We conside
general case in which both the atom and cavity can be ei
on resonance or off resonance with the driving field. The b
cavity assumption permits one to obtain analytical expr
sions from which one may gain further insight into the mo
fication of the atomic radiative properties by a cavity.

This paper is organized as follows. In Sec. II, we derive
cavity-modified master equation for the atomic densi
matrix operator from the full master equation by adiaba
cally eliminating the cavity variables in the bad cavity lim
We find that the cavity-induced rate of spontaneous emiss
is strongly dependent on the atom-cavity coupling, Rabi f
quency and cavity resonance frequency. In Sec. III, we d
cuss the atomic population dynamics in the bare-state b
in terms of the cavity-modified transition rates, and sh
that the cavity can enhance the stimulated absorption of
atom while suppressing the stimulated emission. The po
lation may therefore be inverted for certain conditions. W
explore the origin of the atomic population inversion in Se
IV, by working in the dressed-state basis. The populat
inversion results from the cavity-enhanced interaction
tween the atom with the cavity when the atomic dressed-s
transition is in resonance with the cavity. We study t
intense-field cavity-modified relaxation rates of the atom
polarization and population in Sec. V, where we show t
the two-phase quadrature components of the atomic pola
tion have different decay rates, as is the case in a sque
vacuum@23#, and that the cavity-induced decay into the ca
ity mode of the in-phase~or out-of-phase! quadrature can be
completely suppressed for large Rabi frequencies, depen
on the cavity frequency. In Sec. VI, we explore the res
nance fluorescence spectrum for emission into the ba
ground modes. The features of the resonance fluoresc
spectrum are displayed numerically and interpreted in
dressed-state basis. Section VII is devoted to the cav
modified probe absorption spectrum. Amplification of t
probe beam can take place at either the center or at
sideband, depending on the cavity resonant frequency.
present conclusions in Sec. VIII.

II. CAVITY-MODIFIED MASTER EQUATION

We consider a single two-level atom with transition fr
quency vA coupled to a single-mode cavity field of fre
quencyvC . The atom is driven by a coherent laser field
frequencyvL . The cavity mode is described by annihilatio
and creation operatorsa and a†, while the atom is repre-
sented by the usual Pauli spin-1

2 operatorss1 and s2 ,
which satisfy the commutation relations@s1 ,s2#5sz and
@sz ,s6#562s6 . In a frame rotating at the frequencyvL
the master equation of the density matrix operatorr for the
combined atom-cavity system is of the form@12,20#

ṙ52 i @HA1HC1HI ,r#1LAr1LCr, ~1!

where

HA5
D

2
sz1

V

2
~s11s2!, ~2a!
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HC5da†a, ~2b!

HI5g~s2a†1s1a!, ~2c!

LAr5g~2s2rs12s1s2r2rs1s2!, ~2d!

LCr5k~2ara†2a†ar2ra†a!, ~2e!

whereHA andHC are the unperturbed Hamiltonians for th
coherently driven atom and the cavity respectively, whileHI
describes the interaction between the atom and the ca
mode.V is the Rabi frequency of the driving field,D5vA
2vL andd5vC2vL are the detunings of the atomic res
nance frequency and of the cavity-mode frequency from
driving field frequency, respectively, andg is the coupling
constant between the atom and the cavity field.LAr and
LCr, respectively, describe atomic damping to backgrou
modes other than the privileged cavity mode, and damp
of the cavity field by the standard vacuum reservoir, withg
and k the atomic and cavity decay constants, respectiv
This master equation contains all the essential physics o
system: atom-cavity coupling, driving field, detunings of t
atom and of the cavity from the driving field frequenc
atomic spontaneous emission, and cavity damping, and
been extensively employed to investigate cavity quant
electrodynamics.

Theoretical studies of the fundamental system are usu
performed in the so-calledbad cavity@11–14# andgood cav-
ity @17–22# limits, depending upon the parametersg,k, and
g. The former is ascribed to the regime of weak coupling
the atom to the cavity field withk@g@g, in which the
cavity field decay dominates. The cavity field response to
continuum modes is much faster than that produced by
interaction with the atom, so that the atom always exp
ences the cavity mode in the state induced by the vacu
reservoir. Effectively, the cavity input-output mirror acts as
broadband reservoir of modes, and the atom and ca
maintain essentially individual identities, so that a pertur
tive description suffices. This is not the situation, howeve
the strong-coupling regime withg@k,g, where the internal
interaction of the composite atom-cavity system is mu
larger than that leading to the incoherent decay of the a
and cavity into the external reservoir of modes. In this ca
the photon emitted by the atom into the cavity mode is lik
to be repeatedly absorbed~sinceg@k) and re-emitted~since
g@g) before irreversibly escaping into the environme
Therefore, the system must be described in terms of
structure and dynamics of the composite atom-cavity sys
~the ‘‘Jaynes-Cummings molecule’’! @24#.

In this paper we are interested in the bad cavity lim
which is specified by@11,12,14#

k@g@g, ~3!

but with C5g2/kg finite, whereC is the single-atom coop
erativity parameter familiar from optical bistability. In thi
limit, one can adiabatically eliminate the cavity-mode va
ables, giving rise to a master equation for the atomic v
ity
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ables only. To do this we at first disregard the atomic sp
taneous emission into the background modes, represente
LAr, since this quantity undergoes no change in the eli
nation procedure.

We first perform a canonical transformation on the mas
equation~1! by

r̃5ei ~HA1HC!tre2 i ~HA1HC!t. ~4!

In the atom-cavity interaction picture the master equat
then takes the form

r̃52 i @H̃I~ t !,r̃ #1LCr̃, ~5!

where

H̃I~ t !5g@s̃2~ t !a†eidt1s̃1~ t !ae2 idt#, ~6a!

s̃6~ t !5eiH Ats6e2 iH At. ~6b!

Equation~5! may be treated by writing it as

] t~e2LCtr̃ !52 ie2LCt@H̃I~ t !,r̃ # ~7!

and introducing the operator@14,25,26#

x5e2LCtr̃. ~8!

Using Eq.~5! and the relations

LC~ar̃ !5a~LCr̃ !1kar̃,

LC~ r̃a†!5~LCr̃ !a†1kr̃a†,
~9!

