PHYSICAL REVIEW A VOLUME 58, NUMBER 2 AUGUST 1998

Inner radiation emitted during B* decay and related problems
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In the present study we consider the radiation emitted du@ifigdecay and a few related problems of
importance in applications. The so-called initial inner bremsstrahlung is emitted by the acce@rgiadicle
at very short distances from the maternal nucleus. Thengthparticle moves with constant velocity through
the electronic shells of the maternal atGion) and emits the inner bremsstrahlung. Later @eparticle leaves
the maternal atonfion) and begins to pasavith the same constant velocjtshrough the surrounding atoms
and emits the usual bremsstrahlung. Likewise, both the maternal and surrounding atoms can be excited and
even ionized either by the instantaneous change of the nuclear charge or by such a pergtraiénticle.
Then the excited atoms transit to the ground state emitting the so-called atomic transition radiation, which may
be observed during or aftg@™ decay. Our present analysis includes the inner bremsstrahlung and inner atomic
transition radiation, i.e., both continuous and discrete radiation from the maj@fndecaying atorr(ion).
[S1050-294{@8)04108-7

PACS numbes): 34.90+q, 41.60—m, 23.40--s

[. INTRODUCTION few different stages, e.g., the initial inner bremsstrahlung, the
inner bremsstrahlung, and the usual bremsstrahlung. Below,
In the present paper we consider processes related tbe inner radiation means always the radiation that is emitted
nuclear 8~ decay. As is well knowngs decay is of great by the g* particle inside the maternal atom. Our present
interest in various applications related to modern technologymain goal is to develop the theory that can represent quite
Let us mention only a few widely knowg™-decaying nu- well the experimental results known for the inner brems-
clei, which are of paramount importance for technolotjy; strahlung emitted during th8= decay[5]. This problem is
233rh, 239y, and 2*Pu. Tritium is of interest for thermo- solved in the next two sections. Note that in the present work
nuclear fusion and some other problems, while these threthe inner bremsstrahlung caused by the nuckardecay is
heavy isotopes are used in production of the so-called wellstudied in both relativistic and nonrelativistic approxima-
fissionable nuclei?®U, 23%u, and?*’Cm[1], respectively. tions. Also, we consider the two cases when positive and
A large number of the8~ nuclei can be found among the negative particles are emitted from the positively charged
fission fragments, which are produced in nuclear reactors anaucleus. In other words, the found results can be applied to
nuclear explosiongsee, e.g.[3] and [4] and references nucleara decay, nuclear fission, and other nuclear processes
therein. Most such nuclei, in particula?’Sr and**'Cs, are  as well.
extremely dangerous for people and nature. Also, there are The discrete radiation or atomigonic) transition radia-
quite a few purely scientific problems whegé decay is the tion is discussed in detail in the fourth section. The main
leading process. For instance, the neutrggi’'sdecay is very  problem here is to calculate the respective excitation prob-
important for the theory of weak interactions. abilities for ions produced during the* decay. Indeed, if
Actually, B~ decay is a quite complicated phenomenon,such probabilities are known, then the spectrum and intensi-
which includes a number of different steps, e.g., formation ofies of the emitted radiation can be easily predicted. Here the
the B particle inside of a nucleus, its escape from theso-called sudden approximation is extensively used. Such an
nucleus, motion of the emitte@d™ particle outside the approximation works very well if the perturbation, which
nucleus, interaction with electronic shells of the maternaimay have a quite large amplitude, acts only for a very short
atom, penetration through the electronic shells of other attime. In this section some examples are considetieel tri-
oms, etc. In the present study we do not wish to discuss theum atom, He-like ions, etc. with3~-decaying nuclgi
nuclear part of the problem, and restrict ourselves to analysighere either analytical or numerical solutions can be found.
of the emitted radiation and related atomic problems. In prin-The concluding remarks are given in the final section.
ciple, there are two different types of radiation related with
t_he B~ decay. T_he inter_action between the emitgd par- Il. EQUATIONS OF MOTION
ticles and atomic nuclei produces the so-called continuous
radiation or bremsstrahlung. The discrete radiation is related Let us consider a nucleus that has a perfect spherical form
mainly with changes in the atomic electronic shells arisingwith radiusR and is placed at the origin point=0, y=0,
either during or after the nucle@™ decay. and z=0. At the initial timet=0, a charged particle with
The continuous radiation analysis includes the followingchargee and massnis emitted from this nucleus. Its mass
two steps. The first is to solve the equations of motion, ands significantly less than the mass of the nuclélisi.e., m
the second is to consider the radiation emitted during suckeM. Without loss of generality, we may assume that the
motion. Since the velocity of the emitted particle changessmitted particle begins to move along thaxis. The remain-
along the trajectory, the radiation analysis contains also &g nucleus can be considered as immovable, since its mass
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is significantly larger than the mass of the emitted particlewherea=— eQ/mc?. Note that the parametdr is always
The charge of this remainin@r “final” ) nucleus is desig- positive (otherwise the emitted particle cannot move away
nated below a®. The principal question is the formation of from the maternal nuclelyswhile a may have either sign.

