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Inner radiation emitted during b6 decay and related problems

Alexei M. Frolov and Vedene H. Smith, Jr.
Department of Chemistry, Queen’s University, Kingston, Ontario, Canada K7L 3N6

~Received 19 February 1998!

In the present study we consider the radiation emitted duringb6 decay and a few related problems of
importance in applications. The so-called initial inner bremsstrahlung is emitted by the acceleratedb6 particle
at very short distances from the maternal nucleus. Then, theb6 particle moves with constant velocity through
the electronic shells of the maternal atom~ion! and emits the inner bremsstrahlung. Later theb6 particle leaves
the maternal atom~ion! and begins to pass~with the same constant velocity! through the surrounding atoms
and emits the usual bremsstrahlung. Likewise, both the maternal and surrounding atoms can be excited and
even ionized either by the instantaneous change of the nuclear charge or by such a penetratingb6 particle.
Then the excited atoms transit to the ground state emitting the so-called atomic transition radiation, which may
be observed during or afterb6 decay. Our present analysis includes the inner bremsstrahlung and inner atomic
transition radiation, i.e., both continuous and discrete radiation from the maternalb6-decaying atom~ion!.
@S1050-2947~98!04108-0#

PACS number~s!: 34.90.1q, 41.60.2m, 23.40.2s
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I. INTRODUCTION

In the present paper we consider processes relate
nuclearb6 decay. As is well known,b decay is of great
interest in various applications related to modern technolo
Let us mention only a few widely knownb2-decaying nu-
clei, which are of paramount importance for technology:3H,
233Th, 239U, and 247Pu. Tritium is of interest for thermo
nuclear fusion and some other problems, while these th
heavy isotopes are used in production of the so-called w
fissionable nuclei:233U, 239Pu, and247Cm @1#, respectively.
A large number of theb2 nuclei can be found among th
fission fragments, which are produced in nuclear reactors
nuclear explosions~see, e.g.,@3# and @4# and references
therein!. Most such nuclei, in particular90Sr and 137Cs, are
extremely dangerous for people and nature. Also, there
quite a few purely scientific problems whereb6 decay is the
leading process. For instance, the neutron’sb2 decay is very
important for the theory of weak interactions.

Actually, b6 decay is a quite complicated phenomeno
which includes a number of different steps, e.g., formation
the b6 particle inside of a nucleus, its escape from t
nucleus, motion of the emittedb6 particle outside the
nucleus, interaction with electronic shells of the mater
atom, penetration through the electronic shells of other
oms, etc. In the present study we do not wish to discuss
nuclear part of the problem, and restrict ourselves to anal
of the emitted radiation and related atomic problems. In p
ciple, there are two different types of radiation related w
the b6 decay. The interaction between the emittedb6 par-
ticles and atomic nuclei produces the so-called continu
radiation or bremsstrahlung. The discrete radiation is rela
mainly with changes in the atomic electronic shells aris
either during or after the nuclearb6 decay.

The continuous radiation analysis includes the followi
two steps. The first is to solve the equations of motion, a
the second is to consider the radiation emitted during s
motion. Since the velocity of the emitted particle chang
along the trajectory, the radiation analysis contains als
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few different stages, e.g., the initial inner bremsstrahlung,
inner bremsstrahlung, and the usual bremsstrahlung. Be
the inner radiation means always the radiation that is emi
by the b6 particle inside the maternal atom. Our prese
main goal is to develop the theory that can represent q
well the experimental results known for the inner brem
strahlung emitted during theb6 decay@5#. This problem is
solved in the next two sections. Note that in the present w
the inner bremsstrahlung caused by the nuclearb6 decay is
studied in both relativistic and nonrelativistic approxim
tions. Also, we consider the two cases when positive a
negative particles are emitted from the positively charg
nucleus. In other words, the found results can be applied
nucleara decay, nuclear fission, and other nuclear proces
as well.