LC~@a,r̃ # !5@a,~LCr̃2kr̃!#,

LC~@a†,r̃ # !5@a†,~LCr̃2kr̃!#,

one obtains@25#

ẋ~ t !52 igekt$@a†,s̃2~ t !x~ t !#eidt1@a,x~ t !s̃1~ t !#e2 idt%

2 ige2kt$@s̃2~ t !,x~ t !a†#eidt1@s̃1~ t !,ax~ t !#e2 idt%,

~10!

which involves only the atom-cavity interaction, and r
sembles the evolution equation of the ideal quantum Jay
Cummings model@24# except for the presence of terms
which x(t) is sandwiched between operators.

Due to the smallness of the coupling constantg, we can
perform a second-order perturbation calculation with resp
to g by means of standard projection operator techniqu
We now integrate Eq.~10! formally to give
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x~ t !5x~0!2 igE
0

t

ekt8$@a†,s̃2~ t8!x~ t8!#eidt81@a,x~ t8!s̃1~ t8!#e2 idt8%dt82 igE
0

t

e2kt8$@s̃2~ t8!,x~ t8!a†#eidt8

1@s̃1~ t8!,ax~ t8!#e2 idt8%dt8. ~11!

Substituting forx(t) inside the commutators in Eq.~10! leads to

ẋ~ t !52 igekt$[a†,s̃2~ t !x~0!]eidt1[a,x~0!s̃1~ t !]e2 idt%

2 ige2kt$[ s̃2~ t !,x~0!a†]eidt1[ s̃1~ t !,ax~0!]e2 idt%

2g2e~k1 id!tE
0

t

dt8$†a†,s̃2~ t ![a†,s̃2~ t8!x~ t8!] ‡e~k1 id!t81†a†,s̃2~ t ![a,x~ t8!s̃1~ t8!] ‡e~k2 id!t8

1†a†,s̃2~ t ![ s̃2~ t8!,x~ t8!a†] ‡e2~k2 id!t81†a†,s̃2~ t ![ s̃1~ t8!,ax~ t8!] ‡e2~k1 id!t8%

2g2e~k2 id!t E
0

t

dt$†a,@a†,s̃2~ t8!x~ t8!] s̃1~ t !‡e~k1 id!t81†a,@a,x~ t8!s̃1~ t8!#s̃1~ t !‡e~k2 id!t8

1†a,[ s̃2~ t8!,x~ t8!a†] s̃1~ t !‡e2~k2 id!t81†a,[ s̃1~ t8!,ax~ t8!] s̃1~ t !‡e2~k1 id!t8%

2g2e2~k2 id!tE
0

t

dt8$†s̃2~ t !,@a†,s̃2~ t8!x~ t8!#a†
‡e~k1 id!t81†s̃2~ t !,[a,x~ t8!s̃1~ t8!]a†

‡e~k2 id!t8

1†s̃2~ t !,[ s̃2~ t8!,x~ t8!a†]a†
‡e2~k2 id!t81†s̃2~ t !,[ s̃1~ t8!,ax~ t8!]a†

‡e2~k1 id!t8%

2g2e2~k1 id!tE
0

t

dt8$†s̃1~ t !,a[a†,s̃2~ t8!x~ t8!] ‡e~k1 id!t81†s̃1~ t !,a[a,x~ t8!s̃1~ t8!] ‡e~k2 id!t8

1†s̃1~ t !,a[ s̃2~ t8!,x~ t8!a†] ‡e2~k2 id!t81†s̃1~ t !,a@s̃1~ t8!,ax~ t8!] ‡e2~k1 id!t8}. ~12!
to
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We assume that no correlation exists between the a
and the cavity mode at the initial time (t50), that isx(t)
5rC(0)r̃A(0). At later times, correlations may arise due
the coupling of the atom to the cavity throughHI . However,
we have assumed that the coupling is very weak, and a
timesx(t) should only show deviations of orderHI from the
uncorrelated state. Furthermore, the cavity damping ratek is
much larger than the coupling constantg, and therefore the
integrals in Eq.~12! make nonzero contributions only fort
<k21. Over this time scale the cavity should be virtua
unaffected by its coupling to the atom. We can thus factor
x(t) @14,26#.,

x~ t !.rC~0!r̃A~ t !, ~13!

where rC(0) is the density matrix operator of the cavi
mode in the absence of the atom and the driving field. Not
that

TrCx~ t ![TrCr̃~ t ![r̃A~ t !, ~14!

we obtain the master equation for the reduced density-ma
operatorr̃A of the atom from Eq.~12! by tracing out the
cavity variables through the following relations:

TrC@aa†rC~0!#51, TrC@a†arC~0!#50,
m

all

e

g

ix

TrC@a2rC~0!#50, TrC@a†2rC~0!#50, ~15!

TrC@arC~0!#50, TrC@a†rC~0!#50.

The resulting master equation is then of the form

ṙ̃A~ t !52g2E
0

t

e2~k2 id!t@ r̃A~ t2t!s̃1~ t2t!s̃2~ t !

2s̃2~ t !r̃A~ t2t!s̃1~ t2t!#dt

2g2E
0

t

e2~k1 id!t@s̃1~ t !s̃2~ t2t!r̃A~ t2t!

2s̃2~ t2t!r̃A~ t2t!s̃1~ t !#dt. ~16!

The assumption thatk@g, in which the interaction of the
atom with the cavity mode is negligible during the timet
<k21, and the fact that the cavity response time~of order
k21) tends to zero, validates the Markovian approximati
@14,26#, i.e.,

r̃A~ t2t!. r̃A~ t !. ~17!
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We can also extend the upper limit of the integrals to infi
ity. Then transformingr̃A back to the original picture via
rA5exp(2iHAt)r̃Aexp(iHAt), one obtains the master equatio
for the atom to be

ṙA~ t !52 i @HA ,rA~ t !#2g2E
0

`

e2~k2 id!t@rA~ t !s̃1~2t!s2

2s2rA~ t !s̃1~2t!#dt

2g2E
0

`

e2~k1 id!t@s1s̃2~2t!rA~ t !

2s̃2~2t!rA~ t !s1#dt. ~18!

In the above equation the first term describes the cohe
evolution of the driven atom, whereas the remaining ter
represent the cavity-induced atomic decay into the ca
mode. For observation of the cavity-induced fluoresce
emission, the cavity must have a window~input-output mir-
ror!, so the atom also couples to the modes of the continu
~the background modes!. After taking the spontaneous emi
sion to the background modes into account, the comp
master equation of the density-matrix operator for the coh
ently driven atom coupled to the cavity field has the form

r Ȧ52 i @HA ,rA#1g~2s2rAs12s1s2rA2rAs1s2!