the charge@3™ particle inside of the nucleus and its escape After a few simple transformations the last equation is
from this (i.e., maternal nucleus. We shall assume that the reduced to the following form:

emitted partlcle appears at the pamt(zo=R) on thez axis,

with velocity vectorv—(O,OzO). Actually, this means that 'Z:C\/l_
the emitted3™ particle moves in the positivedirection with

the initial speedzy. Below only the frame related with the

immovable, heavy nucleus is used. In this frame the electri®"

field acting on the emitted particleat z=z,) equalsk,=

— Q/Z2, while the magnetic field is identically zero, as are ct= JZ (a+bz)dz )
thex andy components of the electric field. Now, the appro- zoya’+2abz+ (b?>—1)Z? '

priate equations of motion can be considered in detail.

z
a+bz

2 Ja’+2abz+(b*-1)7
a+bz

The final analytical expression for this integral depends sig-
nificantly on the following two valuesti) A=4a%(b?>—1)

A. The relativistic case > 2 > Aty ) ! 5
—4a“b“=—4a“, which is always negative, an@) b*—

The relativistic equations of motion take the form which can be either positive or negative. Sirttg 0, the
. . . . . question about the value bf—1 is reduced to the compari-
Px=0, py=0, p,=eE,, é=eEz (1) son ofb and 1.
When eQ>0 (e.g., 8© decay, the parameteth= 1y,
whereE,= — Q/z? andp,=£z/c?. The initial conditions are  + eQ/mcz,>1. Therefore, in this case?~1>0 always,

z(t=0)=z, andz(t=0)=z,. In these equations and every- and the last equation takes the form
where below£ is the kinetic energy of the emitted patrticle.

The charge of the particles, is negative(positive) for 8~ bVR(z)—a In[S(2)]=(b*~ 1)¥Zct+bR(z0)
gi,g;) decay. From the last two equations follows the equa- —aln[S(zy)] %)

2 where  R(z)=a?+2abz+(b2—1)7? and  S(2)
oo 2 o _ =(b?-1)R(2) + (b?—1)z+ab. From this equation one
2°¢z=eQ(z°—c%)= eQCZ( c2 )_ eQcy 2, finds the explicit dependenae=z(t). For the 3~ decay the
2) case whereQ<0 andb>1 is also possible. But now of the
two inequalitiesy,=1 andy,=>1— eQ/mc®z,, the last one
is stronger, sinceQ<0. From this inequality after a few

wher 1— z%/c?) Y2 and y=1 always. In the ultrarel
erey=( fe) andy always. In the ultrarela- imple transformations one finds the so-called threshold con-

tivistic case the right-hand side of this equation vanishes, an

ition:
thereforez=0, i.e., the particle does move with constant
velocity [6]. However, it should be mentioned that for regal _ [5(2+5)
decay such an approximation is not quite accurate, since the zozcﬁ, 9

maximal value ofy=(1—z?%/c?) ~? does not exceed 25-30.
Moreover, in many actual cases=2—5. Now, by usingg  where §= — eQ/mc®z, =a/z,. Actually, this is the relation

= ym¢c, we reduce the last equation to the form betweenz, andz,, which includes some other physical pa-
3 rameters. Obviously, the right-hand side in the last inequality
. eQ . eQ 2 is always less thao.
== EV T mA2\ T 2 (3) For the 3~ decay the case whemQ<0 andb<1 or 1