The discrete radiation or atomic~ionic! transition radia-
tion is discussed in detail in the fourth section. The ma
problem here is to calculate the respective excitation pr
abilities for ions produced during theb6 decay. Indeed, if
such probabilities are known, then the spectrum and inte
ties of the emitted radiation can be easily predicted. Here
so-called sudden approximation is extensively used. Suc
approximation works very well if the perturbation, whic
may have a quite large amplitude, acts only for a very sh
time. In this section some examples are considered~the tri-
tium atom, He-like ions, etc. withb6-decaying nuclei!
where either analytical or numerical solutions can be fou
The concluding remarks are given in the final section.

II. EQUATIONS OF MOTION

Let us consider a nucleus that has a perfect spherical f
with radiusR and is placed at the origin pointx50, y50,
and z50. At the initial time t50, a charged particle with
chargee and massm is emitted from this nucleus. Its massm
is significantly less than the mass of the nucleusM, i.e., m
!M . Without loss of generality, we may assume that t
emitted particle begins to move along thez axis. The remain-
ing nucleus can be considered as immovable, since its m
1212 © 1998 The American Physical Society
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is significantly larger than the mass of the emitted partic
The charge of this remaining~or ‘‘final’’ ! nucleus is desig-
nated below asQ. The principal question is the formation o
the chargedb6 particle inside of the nucleus and its esca
from this ~i.e., maternal! nucleus. We shall assume that th
emitted particle appears at the pointz0 (z0>R) on thez axis,
with velocity vectorvW 5(0,0,ż0). Actually, this means tha
the emittedb6 particle moves in the positivez direction with
the initial speedż0. Below only the frame related with th
immovable, heavy nucleus is used. In this frame the elec
field acting on the emitted particle~at z>z0) equalsEz5
2 Q/z2, while the magnetic field is identically zero, as a
thex andy components of the electric field. Now, the appr
priate equations of motion can be considered in detail.

A. The relativistic case

The relativistic equations of motion take the form

ṗx50, ṗy50, ṗz5eEz , Ė5eEzż, ~1!

whereEz52 Q/z2 andpz5Eż/c2. The initial conditions are
z(t50)5z0 and ż(t50)5 ż0. In these equations and ever
where below,E is the kinetic energy of the emitted particl
The charge of the particle,e, is negative~positive! for b2

(b1) decay. From the last two equations follows the eq
tion

z2Ez̈5eQ~ ż22c2!52eQc2S 12
ż2

c2D 52eQc2g22,

~2!

whereg5(12 ż2/c2)21/2 andg>1 always. In the ultrarela-
tivistic case the right-hand side of this equation vanishes,
therefore z̈50, i.e., the particle does move with consta
velocity @6#. However, it should be mentioned that for realb
decay such an approximation is not quite accurate, since
maximal value ofg5(12 ż2/c2)21/2 does not exceed 25–30
Moreover, in many actual casesg'225. Now, by usingE
5gmc2, we reduce the last equation to the form

z̈52
eQ

mz2
g2352

eQ

mz2 S 12
ż2

c2D 3/2

. ~3!

The first integral for this equation takes the form

g1
eQ

mc2

1

z
5g01

eQ

mc2

1

z0

5b. ~4!

The last expression has a quite transparent physical se
the sum of the kinetic and potential energies~divided by
mc2) is a constant (5b) upon z. It can be written also in
another form:

g5
1

A12 ż2/c2
5

~g01 eQ/mc2z0!z2 eQ/mc2

z
5

bz1a

z
,

~5!
.
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wherea52 eQ/mc2. Note that the parameterb is always
positive ~otherwise the emitted particle cannot move aw
from the maternal nucleus!, while a may have either sign.

After a few simple transformations the last equation
reduced to the following form:

ż5cA12S z

a1bzD
2

5c
Aa212abz1~b221!z2

a1bz
~6!

or

ct5E
z0

z ~a1bz!dz

Aa212abz1~b221!z2
. ~7!

The final analytical expression for this integral depends s
nificantly on the following two values:~i! D54a2(b221)
24a2b2524a2, which is always negative, and~ii ! b221,
which can be either positive or negative. Sinceb.0, the
question about the value ofb221 is reduced to the compari
son ofb and 1.