1gc~s2rAS11S2rAs12s1S2rA2rAS1s2!,

~19!

wheregc5gC5g2/k specifies the emission rate of the ato
into the cavity mode, and

S25kE
0

`

dt e2~k1 id!ts̃2~2t!5A0sz1A1s11A2s2 ,

S15~S2!†5A0* sz1A1* s21A2* s1 , ~20!

with

A05
kV

4V̄2 F 2D

k1 id
2

V̄1D

k1 i ~d2V̄!
1

V̄2D

k1 i ~d1V̄!
,

A15
kV2

4V̄2 F 2

k1 id
2

1

k1 i ~d2V̄!
2

1

k1 i ~d1V̄!
G ,

~21!

A25
k

4V̄2 F 2V2

k1 id
1

~V̄1D!2

k1 i ~d2V̄!
1

~V̄2D!2

k1 i ~d1V̄!
G ,

whereV̄5AV21D2 is a generalized Rabi frequency. Obv
ously, the coefficientsA0 , A1 , and A2 are Rabi frequency
dependent, and resonant when the cavity frequency is tu
-

nt
s
y
e

m

te
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ed

to d50,6V̄, which is reminiscent of the Mollow triplet in
free space@1#. The resonance property reflects the fact th
when the atom is strongly driven by a laser beam, the ato
laser interaction forms a ‘‘dressed’’ atom@3# whose energy-
level structure is intensity dependent and whose spontan

emission dominates at three frequencies:vL and vL6V̄.
Therefore, when the cavity is tuned to these three frequ
cies, atomic transitions are enhanced.

The cavity-modified master equation~19! reduces to Cir-
ac’s case@26# whend50. Furthermore, whenD5d50 and
V!k, the master equation~19! becomes the one obtained b
Rice and Carmichael@11#, which is formally similar to that
in free space, but with the renormalized decay rateg(1
1C). Otherwise, as we shall see, the atomic radiative pr
erties are significantly modified when the driving field
very strong, and the frequency of the cavity is tuned to eit
the center or one of the sidebands of the Mollow triplet.

III. BARE-STATE POPULATION INVERSION

From the cavity-modified master equation~19!, one can
obtain the equations of motion for the reduced dens
matrix elements governing the atomic dynamics to be

ṙ005~2g1gcA21gcA2* !r112S gcA02 i
V

2 D r01

2S gcA0* 1 i
V

2 D r10,

ṙ1152~2g1gcA21gcA2* !r111S gcA02 i
V

2 D r01

1S gcA0* 1 i
V

2 D r10,
~22!

ṙ0152~g2 iD1gcA2* !r011gcA1* r101S gcA0* 1 i
V

2 D r00

1S gcA0* 2 i
V

2 D r11,

ṙ1052~g1 iD1gcA2!r101gcA1r011S gcA02 i
V

2 D r00

1S gcA01 i
V

2 D r11,

wherer00 and r11 are the atomic population in the groun
state (u0&) and in the excited state (u1&), respectively, and
r01 and r10 describe the atomic ‘‘coherences’’~or ‘‘transi-
tions’’!. ~Here we have dropped the subscriptA from the
atomic density matrix operatorrA for brevity.! One sees
from the last two equations of Eqs.~22! that the atomic tran-
sition from the ground state to the excited state,r01, couples
to its conjugater10, a transition from the excited state to th
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ground state, due to the cavity effect, which is formally sim
lar to that of a driven two-level atom interacting with
squeezed vacuum reservoir@23#.

We may write the equations of motion~22! more simply
in a physically transparent, rate-equation form, by elimin
ing the off-diagonal elements, as
e
te

-

co
el
r

by

ite

2
in
re
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t i

n-
th
i.e
-
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ṙ0052R01r001R10r11, ~23a!

ṙ115R01r002R10r11, ~23b!

where
R0152 ReH ~g1 iD1gcA2!US gcA02 i
V

2 D U2

1gcA1* S gcA02 i
V

2 D 2

u~g1 iD1gcA2!u22ugcA 1u2
J ,

~24!

R1052g12gcRe~A2!22 ReH S gcA02 i
V

2 D F ~g1 iD1gcA2!S gcA0* 2 i
V

2 D1gcA1* S gcA01 i
V

2 D G
u~g1 iD1gcA2!u22ugcA 1u2

J ,
the
ical
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e

n

to
on

ace,
rate

and
ace.
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sing
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ty-
s.
respectively, are the transition rate from the ground stateu0&
to the excited stateu1& and from the excited state to th
ground state. Thus Eq.~23a! expresses the fact that the ra
of change of the population in the ground stateu0& is equal to
the difference between the rate of transitionsout of stateu0&
~the first term on the right-hand side! and the rate of transi
tions into u0& ~the second term!. The rate equations~23a! and
~23b! accurately describe the long-time behavior of the
herently driven atom coupled to the single-mode cavity fi
in the bad cavity limit, and will give the exact solution fo
the steady state.

The steady-state populations are given, respectively,

r005
R10

R011R10
, r115

R01

R011R10
. ~25!

In free space,R01 andR10 read, respectively,

R015
gV2

2~g21D2!
, R1052g1

gV2

2~g21D2!
, ~26!

whereR01 may be interpreted as the absorption rate exc
by the coherent driving field, whileR10 is composed of an
incoherent spontaneous emission rate, represented byg,
and a stimulated emission rate, represented by the rema
term, which is the same as the absorption rate. The cohe
driving field thus tends to equalize the population distrib
tion, while the incoherent spontaneous decay tends to b
the population down irreversibly.R01 is always less than
R10, and it is therefore impossible to achieve populati
inversion for the driven two-level atom in free space; tha
r11,r00 always holds.

However, the presence of a cavity will modify the co
clusion markedly. For example, in the case in which both
atom and cavity are in resonance with the driving laser,
D50, andd50, the rates of transitionsR01 andR01 reduce
to

R015
V2

2~g1gc!
S 11

gck

k21V2D 2

,

~27!
-
d

d

ing
nt

-
g

s

e
.,

R1052g1gc1gc

k2

k21V2
1

V2

2~g1gc!
F12S gck

k21V2D 2G .

In this case, the stimulated emission rate is not equal to
absorption rate. These expressions allow one to gain phys
insight into how the atom-cavity coupling and the cohere
driving field can modify the atomic radiative properties. W
assume, for simplicity, that the Rabi frequencyV is much
less than the cavity decay ratek. One then has the transitio
rates

R 01.
V2

2gT
1S g

k D 2F21S g

k D 2G V2

2gT
, ~28a!