<vy,<1— eQ/mc?z, is also possible. Actually, this inequal-
ity means that the particle cannot move to an infinite distance
from the maternal nucleus, i.e., the classical or spontaneous
B~ decay is impossible. The nonspontaneous or stimulated
eQ1l eQ 1 ~ decay requires a number of very specific conditions and
S eyt —= 2 =b. @ B y req ! Y Sp
mc z mec? z, cannot proceed easily. Furthermore, such a process was
never observed experimentally. For this reason we restrict
The last expression has a quite transparent physical sengdirselves below only to the situation whbr-1.
the sum of the kinetic and potential energigbvided by
mc?) is a constant €b) uponz It can be written also in B. The nonrelativistic case
another form:

The first integral for this equation takes the form

The equation of motion for the nonrelativistic case is ob-

vious:
1 (yo+eQ/mc220)z eQ/mc2 bz+a

= , . . e
V1- 2%c? z z - p,=eE, or mz=—z—2Q, (10
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where again as before(t=0)=z, and z(t=0)=z,. By for the nonrelativistic case. The appropriate asymptotic ve-
multiplying both sides of this equation with and integrat- locities are () lim,_..z=c(Jb*~1/b), where b=y,

ing the equation we find the following equation: +eQ/mc?z,, for the relativistic case; andii) lim, ...z
b =/z2+ 2eQ/mz, for the nonrelativistic case. This shows
7=/ z+a: \ /b+ a (12) that in any case after some time the emitted particle begins to
z z'

move with constant velocityactually, this time is quite
) short, see beloy

wherea= —2eQ andb= 2eQ/mz, +z§. Note thatb>0 al- Let us obtain now explicit formulas for the inner radiation
ways (otherwise, there is no decy]), while a can be either  emitted by the accelerategf” particle, which moves accord-
positive or negative. Nevertheless, the shim-a is always ing to the equations of motion found in the preceding sec-
positive. Finally, after integration the last equation takes theaion. Since the particle moves always along thaxis and,
form moreover, its accelerationis parallel to the velocity, we
can write for the power radiated per unit solid angle,
(dP(t")/dQ), the following expression:

Vbz(bz+a)—bzy(bzy+a)

Joz+\bz+a

—a In———=—==hb/bt. 12 ! 252 i
Jbz+ bzt Vb (12 dP(t') _ e’z gr?@)
dQ  4mcd (1— zlccoW)®

This can be written also in a different form: )
_e'Q® (1-72%c?)%sie
Rl S0 R -2 ), T ancmiZ (1 doco) D

where R, (z)=bz(bz+a) and S,(z)=+bz+bz+a. The in the relativistic case. In this equation and beldjs the
subscript “nr’ means nonrelativistic. In this form the last angle between the axis and the direction of observation.
equation coincides almost exactly with H8) given above. Actually, tq produce the final formula one needs to use here
Such a coincidence is discussed in detail in the next sectiorkq. (6) for z. The timet’ in this formula designates the time
when the radiation was emitted by the charge. Obviously, the
IIl. THE ANALYSIS OF CONTINUOUS RADIATION time t when the emitted radiation reaches the observation
EMITTED DURING B* DECAY point equalst=t’+ R(t')/c, whereR is the distance be-
tween the two points in which radiation was emitted and

In this section we consider in detail the continuous elecygcejved, respectively. In the nonrelativistic caset and
tromagnetic radiation emitted during™ decay. Actually, he analogous formula takes the form

such radiation can be emitted in at least four different stages

of this process. In the first stage, there is radiation that is 2o 42
related with the nuclear process of forming tBé particle d_P: €z Sink® = eQ
inside of the nucleus. This process needs a separate investi- dQ  44c8 4mcm?z*
gation, and obviously, cannot be studied in terms of classical

electrodynamics. In the second stage, there is radiation emift follows from these two formulas that such radiation losses
ted by the accelerated™- particle at distances~z, from are negligible &m~2) for heavy particlege.g., for the emit-
the maternal nucleus. Such radiation can be called the initigkd « particle. Likewise, they decrease very quicklyz™*
inner bremsstrahlung. Later radiation is emitted whendhe  when the distance from the maternal nucleus increases.
particle moves(with almost constant velocijythrough the The total radiated powe?(t’) (or P for the nonrelativis-
electronic shells of either the maternal atgthe so-called tic case is also of interest for applications. It can be easily

inner bremsstrahlungor surrounding atomsi.e., the usual  found by integration ofiP/dQ) over the solid anglé) (0
bremsstrahlung These are the third and fourth stages of the<()<47). The appropriate relativistic result is

process, respectively. Below we consider only the inner
bremsstrahlung. 262 2 e'Q?
First, we wish to note that in the asymptotic limiz ( P(t')= —7290=2 ———, (17)
— o) the equations of motiofrelativistic as well as nonrel- 8 3 cm?z*
ativistic) take the following form:

Sirfo. (16)

wherey=(1— z%/c?) =12 Note that the final result does not

z—2zy—Aln E) =Bt, (14)  depend on the value. Furthermore, it coincides exactly with
4 the corresponding nonrelativistic result:
wherez=z,, B=0, while A can be either positive or nega- 2 42
: P : : - 2., 2 €°Q
tive. Now, if z is really very large in comparison withy, p=—"52_% _ (18)
then the logarithmic term is negligible and one finds from the 3¢ 3cmP
last equatiore=Bt+z,, i.e., the equation for uniform mo-
tion with constant velocity Z=B). Actually, this follows In some applications the spectral and angular distribution

directly from Egs.(6) and(11) for the relativistic as well as of the emitted radiation is of great interest. This is given by
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di(e) €w? oo 7 . 2 atomic electrons. In terms of this it can be shoffar more
O —Zssinz(H) f exglw| 1——co®P |t|z dt detail see Ref48-12) that the atomic excitation probability
4mc 0 c in the zeroth-order approximation is given by the formula
(19

Ma =KW (@)W, (g 1)), (22)
wherel is the intensity of the emitted radiation afdis the nuny= KW ny (@14 1))]
angle between the directions of acceleration and observatiogherew , (q) and¥,, (q+1) are the stationary wave func-
respectively. When the emitted particle begins to move With[ions of t?we initial ar?d final atom&ions) with the nuclear
constant velocity) [wherev=c(yb"—1/b)], the last x-  pargeqyandq+ 1, respectively. Obviously, this part of the

pression takes the following well-known forf6]: transition probability arises due to the instantaneous change
2 2ir? of the nuclear chargg—qg=1. Actually, since the system
di(w) e vsl (20  (ie., the nuclear chargehanges instantaneously, its original
dQ 4723 (1- v/cco)? electronic wave function takes the componefitsthe new
basis setthat are proportional to the wave functions of the
The total radiation intensity(w) can be easily found from new ground and excited states. Briefly, this means that after

this expression: such an instant change the new system can be found, in
principle, not only in its ground state, but also in any of its

e? b b+ b%—1 excited states, including the so-called unbound or continuum
l(w)= ; \/bz—llnb— JbZ—1 -2, (21)  states. The contribution of the so-called “direct” electron-

electron interaction between ti" particle and atomic elec-

whereb is determined by Eq(4) in the relativistic case. In tronslis Qa)? times smallezr._Since the fine structure constant
the nonrelativistic caseb>1 and one finds|(w) @~ 137 the parameterqa)” is really small only for smalg,
= (2€?/3c) (1— 1/b?), which is quite small. This means 9 1=q=<10. Below we restrict our co'n3|derat|'o'n to the
that the emitted radiation is negligible for slggparticles. ~ ¢@S€ of sucly values, and unless otherwise specified below
The formulas presented here govern the inner bremsstraRNly atomic units =1, me=1, ande=1) are used.
lung emitted duringd® decay. They can be integrated nu- It should be mentloneq also that the matrlx_element pre-
merically overt (ort') by using, e.g., various stepwise pro- sented ) abgve conEalns the exponential function
cedures. The found results give an evaluation for the inne@Xp(—1-v,-Zirj), wherev, is the velocity of the recoiling
continuous radiation emitted by the penetratig) particle,  nucleus an(fi are the radius vectors of all of the atomic
when it moves inside the maternal atom. In principle, suchp|ectrons. However, it can be shown that the value is
radiation may interact with the atomic electrons, and finally,negligible in comparison with the typical velocities of atomic
the maternal atom can be found not only in its ground stateglectrons. Indeed, in terms of the momentum conservation
but also in excited states as well as in the ionizedun- e can writeM v, = yMev 5, WhereM,, and m, are the
bound state. This is the so-called direct interaction betweer,clear and electron masses, respectivelyis the velocity
tergqultitcegt:\‘tnei?rt’notrr?gie—ldegé:ns Another way to excite the ele_c(-)f the emitteds™ particle andy,*= mz%. The ap-
ying atom is related to the instan - - k . .
taneous change of the nuclear charge. It is shown in the ne oximation exp-i-vy-Zir)~1 is valid only when the ratio
section that the atomic excitation probabilities due to the" . vn/ve <1, Wherev, is the velocity of atomic electrons.
direct interaction are negligible in comparison with thoseBUt this expression can be written in the form
caused by the changes in the nuclear charge.