When eQ.0 ~e.g., b1 decay!, the parameterb5g0
1 eQ/mc2z0.1. Therefore, in this caseb221.0 always,
and the last equation takes the form

bAR~z!2a ln@S~z!#5~b221!3/2ct1bAR~z0!

2a ln@S~z0!#, ~8!

where R(z)5a212abz1(b221)z2 and S(z)
5A(b221)R(z)1(b221)z1ab. From this equation one
finds the explicit dependencez5z(t). For theb2 decay the
case wheneQ,0 andb.1 is also possible. But now of the
two inequalitiesg0>1 andg0>12 eQ/mc2z0, the last one
is stronger, sinceeQ,0. From this inequality after a few
simple transformations one finds the so-called threshold c
dition:

ż0>c
Ad~21d!

11d
, ~9!

whered52 eQ/mc2z0 5a/z0. Actually, this is the relation
betweenż0 and z0, which includes some other physical p
rameters. Obviously, the right-hand side in the last inequa
is always less thanc.

For theb2 decay the case wheneQ,0 andb,1 or 1
<g0<12 eQ/mc2z0 is also possible. Actually, this inequa
ity means that the particle cannot move to an infinite dista
from the maternal nucleus, i.e., the classical or spontane
b2 decay is impossible. The nonspontaneous or stimula
b2 decay requires a number of very specific conditions a
cannot proceed easily. Furthermore, such a process
never observed experimentally. For this reason we res
ourselves below only to the situation whenb.1.

B. The nonrelativistic case

The equation of motion for the nonrelativistic case is o
vious:

ṗz5eEz or mz̈52
eQ

z2
, ~10!
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where again as beforez(t50)5z0 and ż(t50)5 ż0. By
multiplying both sides of this equation withż, and integrat-
ing the equation we find the following equation:

ż5Abz1a

z
5Ab1

a

z
, ~11!

wherea522eQ andb5 2eQ/mz0 1 ż0
2. Note thatb.0 al-

ways~otherwise, there is no decay@7#!, while a can be either
positive or negative. Nevertheless, the sumbz1a is always
positive. Finally, after integration the last equation takes
form

Abz~bz1a!2Abz0~bz01a!

2a ln
Abz1Abz1a

Abz01Abz01a
5bAbt. ~12!

This can be written also in a different form:

ARnr~z!2a ln@Snr~z!#5b3/2t1ARnr~z0!2a ln@Snr~z0!#,

~13!

where Rnr(z)5bz(bz1a) and Snr(z)5Abz1Abz1a. The
subscript ‘‘nr’’ means nonrelativistic. In this form the la
equation coincides almost exactly with Eq.~8! given above.
Such a coincidence is discussed in detail in the next sec

III. THE ANALYSIS OF CONTINUOUS RADIATION
EMITTED DURING b6 DECAY

In this section we consider in detail the continuous el
tromagnetic radiation emitted duringb6 decay. Actually,
such radiation can be emitted in at least four different sta
of this process. In the first stage, there is radiation tha
related with the nuclear process of forming theb6 particle
inside of the nucleus. This process needs a separate inv
gation, and obviously, cannot be studied in terms of class
electrodynamics. In the second stage, there is radiation e
ted by the acceleratedb6- particle at distancesz'z0 from
the maternal nucleus. Such radiation can be called the in
inner bremsstrahlung. Later radiation is emitted when theb6

particle moves~with almost constant velocity! through the
electronic shells of either the maternal atom~the so-called
inner bremsstrahlung! or surrounding atoms~i.e., the usual
bremsstrahlung!. These are the third and fourth stages of t
process, respectively. Below we consider only the in
bremsstrahlung.

First, we wish to note that in the asymptotic limit (z
→`) the equations of motion~relativistic as well as nonrel
ativistic! take the following form:

z2z02AlnS z

z0
D5Bt, ~14!

wherez>z0 , B>0, while A can be either positive or nega
tive. Now, if z is really very large in comparison withz0,
then the logarithmic term is negligible and one finds from
last equationz5Bt1z0, i.e., the equation for uniform mo
tion with constant velocity (ż5B). Actually, this follows
directly from Eqs.~6! and ~11! for the relativistic as well as
e
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for the nonrelativistic case. The appropriate asymptotic
locities are ~i! limz→`ż5c (Ab221/b), where b5g0

1eQ/mc2z0, for the relativistic case; and~ii ! limz→`ż

5Aż0
21 2eQ/mz0, for the nonrelativistic case. This show

that in any case after some time the emitted particle begin
move with constant velocity~actually, this time is quite
short, see below!.