R10.2gT1
V2

2gT
2S g

k D 4 V2

2gT
, ~28b!

wheregT5g1gc is the total emission rate of the atom in
the background modes and the cavity mode. The first term
the right-hand side of Eq.~28a! is formally the same as the
absorption rate excited by the coherent laser in free sp
whereas the second term is a cavity-induced absorption
which is proportional to (g/k)2 as well as toV2. For Eq.
~28b!, the first and second terms represent the incoherent
coherent spontaneous emission respectively, as in free sp
The last term, however, which is induced by the cavity, ten
to decrease the stimulated emission rate. Hence increa
the atom-cavity coupling strengthg and Rabi frequencyV
may enhance the absorption rate while inhibiting the to
emission rate. Ifg and V are large enough, one may hav
R01.R10, so that population inversion takes place.

After straightforward algebra, one finds from Eq.~27! that
R01.R10 when the Rabi frequency obeys

V.F 2~g1gc1k!~g1gc!
2k2

~g12gc1k!@gck2~g1gc!~2g1gc!#
G1/2

, ~29!

and population inversion (r11.r00) is achieved.
We now present the numerical results of the cavi

induced population inversion for high driving intensitie
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Throughout these graphs we setg51,k5100, and g
510– 30~bad cavity! in order to study the role of the atom
cavity coupling in the population dynamics.

Figure 1 displays the population difference (r11–r00) as a

FIG. 2. Same as Fig. 1, but two-dimensional plots for clarity.
frame ~a!, d50, and in frame~b!, V5500.

FIG. 1. The population difference (r112r00) between the ex-
cited stateu1& and the ground stateu0&, as a function of the cavity
detuningd and Rabi frequencyV, for g51, g520, k5100, and
D50.
function of the Rabi frequencyV and the cavity detuningd,
for the parametersg51, g520,k5100, andD50. One sees
that for small Rabi frequenciesV!k the population of the
ground state is greater than that of the excited state for
values of d. However, the atomic population may be in
verted for larger Rabi frequencies. For intermediate val
(V;k), the population inversion is maximal atd50, and
this is a global maximum, yielding an inversion of almo
2%. As V increases beyond the valueV5k, the maximum
at d50 decreases and eventually turns into a minimum.
large Rabi frequencies (V@k), the population inversion is
resonant whend;6V. These unusual features are mo
clearly shown in Fig. 2. From Fig. 2~a!, whered50, one
finds that whenV.36, the value of Eq.~29!, the population
is inverted (r112r00.0). The population inversion reache
a maximum value (0.0181) at the Rabi frequencyV;72,
and then decreases asV increases. In Fig. 2~b!, we setV
5500@k, and the population inversion occurs over t
range2500,d,500. The maximum of the inversion occu
at udu;330, while there is a minimum in the inversion atd
50.

We display the population difference against the det
ings D and d, for g51, g520, k5100, andV51000, in
Fig. 3, from which one can see that the difference is reson

at d56V̄. For the atomic detuningD.0, when the cavity

frequency is tuned tod5V̄, the population difference (r11
2r00) is negative, while it is positive~population inversion!

when the cavity is tuned tod52V̄. For D,0 the situation
is reversed. It is clear that quite large inversions (.0.05)

arise ford.V̄ and D.300. The resonance profiles of th
population difference are similar to those of the atomic flu
rescence observed in Ref.@15#. This reflects the fact that the
intensity of the atomic fluorescence light is proportional
the population of the excited state, that is,

I 5r115
1

2
1

r112r00

2
. ~30!

Hence the fluorescence emission can be enhanced or

pressed when the cavity is tuned tod56V̄. The enhance-

FIG. 3. Same as Fig. 1, but against the detuningsd andD, for
g51, g520, k5100, andV51000.
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1522 PRA 58PENG ZHOU AND S. SWAIN
ment of the atomic fluorescence is a direct consequenc
the atomic population inversion.

In Fig. 4, we show the effect of various atom-cavity co
pling constantsg on the population inversion, forg51,
k5100, andV5500, withD50 in Fig. 4~a! andD5100 in
Fig. 4~b!. Both cases clearly exhibit that the stronger t
coupling, the greater the population inversion. This theref
implies that the population may be highly inverted in t
strong-coupling regime@20#. ~Note that as our formulas ar
based on the bad cavity assumption,k@g@g, we cannot
makeg arbitrarily large.!

IV. DRESSED-STATE POPULATION INVERSION

The resonance properties with the cavity frequency tu
to the center and sidebands of the Mollow triplet can
understood in the semiclassical dressed-stateu6& representa-
tion. The dressed states, defined by the eigenvalue equ

HAu6&56(V̄/2)u6&, are associated with the bare atom
statesu0&, andu1& through

u1&5su0&1cu1&,
~31!~31!

u2&5cu0&2su1&,

where

c5AV̄1D

2V̄
, s5AV̄2D

2V̄
. ~32!

The rate equations in the dressed-state representatio
given by

ṙ2252R21r221R12r11 ,
~33!~33!

ṙ115R21r222R12r11 ,

where r11 , and r22 are the populations of the dresse
statesu1& and u2& respectively, andR12 is the atomic
transition rate from the substateu1& of one dressed-stat
doublet to the substateu2& of the dressed-state doublet b
low, whereasR21 describes the transition rate from th
stateu2& of one dressed-state doublet to the stateu1& of the
next dressed-state doublet, as depicted in Fig. 5. The sta
ary dressed state populations can be expressed as

r225
R12

R121R21
, r115

R21

R121R21
. ~34!

Both R21 and R12 are in general very complicated

However, if the Rabi frequency is very large,V̄@k,g,g,
thenR21 andR12 can be enormously simplified by invok
ing the secular approximation@3#, with the physics remain-
ing clear. They then have the forms

R2152gs412gcs
4

k2

k21~d1V̄!2
,

~35!

R1252gc412gcc
4

k2

k21~d2V̄!2
.

of

e

d
e

ion

are
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It is well known that in free space bothR21 andR12 ,
represented by the first term on the right-hand side of
~35!, are the same when the atom is in resonance with
driving field, i.e., D50, so that the atomic population i
evenly distributed between the dressed statesu6&.

However, in the presence of the cavity, the transition ra
R21 andR12 are strongly dependent on the cavity fr
quency, as displayed in Eq.~35!. For example, if the atomic
frequency is resonant with the laser frequency (D50), and
the cavity is tuned to resonance with the driving fieldd
50), thenR215R12 , and there is thus no populatio
difference between the dressed states. However, if the ca
frequency is tuned to the left sideband of the Mollow triple

that isd52V̄, the transition rates reduce to

R215
g1gc

2
, R12.

g

2
. ~36!