r- YEMes Vg Vg

o , (29
IV. ATOMIC EXCITATION IN NUCLEAR ~ B* DECAY Mpwe  N(mp/meg)gax  13.4Ngx

Let us discuss now the atomiand ionig excitations that whereN is the total number of nucleons in the nucleus, while
are produced by nucle@™ decays. For convenience, in this gis the effective nuclear charge that acts on the electron. The
section the chargg designates the initial nuclear chargee-  m, is the proton mass and the factors of order 1. As we
fore B~ decay, while the chargeg+1 stands for the final have mentioned above, thefactor for the emitte3™ par-
nuclear charge. It is quite clear that the atomic excitationgicle does not exceed 25-30. Actually, this means that if
arise due to the two following reasons} the change in the =1, thenR<1 whenN=10 andq=5. But by using the
nuclear charged—q=*1), and(ii) the interaction between known energies of thg= particles, one finds th&®<1 also
the emittedg™ particle and the electrons of the maternalfor N<10 andq<5, since in these cases thefactors are
atom. Now, our main problem is to evaluate and compare thseignificantly less than 30. Moreover, in all knoyat decays
appropriate probabilities. Note that this problem was studiedhe energy released is shared almost entirely by the electron
for the first time almost 60 years ag8] (see also Refs. (positron and the neutringantineutring. Therefore, in gen-
[9-12)). The approach, developed [8], is based on the eral, the recoiling nucleus takes up momentum which is sig-
so-called sudden approximation, which means thatghe nificantly less than that used in the evaluation made above.
decay and the following penetration of the emitted fast elecOnly when theg™ decay is studied in the so-called weakly
tron (i.e., B~ particle are instantaneous processes in termsound atomic system@.e., x<1) may the ratioR be quite
of the usual atomic time scale. Indeed, the velocity of thecomparable with 1, and the so-called recoiling ionization be-
emitted 8= particle is quite comparable with the speed of comes also possible for such a weakly-bound electron. For
light c, and it is significantly greater than the usual values forinstance, the recoiling ionization plays some role, if the



1216 ALEXEI M. FROLOV AND VEDENE H. SMITH PRA 58

B=-decaying atom initially was in one of its highly-excited emit positron$ with q values that are less than 10. In some
Rydberg states. This case requires a separate investigatiazases two or three different energetical groupg-qfarticles
but below we consider thg™ decay only from the ground or can be observed, e.g., for tHeC, N, or ?'F nuclei. How-
low-lying excited states whem,~0. It should be mentioned ever, the sudden approximation is applicable very well for
that the immovable nucleus means the conservation of thgach of these groups, i.e., the formulas presented here can be
total angular momentur for the 8~ -decaying atom. More- ysed in this situation as well. First, consider the situation
over, for the hydrogenlike atoms this actually means the conghen the initial and final systems are the one-electron or
servation of the electron angular momentum H-like atoms (ions). In this case analytical formulas for
Now, we evaluate thé1, ,, probabilities for a number of - 1. . can be found. Indeed, by applying the radial parts of

known atoms and ions witl-active nuclei. There are 30 the hydrogenlike wave functions in the forfh3]
known B-active nuclei(19 of them emit electrons, while 11

\/an2++|1(2I+l)!(2qr)'+1 p( qr
n) &
n

><nflfl (—l)k+1Cﬁ,|,1(2ql’/n)k (24)
=0 (21 +k+1)! ’

Wh1(Q,r) =Py (r)=

one easily finds an analytical finite sum expression for the transition probab&ﬂi;ynz, which corresponds to the* decay

from the initial (q;,n4,l41) to the final[q,;=1,n,,l,(=I,)] states. In this formulacﬁ are the appropriate binominal coeffi-
cients[14]. The final analytical formula fOJMnl,n2 is quite cumbersome, since it contains a double sum. The explicit form is

(1+1) ny—1-1 ny—1-1

4Q1QZ) 2 2 (_1)k1+k2

n1n2 kl:() k2:0

02025 11CA (21 +1)!

nin;

nl,nz_

ck  cke

n—1=1"n,—

(21 +ky+ 1)1 (21 + Ko+ 1)1 (qy /Ny + gy /ny)ketke 2143 7

1_1(2a1/np) (20, /ny)*2(ky +kp+ 21+ 2)!