Let us obtain now explicit formulas for the inner radiatio
emitted by the acceleratedb6 particle, which moves accord
ing to the equations of motion found in the preceding s
tion. Since the particle moves always along thez axis and,
moreover, its accelerationz̈ is parallel to the velocityż, we
can write for the power radiated per unit solid ang
„dP(t8)/dV…, the following expression:

dP~ t8!

dV
5

e2z̈2

4pc3

sin2Q

~12 ż/c cosQ!5

5
e4Q2

4pc3m2z4

~12 ż2/c2!3sin2Q

~12 ż/c cosQ!5
~15!

in the relativistic case. In this equation and below,Q is the
angle between thez axis and the direction of observation
Actually, to produce the final formula one needs to use h
Eq. ~6! for ż. The timet8 in this formula designates the tim
when the radiation was emitted by the charge. Obviously,
time t when the emitted radiation reaches the observa
point equalst5t81 R(t8)/c, where R is the distance be-
tween the two points in which radiation was emitted a
received, respectively. In the nonrelativistic caset85t and
the analogous formula takes the form

dP

dV
5

e2z̈2

4pc3
sin2Q5

e4Q2

4pc3m2z4
sin2Q. ~16!

It follows from these two formulas that such radiation loss
are negligible (.m22) for heavy particles~e.g., for the emit-
ted a particle!. Likewise, they decrease very quickly.z24

when the distancez from the maternal nucleus increases.
The total radiated powerP(t8) ~or P for the nonrelativis-

tic case! is also of interest for applications. It can be eas
found by integration ofdP/dV over the solid angleV (0
<V<4p). The appropriate relativistic result is

P~ t8!5
2e2

3c3
z̈2g65

2

3

e4Q2

c3m2z4
, ~17!

whereg5(12 ż2/c2)21/2. Note that the final result does no
depend on theg value. Furthermore, it coincides exactly wit
the corresponding nonrelativistic result:

P5
2e2

3c3
z̈25

2

3

e4Q2

c3m2z4
. ~18!

In some applications the spectral and angular distribut
of the emitted radiation is of great interest. This is given
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dI~v!

dV
5

e2v2

4p2c3
sin2QU E

0

1`

expF ıvS 12
ż

c
cosQ D tG ż dtU2

,

~19!

whereI is the intensity of the emitted radiation andQ is the
angle between the directions of acceleration and observa
respectively. When the emitted particle begins to move w
constant velocityv @where v5c (Ab221/b)], the last ex-
pression takes the following well-known form@6#:

dI~v!

dV
5

e2

4p2c3

v2sin2Q

~12 v/c cosQ!2
. ~20!

The total radiation intensityI (v) can be easily found from
this expression:

I ~v!5
e2

pc
S b

Ab221
ln

b1Ab221

b2Ab221
22D , ~21!

whereb is determined by Eq.~4! in the relativistic case. In
the nonrelativistic caseb@1 and one finds I (v)
5 (2e2/3pc) (12 1/b2), which is quite small. This mean
that the emitted radiation is negligible for slowb particles.

The formulas presented here govern the inner bremss
lung emitted duringb6 decay. They can be integrated n
merically overt ~or t8) by using, e.g., various stepwise pr
cedures. The found results give an evaluation for the in
continuous radiation emitted by the penetratingb6 particle,
when it moves inside the maternal atom. In principle, su
radiation may interact with the atomic electrons, and fina
the maternal atom can be found not only in its ground st
but also in excited states as well as in the ionized~or un-
bound! state. This is the so-called direct interaction betwe
emitted and atomic electrons. Another way to excite the e
tronic states in theb6-decaying atom is related to the insta
taneous change of the nuclear charge. It is shown in the
section that the atomic excitation probabilities due to
direct interaction are negligible in comparison with tho
caused by the changes in the nuclear charge.