The symmetry of transitions between the dressed state
broken. The populations then have the form

FIG. 4. Two-dimensional plots of the population differen
againstd, for g51, k5100, andV5500, and different atom-cavity
couplings:g510 ~solid line!, g520 ~dashed line!, andg530 ~dot-
ted line!. In frame~a!, D50, and in frame~b!, D5100.
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r22.
g

2g1gc
5

1

21C
,

~37!

r11.
g1gc

2g1gc
5

11C

21C
.

It is obvious thatr11.r22 : dressed-state population in
version is achieved. IfC@2, the atomic population can b
approximately trapped in the dressed stateu1&.

For d5V̄—that is, the cavity is in resonance with th
right sideband of the Mollow triplet—the transition rates a
the populations, respectively, are given by

R21.
g

2
, R125

g1gc

2
, ~38!

r22.
g1gc

2g1gc
5

11C

21C
, r11.

g

2g1gc
5

1

21C
,

~39!

whereR21,R12 and the population is hence gathered
the dressed stateu2& whenC@2.

The unbalanced population distribution between
dressed statesu6& results from the cavity-induced enhanc
ment or inhibition of the population transition rates. One c
see in Fig. 5 that the atomic transition from the dressed s
u1& to the dressed stateu2&, at the rateR12 , occurs at

frequencyvL1V̄, while the transition fromu2& to u1&, at

rateR21 , takes place at frequencyvL2V̄. If the driven
atom is inside a cavity, whose frequency is tuned to
right-hand sideband of the Mollow spectrum,d5vC2vL

5V̄, the atomic transitionR12 is thus resonant with the
cavity. The interaction of the atom with the privileged cav
mode is enhanced, and the atom predominantly~since g
@g) emits a photon into the cavity mode, described bygc/2,
besides emitting a photon into the background modes,
sented byg/2. However, the transitionR21 , at the fre-

quencyvL2V̄, is far off resonance with the cavity~since

V̄@k), so the atom can only emit a photon into the bac
ground modes. The atomic transition at the frequencyvL

1V̄ is enhanced by the atom-cavity coupling. As a con

FIG. 5. Diagram of atomic dressed states and dressed-state
sitions.
e

n
te

e

e-
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quence, there are more populations in the dressed stateu2&.
Similarly, if the cavity is resonant with the left-hand sid

band,d52V̄, the atomic transition rateR21 at the cavity

frequencyvL2V̄ is resonantly enhanced. The population
most likely to be in the dressed stateu1&.

We present the exact~without secular approximation!
steady-state population difference between the dressed s
u1& andu2& in Figs. 6 and 7. From both graphs one can s
that the dressed-state population difference is resonant

the cavity frequency tuned tod56V̄. One can have eithe
r11.r22 ~dressed-state population inversion! or r22

.r11 ~opposite dressed-state population inversion!, de-
pending on the cavity resonant frequency. A high populat
inversion may be achieved by increasing the atom-ca
coupling constant. One can also see that the populations
the same when both the cavity and the atom are in reson
with the laser frequency.

We shall see in Secs. VI and VII that the uneven dress
state population distribution will give rise to an asymme

an-

FIG. 6. Two-dimensional plots of the population differen
(r112r22) between the dressed statesu1& and u2&, againstd,
for g51, g520, k5100, and different Rabi frequencies:V5200
~solid line!, V5400 ~dashed line!, andV5600 ~dotted line!.

FIG. 7. Same as Fig. 6, but forg51, k5100, V5500, and
different atom-cavity couplings:g510 ~solid line!, g520 ~dashed
line!, andg530 ~dotted line!.
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1524 PRA 58PENG ZHOU AND S. SWAIN
in the Mollow fluorescence triplet and a sideband gain in
probe absorption spectrum. The former was observed
Lezama et al. @16# in strongly driven two-level atoms
coupled to a frequency-dependent vacuum reservoir~a kind
of cavity!.

V. CAVITY-MODIFIED RELAXATION RATES

For convenience, we rewrite the cavity-modified equ
tions of motion ~22!, in terms of the in-phase and out-o
phase quadrature amplitudes of the atomic polarizat
^sx&5^s2&1^s1& and ^sy&5 i (^s2&2^s1)& , and the
atomic population differencêsz&:

^ṡx&52gx^sx&2Dy^sy&1Vx ,

^ṡy&52gy^sy&1Dx^sx&2V^sz&2Vy , ~40!

^ṡz&52gz^sz&1Vx^sx&1~V2Vy!^sy&2gz ,

where

Vx52gcRe~A0!,

Vy52gcIm~A0!,
~41!

Dx5D1gcIm~A22A1!,

Dy5D1gcIm~A21A1!.

The relaxation rates of the in-phase and out-of-phase qua
ture amplitudes of the polarization, and the population d
ference are given, respectively, by

gx5g1gcRe~A22A1!5g1
gck

2

2V̄
F V̄1D

k21~d2V̄!2

1
V̄2D

k21~d1V̄!2G ,

gy5g1gcRe~A21A1!5g1
gck

2

2V̄2 F 2V2

k21d2

1
D~V̄1D!

k21~d2V̄!2
2

D~V̄2D!

k21~d1V̄!2G , ~42!

gz5gx1gy52g1
gck

2

2V̄2 F 2V2

k21d2
1

~V̄1D!2

k21~d2V̄!2

1
~V̄2D!2

k21~d1V̄!2G .

For the specified cavity decay and atom-cavity coupling c
stant, these relaxation rates depend on the Rabi frequen
the driving field and resonate when the cavity frequency
e
y

-

n,

ra-
-

-
of

s

tuned to the center and to the sidebands of the Mollow fl
rescence spectrum. All the resonant linewidths are the sa
2k.

Figure 8, whereg51, g520, k5100, andD50, displays
the cavity-modified relaxation rates of the atomic polariz
tion quadratures and population forV550 in frame~a!, and
V5500 in frame~b!, as a function of the cavity frequencyd
~taking vL fixed!. One finds that for a Rabi frequency sma
compared to the cavity decay ratek, all the relaxation rates
gx , gy , andgz are resonant with the cavity frequency tun
to the atomic transition frequency~or equivalently, the
driving-field frequency, asD50). However, whenV@k,
gx splits into two peaks located at the Mollow sideband
while gy is resonant at the atomic transition frequency, a
gz has peaks at all three frequencies of the Mollow tripl
Figure 8~b! also shows that for large Rabi frequencygy
dominatesgx aroundd50, whereasgx dominatesgy at d
.6V. This reflects the dynamical suppression of t
cavity-induced relaxation rates of the polarization quad

FIG. 8. The cavity-modified relaxation ratesgx ,gy , andgz of
the phase quadratures of the atomic polarization and the ato
population, against the cavity-laser detuningd5vC2vL , for the
parametersg51, g520, k5100, D50, andV550 in frame~a!,
andV5500 in frame~b!. gx ,gy , andgz are represented by dotted
dashed, and solid lines, respectively.
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tures of the atom. For example, when the atom is reson
with the driving laser field~i.e., D50), then for the cavity
frequency tuned to the center of the Mollow fluorescen
triplet, d50, one has

gx5g1gc

k2

k21V2
, gy5g1gc . ~43!