(29

wherel;=1,=1. The results of the numerical calculations for the initial and final nuclei are considered as infinitely heavy.
a number of transition probabilities are presented in Table IThe radial part of the tritium wave function takes the form
In this table theB™ decay in the tritium atom is considered. L

It follows from these results that the probability to find the _a@=D_ [, F o r

resulting HE ion in one of its bound states is more than Pin(N="Wizg (1= 2 1 Z)GX% 2) (26)
95-97%. Note that in all previous papers e decay was

considered only from the ground state of the trittum atomwhile the radial part of theHe" wave function is

[15-20. Furthermore, only the ground ¢} and first excited

(2s) states in the final He ion were discussed as the final (4=2) 1 3r r2 o3 r

states. In our present study the appropriate generalization is¥ fir) =" 40 (1)= 2 1=+ 5 2R T 2)

given for the excited atomitboth initial and final states as (27)

well as for atoms that contain more than one electron.

Another interesting phenomenon should be mentionedyherer is exactly the same in both equations. Now, it is easy
which we discovered by performing the calculations for suchto see by direct integration thalt;,(r) and ¥;;(r) are or-
transition probabilities in various atomic and ionic hydrogen-thogonal to each other. This means that‘lhgz)z)(r) func-
like systems. Indeed, as follows from Table |, if the initial tjon jies inside of the functional spad@;_,, which is or-
tritium atom was in |ts(L-_'>,3)_ state, then the finaiHe ion can thogonal to the appropriate space of the bound state
be never found, e.g., in ité5,3 or (10,3 states. Actually, functionsD,_, [21-23. As it follows from the explicit form
such a rule follows immediately from the fact that the radial “a=1 ' P
parts of the hydrogenlike functions E(4) depend on the of the\IfEﬂ’B)z)(r) function, this function has a finite norm and
ratio qr/n, rather than on the radiusonly. This means the has the same exponential factor as ﬂnﬁgz)l)(r) function.
variation of n may compensate, in principle, the chargeThe principal difference can be found in the number of
change caused by the" decay, e.g.g/n; = (q=1)/in,. In nodes, one vs thrd@4,25.
order to represent such a general situation, let us consider the Actually, this problem should be discussed by applying
following example. the general group theory. As is knowsee, e.9.,26,27]) the

The initial state of the tritium aton?H) is the(2,0) state, complete theory of an arbitrary, nonrelativistic, hydrogenlike
while the final state of théHe" ion is the(4,0) state. Both atom can be given in terms of the noncompagt,2) alge-
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TABLE I. The 3He ionic excitation probabilities caused by i decay of the tritium nucleus. The initial state;(l) of the
B~ -decaying tritium atomH) is shown in the left column. All other columns contain the final statgsl) of the *He" ion (in numerators
and the respective ionic excitation probabiliti@s denominators All nuclei are assumed to be infinitely heavy.