Therefore in the limitV@k, the cavity-induced decay rate
associated withgc , of the in-phase quadrature is complete
suppressed, that isgx.g, while gy is independent of the
Rabi frequency. However, ford5V, gx andgy reduce to

gx5g1
gc

2
1

gc

2

k2

k214V2
, gy5g1gc

k2

k21V2
.

~44!
t
u

r
-
,

nt

e

In the limit V@k, the cavity-induced decay rate of the ou
of-phase quadrature is completely suppressed, whereas
rate of the in-phase quadrature is reduced tog1gc/2. The
suppression of the cavity-induced decay rates of the ph
quadratures of the atomic polarization will give rise to spe
tral narrowing of the resonance fluorescence and probe
sorption.

VI. RESONANCE FLUORESCENCE SPECTRUM

The incoherent fluorescence spectrum of the atom, e
ted from the side of the cavity, can be expressed in term
the two-time correlation of the atomic operators
@11,17,22#

L~v!5ReE lim
t→`

^s1~ t1t!,s2~ t !&exp~2 ivt!dt,

~45!
L~v!5
1

2
ReH @~z1gz!~z1gy1 iDx!1V~V2Vy2 iVx!#a12@Dy2 i ~z1gx!#@~z1gz!a22Va3#

~z1gx!@~z1gy!~z1gz!1V~V2Vy!#1Dy@Dx~z1gz!2VVx#
J

z5 iv

, ~46!

with

a15
1

2
~11^sz&s2^sx&s

21 i ^sx&s^sy&s!,

a252
i

2
~11^sz&s2^sy&s

22 i ^sx&s^sy&s!, ~47!

a352
1

2
~11^sz&s!~^sx&s2 i ^sy&s!,

where

^sx&s5
Vxgygz1~V2Vy!~VVx2Dygz!

gz~gxgy1DxDy!2VVxDy1Vgx~V2Vy!
,

^sy&s5
gxgz~V2Vy!2Vx~VVx2Dxgz!

gz~gxgy1DxDy!2VVxDy1Vgx~V2Vy!
, ~48!

^sz&s5
2gz~gxgy1DxDy!1Vx~gyVx1DyVy!1~V2Vy!~DxVx2gxVy!

gz~gxgy1DxDy!2VVxDy1Vgx~V2Vy!
The
are the steady-state solutions of the in-phase and ou
phase quadratures of the atomic polarization and the pop
tion difference.

We can gain a general insight into the spectral structu
through a study of the poles ofL(v), whose real parts de
termine the widths, and the imaginary parts the positions
the fluorescence lines. For example, in the case ofD5d
50, the poles ofL(v) are at
-of
la-

es

of

z052gx , z652
gy1gz

2
6AS gz2gy

2 D 2

2V~V2Vy!.

~49!

The spectrum, in general, consists of three components.
first one is located at line center with linewidth 2gx , which
arises from the free decay, at the rategx , of the in-phase
quadrature amplitude of the atomic polarization.@For D5d
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1526 PRA 58PENG ZHOU AND S. SWAIN
50, ^sx& is decoupled from the other Pauli matrices in E
~40!.# However, the remaining components result from t
evolution of the coupled out-of-phase quadrature amplit
of the atomic polarization̂sy& and the atomic population
inversion ^sz&. Their positions are dependent on the Ra
frequencyV. For instance, when the Rabi frequencyV is
less than approximately (g1gc)/2, the polesz6 are real, so
both components contribute a single peak located at line
ter with linewidths of approximately 2gy and 2gz . As V
increases, the polesz6 become imaginary. Both componen
then split into two sidebands, but with the same width (gy
1gz). At large values ofV, the sidebands are well resolve
and placed at6(V2Vy/2). These results are similar to th
Mollow spectrum in free space@1#.

FIG. 9. The linewidths of the central peak~solid line! and the
sideband~dashed line! of the incoherent resonance fluorescen
spectrum forg51, g520, k5100, D50, andd50, against the
Rabi frequencyV.
.
e
de

i

en-

The departures from the free-space situation are that
linewidths of the Mollow-like triplet in the cavity are Rab
frequency dependent, and that the sidebands are shifted
2Vy/2. The former can be found from Eq.~43!. For a small
Rabi frequency, the central linewidth 2gx.2(g1gc), and
the sideband linewidthgy1gz.3(g1gc). In the limit of
V@k, however, the width of the central peak reduces to 2g,
whereas the sideband linewidth is 3g12gc . In Fig. 9, we
demonstrate the numerical results for the linewidths of
central peak and the sideband of the fluorescence spec
for g51, g520, k5100, D50, andd50, against the Rab
frequencyV. It is clear that the larger the Rabi frequenc
the narrower the spectral lines. The narrowing of the sp
trum is due to the dynamical suppression of atomic spon
neous emission into the cavity mode@13#.

Figure 10 presents the full spectra of the atomic fluor
cence emitted out the side of the cavity for the parame
g51, g530, k5100, D50, andV5100 in frames~a!–~c!
and V5500 in frames~d!–~f!. The cavity frequency is
tuned, respectively, to the lower-frequency sideband of

Mollow triplet (d52V̄) in ~a! and ~d!, to the center (d
50) in ~b! and ~e!, and to the higher-frequency sideban

(d5V̄) in ~c! and~f!. One observes that the resonance flu
rescence spectra are asymmetric when the cavity freque
is tuned to the Mollow sidebands. Moreover, the sideba
corresponding to resonance with the cavity, and the cen
peak, are inhibited, while the opposite sideband is enhan
the larger the Rabi frequency, the more significant the in
bition and enhancement. On the other hand, even if the s
metric three-peak spectrum is considered, when the cavi
tuned to resonance with the atom and the laser field,
ratios of the height and width of the central peak to those
the sidebands are different from the Mollow spectrum in fr
space. See, for instance, Figs. 10~b! and 10~e!.

e

FIG. 10. The incoherent resonance fluorescence spectrum forg51, g530, k5100, D50, and different Rabi frequenciesV5100 in
frames~a!–~c!, andV5500 in frames~d!–~f!. The cavity frequency is tuned, respectively, to the lower-frequency sideband (d52V) in
frames~a! and ~d!, the center (d50) in frames~b! and ~e!, and the higher-frequency sideband (d5V) in frames~c! and ~f!.
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The physics associated with the narrowing and asym
tries of the cavity-modified Mollow spectrum can be eas
explored by working in the basis of semiclassical dres

statesu6& @Eq. ~31!#. If the conditionV̄@k holds, the con-
tributions from terms with different resonance frequenc
are negligibly small, and the secular approximation is th
valid @3#. The optical Bloch equations then simplify to

^Ṗ1&52~G'2 i V̄2 iVsh!^P1&,
~50!

^Ṗz&52G i^Pz&1G0 ,

whereP15u1&^2u is the dressed state transition operat
Pz5(P112P22) with P665u6&^6u being the popula-
tion operator of the dressed stateu6&, and

G'5g~112c2s2!1gck
2F 4c2s2

k21d2
1

s4

k21~d1V̄!2

1
c4

k21~d2V̄!2G ,

G i52g~c41s4!12gck
2F s4

k21~d1V̄!2
1

c4

k21~d2V̄!2G ,

G0522g~c22s2!12gck
2F s4

k21~d1V̄!2

2
c4

k21~d2V̄!2G ,

~51!

Vsh5gckF s4~d1V̄!

k21~d1V̄!2
2

c4~d2V̄!

k21~d2V̄!2G .

G' andG i indicate the decay rate of the dressed-state po
ization and of the dressed-state population inversion, res
tively, while Vsh is a frequency shift from the generalize

Rabi frequencyV̄ due to the effects of the intense field an
the cavity. All these parameters are resonant when the ca
frequency is tuned to the sidebands of the Mollow spectru

The incoherent resonance fluorescence spectrum in
dressed state basis then takes the form

L~v!5
4c2s2G i^P22&s^P11&s

G i
21v2

1
c4G'^P11&s

G'
2 1~v2V̄2Vsh!

2

1
s4G'^P22&s

G'
2 1~v1V̄1Vsh!

2
. ~52!

Obviously, the central spectral line with width 2G i results
from the atomic downward transitions between the sa
dressed states of two adjacent dressed-state doublets, a
proportional to ^P22&s^P11&s . The left-hand sideband
however, is due to the downward transitions from the s
stateu2& of one dressed-state doublet to the substateu1& of
the next dressed-state doublet, and is associated with
e-

d

s
s

,

r-
c-

ity
.

he

e
d is

-

he

population^P22&s of the dressed stateu2&. The right-hand
sideband originates from the downward transitionsu1&→u
2& between two near-lying dressed-state doublets, an
proportional tô P11&s . Both sidebands have the same lin
width 2G' .

Here we examine the spectrum forD50 in detail, as an
example of the effect of the cavity resonant frequency on
intense-field resonance fluorescence. We first assume tha
cavity is in resonance with the atom and the laser field,d50.
Correspondingly, Eq.~51! reduces to

G'5
3g

2
1gcF11

1

2

k2

k21V2G ,

~53!

G i5g1gc

k2

k21V2
,

G050.

Therefore,̂ Pz&s5G0 /G i50, that is^P11&s5^P22&s5
1
2 .

This leads to a symmetric three-peak spectrum. It is cl
that the heights and linewidths of the spectrum are Rabi
quency dependent, which is qualitatively different from t
free-space Mollow triplet@1#. All the three spectral lines can
be narrowed as the Rabi frequencyV increases, for example
the central linewidth 2G i can be reduced from 2(g1gc) to
2g whenV increases fromV!k to V@k, while the side-
band width 2G' can be decreased from 3(g1gc) to 3g
12gc . The ratio of the central peak height to the sideba
height is also enlarged from 3 to 312gc /g.

If we tune the cavity frequency to resonance with t

Mollow sidebands,d56V̄, then Eq.~51! gives rise to

G'5
3g

2
1gcF1

4
1

k2

k21V2
1

1

4

k2

k214V2G ,

G i5g1
gc

2 F11
k2

k214V2G , ~54!

G057
gc

2

4V2

k214V̄2
.

There is thus a population imbalance between the dres
statesu6&, which gives rise to an asymmetric three-pe
spectrum. See, for instance, frames~a!, ~c!, ~d!, and ~f! of
Fig. 10. In the limitV@k, the dressed-state population di
ference is given by

^Pz&s.7
gc

g1gc
. ~55!

Hence for the cavity frequency tuned to the lower-frequen

sideband of the Mollow fluorescence,d52V̄, a dressed-
state population inversion (^P11&s.^P22&s) is achieved.
The heights of the three peaks are straightforwardly dedu
to be
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FIG. 11. Same as Fig. 10, but for the probe absorption spectrum.
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H lfs.
g

~2g1gc!~6g1gc!
,

Hcen.
2g~g1gc!

~2g1gc!
3

, ~56!

Hhfs.
~g1gc!

~2g1gc!~6g1gc!
.

As expected, the peak of the higher-frequency sideban
enhanced, while the lower-frequency sideband is suppres

However, ford5V̄, that is the cavity is tuned to reso
nance with the higher-frequency sideband, the populatio
the stateu2& is then greater than that in the stateu1&. Con-
sequently, the peak of the higher-frequency sideband
lower than that of the lower-frequency sideband. The pred
tion of the cavity-frequency-dependent asymmetric Mollo
triplet is in excellent agreement with the recently experim
tal observation@16#.

On the other hand, the spectrum can be also narrowe
V increases. For example, the linewidth of the central p
can be reduced from 2(g1gc) to 2g1gc , while the side-
band linewidth can be decreased from 3(g1gc) to 3g
1gc/2 whenV increases fromV!k to V@k. The spectral
narrowing is due to the dynamical suppression of the cav
induced spontaneous emission by the intense field.

VII. ABSORPTION SPECTRUM

The steady-state absorption spectrum of a frequen
tunable very weak probe field is proportional to the Four
transform of the stationary average value of the two-ti
commutator of the atomic raising and lowering operato
@4,21,22#,
is
ed.

in

is
-

-

as
k

-

y-
r
e
:

A~v!5ReE
0

`

lim
t→`

^@s2~ t !,s1~ t1t!#&e2 ivtdt, ~57!

where v5vprobe2vL is the frequency of the probe beam
measured from the driving laser frequency. Again, invokin
the quantum regression theorem together with the opti
Bloch equations~40!, one can calculate the two-time corre
lation function^@s2(t),s1(0)#&. The absorption spectrum
is formally the same as Eq.~46!, but with

a152^sz&s ,

a25 i ^sz&s , ~58!

a35^sx&s2 i ^sy&s .