(1,0 (1,0 (2,0 (3,0 (4,0 (5,0 (6,0
0.702332 0.25 1.27402 102 3.85367% 102 1.7197% 1073 9.26971x 104
(7,0 (8,0 (9,0 (10,0 (11,0 (12,0
5.59880< 10 4 3.65204< 104 2.51893% 10 4 1.81284x10™* 1.3491% 104 1.0317% 104
(4,0 (1,0 (2,0) (3,0 (4,0 (5,0 (6,0
4.45710< 1078 2.17433< 1072 1.93388< 1072 1.77829< 1072 0.671364 0.262367
(7,0 (8,0 (9,0 (10,0 (11,0 (12,0
1.60923 1073 0.0 1.20443< 1077 5.34943< 10 8.5447% 10 9.9339% 10/
4.3 (4,3 (5,3 (6,3 (7,3 (8,39 (9,3
0.346439 0.578539 7.47254¢10°2 2.8338810°* 0.0 1.37085¢10 8
(10,3 (11,3 (12,3 (13,3 (14,3 (15,3
5.43315¢ 108 8.00246< 108 8.76175¢10 8 8.5093% 108 7.82034x10°8 6.99720x 108
5,3 (4,3 (5,3 (6,3 (7,3 (8,3 (9,3
0.131413 0.0 0.557752 0.300521 1.02980< 102 6.30432< 106
(10,3 (11,3 (12,3 (13,3 (14,3 (15,3
0.0 1.52504< 10 1° 1.82523<10°° 4.71351x10°° 7.33462% 10°° 9.08714x10°°
(6,9 (5,4) (6,4) (7,4 (8,4) (9,9 (10,9
0.134484 1.35175¢ 102 0.397071 0.414525 4.00974< 1072 3.04020< 104
(11,4 (12,4 (13,4 (14,9 (15,4 (16,9
2.78320x 1078 0.0 3.1777% 1073 1.13542 10 1! 5.10672 10" ¢ 1.12502< 10 1°
(7,2 (3,2 (4,2 (5,2 (6,2 (7,2 (8,2
1.50742 102 1.08932% 102 9.36260< 104 5.26607% 10?2 9.6249%K 102 1.04883< 103
(9,2 (10,2 (11,2 (12,2 (13,2 (14,2
0.537746 0.273392 119404102  32711%10°°  6.1547810 1 00
bra, which contains_ 15 generators. To compute the appropri- | < (Q1 ) (q2 ) >
ate 8-decay probabilities the chargemust be considered as An1,n2= \Ifn1| —r \Ifn2| —r
a new, additional variable. The complete solution of the n n2
problem can be given in terms of the noncompact, 18-
generators algebra, which includes 15 generators of the = Q< v, I(@r) v, |(r)>
0(4,2) algebra mentioned above, and the following three P g, 2
generatorsq, d/dq, andq d/dq, whereq is the charge of the
initial nucleus. We do not wish to present this analytical :ﬂ<\pn ()| w, I(%r) > 28)
consideration here, since its subject is far away from our J:1 ! Z\ g1n,

present goals. Moreover, such an analysis has a very re-
stricted scientific sense, since it can be applied only to thevhereq,;=q andg,=q+ 1. The following(rationa) number
infinitely heavy nuclei inside of the hydrogenlike systems.
But in any real hydrogenlike system the nuclear recoil cannot qQiNy Oon;g
be neglected, and in some cases., the tritium atomthis A=may —— ,—— (29)
effect plays a very important role. d2N1 Gin2

To finish the discussion of the selection rules for the, o B _
B~ -decaying hydrogenlike systemg--q+1) we presenta S pf speC|f|c.|mportance below. For the dgcay ||n the
few simple rules, which have been found either analyticallytritium atom (i.e., q;=1 andq,=2) the amplitudeA, .
or from the results of numerical calculations. First of all, vanishes if(but not only i) \ is equal to an integer number.
note that the corresponding probability is proportional to theNow, let us consider a few particular cases. First, it is easy to
following amplitude[13]: see that when,=1 the appropriate amplitude has only non-
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zero values for arbitrary,. This means for instance that If the initial and final atomgions) are more complicated
there is not an additional selection rule for tge decay systems than the hydrogenlike atom or ion, the correspond-
from the ground state of the tritium atom. In other words theing many-electron wave functions should be used to compute
final state of the helium ion can be arbitrafyith 1=0). My, EQq. (22). For two- and three-electron systems one
Second, only whem;>1 and the ratio\ is an integer num- may apply the completely correlated variational wave func-
ber can such an amplitude be equal to zero exactly. Theon in the relative coordinatesee, e.g.[29,30). The ap-
conditions when this amplitude vanishes follow directly from propriate expressions fok1;,, ;; take the form

the explicit form of the hydrogenlike radial functions. Some '

of such additional selection rules are illustrated in Table I. Min =KW in(rao,ra1,r 20| Pei(raz,rar,r0)? (30
However, it should be noted that Table | corresponds only to
theq,=1, q,=2 case and infinitely heavy nuclei. and
|
./\/lmyfi=|<‘I’in(l’21,r31,r32,r41,r42,r43)|\Ifﬂ(r21,r31,r32,r41,r42,r43))|2 (31

in the case of the two- and three-electron systems, respec- (il = = Lo
tively. The initial and final wave functions can be written in Vim? (r31,r32)=r311r322; (ly,my;l5,my|L, M)
the following general form: !