We show the probe absorption spectra in Fig. 11, with t
parameters.g51, g530, k5100, D50, and V5100 in
frames ~a!–~c!, and V5500 in frames~d!–~f!. The cavity
frequency is respectively tuned to the lower-frequency sid

band of the Mollow triplet (d52V̄) in Figs. 11~a! and
11~d!, to the center (d50) in Figs. 11~b! and 11~e!, and to

the higher-frequency sideband (d5V̄) in Figs. 11~c! and
11~f!. It is clear from Fig. 11 that when the cavity frequenc
is tuned to the central line of the Mollow triplet, the centra
component exhibits a Lorentzian line shape, while the sid
bands show a Rayleigh-wing line shape—these profiles
quite similar to the spectral profiles of the probe absorpti
in free space@4–6#. However, the probe beam is amplified a
line center~atomic resonant transition frequency!, unlike that
in free space where the probe beam is transparent at
frequency. When the cavity is tuned to resonance with o
sideband, the center component is negligibly small, and
sidebands exhibit a Lorentzian line shape. The probe beam
one sideband can be amplified, depending on the cavity f
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quency. Specifically, as the cavity frequency is tuned to
lower-frequency sideband of the Mollow triplet, probe ga
is demonstrated at the higher-frequency sideband, otherw
gain is obtained at the lower-frequency sideband as the
ity frequency is tuned to the higher-frequency sideband
the Mollow triplet. This is also qualitatively different from
the absorption spectral features in free space, where the
at one sideband occurs only when the atom is off resona
with the driving laser field@6#.

The probe gain at line center is due to cavity-induc
population inversion in the bare-state basis, while the gai
the sidebands stems from the uneven population distribu
between the dressed statesu6&. For example, in the case o
D50 andV@k, when the cavity frequency satisfiesd50,
the absorption spectrum can be approximately expresse

A~v!.
1

4
ReF22^sz&s

gx1 iv
1

2 i ^sy&s

~gy1gz!/21 i ~v1V!

1
i ^sy&s

~gy1gz!/21 i ~v2V!G . ~59!

Obviously, if ^sz&s.0, indicating bare-state population in
version, the central component is then negative—that is,
probe beam is amplified. It is well known that bare-sta
population inversion can be achieved in such an atom-ca
coupling system for large Rabi frequencies. On the ot
hand, one finds that the sidebands have Rayleigh-wing
shape, and are associated with the steady-state out-of-p
quadrature of the atomic polarization.

However, when the cavity frequency is tuned to the M
low sidebands, i.e.,d56V, the absorption spectrum then
given by

A~v!.
1

4
ReF ^sx&s

~gy1gz!/21 i ~v1V!

1
2^sx&s

~gy1gz!/21 i ~v2V!G . ~60!

In this situation, only the sidebands dominate. Both si
bands show a Lorentzian line shape, and are associated
the steady-state in-phase quadrature of the atomic pola
tion. In the dressed-state basis, the in-phase quadratu
same as the dressed-state population difference in the ca
D50, that is,̂ sx&s5^Pz&s . It has been shown that when th
cavity frequency is tuned to the lower-frequency sideband
the Mollow spectrum, the dressed-state population is
verted, i.e.,̂ Pz&s.0, and the resultant absorption spectru
at the higher-frequency sideband has a negative value, sh
ing amplification of the probe beam. Otherwise, ifd5V,
then the population in the dressed stateu1& is less than that
in the dressed stateu2&, i.e., ^Pz&s,0; therefore probe gain
occurs at the lower-frequency sideband.
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VIII. CONCLUSIONS

We have derived a cavity-modified master equation
the atomic density-matrix operator from the full master eq
tion of the composite atom-cavity system, by adiabatica
eliminating the cavity variables in the bad cavity limit, whic
enables us to investigate analytically the dynamical mod
cation of the radiative properties of a strongly driven tw
level atom in a single-mode cavity. In particular, we exam
the cavity-induced population inversion in the bare-state
dressed-state bases, and the cavity-modified relaxation
of the phase quadratures of the polarization and the pop
tion of the atom, the spectrum of the atomic fluorescen
emitted out the side of the cavity, and the probe absorp
spectrum. We find that all these quantities are very sensi
to the atom-cavity coupling, Rabi frequency, and cavity re
nant frequency.

More specifically, atomic population inversion in th
bare-state basis as well as in the dressed-state basis c
achieved for appropriate atom-cavity coupling constants
cavity resonant frequency and high driving intensities. Po
lation inversion is impossible in free space. We also g
physical insight into the cavity-induced population inversi
both in the bare- and dressed-state representations by
forming an analysis in terms of rate equations, which all
one to examine the modifications of the atomic populat
transfer rates. The bare-state population inversion res
from the enhancement of the stimulated absorption rate
the simultaneous inhibition of the stimulated emission by
atom-cavity coupling. The dressed-state population invers
is due to the enhanced atom-cavity interaction when the c
ity is tuned to resonance with the atomic dressed-state t
sition. When the cavity is tuned to resonance with the cen
of the Mollow fluorescence triplet, the cavity-induced dec
rate~into the cavity mode! of the in-phase quadrature of th
atomic polarization can be greatly suppressed, and the in
herent resonance fluorescence spectrum shows a symm
three-peaked structure with Rabi-frequency-dependent l
widths and heights, while the absorption spectrum also
three symmetric components, but with probe gain at line c
ter. However, when the cavity frequency is tuned to o
Mollow sideband, the cavity-induced relaxation rate of t
out-of-phase quadrature can be largely suppressed, and
spectra are asymmetric. For the resonance fluorescence
trum the central peak and the sideband on resonance with
cavity are significantly reduced, while the sideband far-
resonance with the cavity is enhanced. Probe gain may o
at the far-off resonance sideband. In all situations, the s
bands of the fluorescence and absorption spectra are sh
slightly from the standard Mollow sideband position. All th
spectral lines can be narrowed by increasing the driving
tensity. The physics of these striking spectral features is
terpreted in the dressed-state basis. We also briefly discu
our theoretical predictions in the context of the experimen
observations of the cavity-modified resonance fluoresce
of a strongly driven two-level atom@15,16#.
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