XY m (N3 Y, m(N32),  (39)
Nmax

Iy = =
‘Pa(rzlyrslarsz)zzi Ci(LS)yLlMZ(r3lar32) and

(Ipdlpilz > = 2
3 2 y (ra1,T a2, 43
X A (r1,r 31,7 3) X\ (32 LM

—rli 2,13 .
T 32 (l1,mg;l,mpl 15, my)
for the two-electron systems, and L4z 43

X (l12,myp;l3,m3|L,M)

W a(r21,7 31,7 32,1 41,1 42,1 43)

Nmax ><Yll,ml(n41)YI2,m2( n42)YI3,m3(n43)a (35)
= 2 Ci(LS)y(LII:\LAJZ)llz;ls(F411F421F43)

i respectively. In these formuldk,,,m;,;l3,ms|L,M) are the
Clebsh-Gordan coefficients ar’qu(ﬁ) are the usual spheri-
cal harmonicg28]. For more details see, e.31] and[32].

(33) By using these formulas for th8~ decay of the tritium
anion GH™) from its ground(or g) state, we can evaluate the
probability for the final He atom to be found in its grouod

for the three-electron systems. In these formulas the suly) state: My 5=(0.4795%, i.e., approximately 23% of all

script ““a” designates either an ih™ or ** fi" state with 346 atoms will be produced in the grourg{L=0) state

the total angular momenturh and spinS. Also, the sub- (here again all nuclear masses are infinifthe analogous

scripts 1,2(1,2,3 stand for the electrons, while the subscript regyt for the 8~ -decaying °Li atom is M, == (0.7601%,

3 (4) means the nucleus for the twghree) electron system, where the final state is the rour(\dr~) stagtzég of the®Be*

tively.C(-® are the unknown variational parameters. ; g g :
respec;: ey h imal ber of P h - ion. Actually, for all two- and three-electron atoms and ions

Nimax designates t(z)e mam(r;n)a number of terms in the variagne pq . can be computed quite accurately, since recently

tional expansiony;“’ and ;™ stand for the appropriate basis gjgnjficant progress was made for such systems. In the case

tem x{?) can be chosen in a form that does not depend upoghany-particle HF or CI wave functions should be used.

i. The radial functions of the relative coordinates

6 3
X d)l( )(r211r311r321r411r421r43)Xi( )

3 6
{621,131t} and {$((ra1,ra1,r a0, a1, M 42,742} V. CONCLUSION
form complete sets in the appropriate three- and six- _ o _ .
dimensional spaces of the relative coordinates. Thus, the inner radiation emitted during™ decay has
The notations ylLl,\}.lz(Fsl,ng) and been considered in the present study. By using the formulas

q s s o ) presented in this work, one may easily compute and repre-
(I1.12)112313 d t t led duct L ) . o .

Yin = 11,742,749 designate vector-coupled products sent the qualitative picture for the inner radiation emitted

of sphe'ncal harmonics for two- and three-electron systemsguring 8* decay. The quantitative agreement should be quite
respectively, to form a state of total angular momentum  good unless we use the approximation that the emitted pho-
They have the following formsnj; =rj; /rj;): tons have energy small compared to the total particle energy.
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In other words, the approach developed above is valid whestrahlung can be considered as for atoms.

the quantum nature of the emitted photons can be neglected. For atoms themselves the next step is to consider both
Likewise, we did not discuss the radiation reaction effectsadiabatic and nonadiabatic correcti¢@6] to the appropriate
which are very difficult to consider analytically. probabilities discussed above. Also, when the fast par-

The atomic excitation analysis was made above in termsicle moves through the electronic shells of atoms, it can
of the sudden approximation. Such an approximation can bproduce holes in such shells. The resulting evolution and
applied when the parameter@)? is small. In actual atoms decay of these holes are of increasing theoretical interest in
this is approximately true only whegr<10—20. Otherwise some recent publication¢ésee, e.g.,[34] and references
the complete relativistic approximation is required. It shouldtherein. In principle, this question is closely related with
be mentioned also that we restrict ourselves presently only tproblems discussed above. However, in the present study we
the consideration of atomig™ decays. The analysis of the completely neglect the direct electron-electron interaction,
analogousB™ decays in molecules is significantly more which was assumed to be relatively small. This means that in
complicated, since the daughter molecule can be left in anrder to discuss the Auger and double Auger effect stimu-
excited vibrational or rotational staf83]. In other words, in  lated by the8™ decay, one needs to consider the appropriate
contrast with atoms, each molecule containpig decaying adiabatic, nonadiabatic, relativistic, and radiative corrections.
nuclei requires, in principle, a separate investigation. This
problem was studied for the first time by CantedB]. The ACKNOWLEDGMENT
emitted radiation analysis becomes more complicated as
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