IV. ATOMIC EXCITATION IN NUCLEAR b6 DECAY

Let us discuss now the atomic~and ionic! excitations that
are produced by nuclearb6 decays. For convenience, in th
section the chargeq designates the initial nuclear charge~be-
fore b6 decay!, while the chargeq61 stands for the fina
nuclear charge. It is quite clear that the atomic excitatio
arise due to the two following reasons:~i! the change in the
nuclear charge (q→q61), and~ii ! the interaction between
the emittedb6 particle and the electrons of the matern
atom. Now, our main problem is to evaluate and compare
appropriate probabilities. Note that this problem was stud
for the first time almost 60 years ago@8# ~see also Refs
@9–12#!. The approach, developed in@8#, is based on the
so-called sudden approximation, which means that theb6

decay and the following penetration of the emitted fast el
tron ~i.e., b6 particle! are instantaneous processes in ter
of the usual atomic time scale. Indeed, the velocity of
emitted b6 particle is quite comparable with the speed
light c, and it is significantly greater than the usual values
n,
h

h-
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h
,
e,

n
c-

xt
e

s

l
e
d

-
s
e
f
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atomic electrons. In terms of this it can be shown~for more
detail see Refs.@8–12#! that the atomic excitation probability
in the zeroth-order approximation is given by the formula

Mn1n2
5 z^Cn1

~q!uCn2
~q61!& z2, ~22!

whereCn1
(q) andCn2

(q61) are the stationary wave func
tions of the initial and final atoms~ions! with the nuclear
chargesq andq61, respectively. Obviously, this part of th
transition probability arises due to the instantaneous cha
of the nuclear chargeq→q61. Actually, since the system
~i.e., the nuclear charge! changes instantaneously, its origin
electronic wave function takes the components~in the new
basis set! that are proportional to the wave functions of th
new ground and excited states. Briefly, this means that a
such an instant change the new system can be found
principle, not only in its ground state, but also in any of
excited states, including the so-called unbound or continu
states. The contribution of the so-called ‘‘direct’’ electro
electron interaction between theb6 particle and atomic elec
trons is (qa)2 times smaller. Since the fine structure consta
a' 1

137, the parameter (qa)2 is really small only for smallq,
e.g., 1<q<10. Below we restrict our consideration to th
case of suchq values, and unless otherwise specified bel
only atomic units (\51, me51, ande51) are used.

It should be mentioned also that the matrix element p
sented above contains the exponential funct
exp(2ı•vWn•(irWi), where vW n is the velocity of the recoiling
nucleus andrW i are the radius vectors of all of the atom
electrons. However, it can be shown that thevW n value is
negligible in comparison with the typical velocities of atom
electrons. Indeed, in terms of the momentum conserva
we can writeMnvn5gbmevb , where Mn and me are the
nuclear and electron masses, respectively.vb is the velocity
of the emittedb6 particle andgb

215A12(vb /c)2. The ap-

proximation exp(2ı•vWn•(irWi)'1 is valid only when the ratio
R5 vn /ve !1, whereve is the velocity of atomic electrons
But this expression can be written in the form

R5
gbmevb

Mnve

'
gb

N~mp /me!qax
'

gb

13.40Nqx
, ~23!

whereN is the total number of nucleons in the nucleus, wh
q is the effective nuclear charge that acts on the electron.
mp is the proton mass and the factorx is of order 1. As we
have mentioned above, theg factor for the emittedb6 par-
ticle does not exceed 25–30. Actually, this means that ix
51, then R!1 when N>10 andq>5. But by using the
known energies of theb6 particles, one finds thatR!1 also
for N<10 andq<5, since in these cases theg factors are
significantly less than 30. Moreover, in all knownb6 decays
the energy released is shared almost entirely by the elec
~positron! and the neutrino~antineutrino!. Therefore, in gen-
eral, the recoiling nucleus takes up momentum which is s
nificantly less than that used in the evaluation made abo
Only when theb6 decay is studied in the so-called weak
bound atomic systems~i.e., x!1) may the ratioR be quite
comparable with 1, and the so-called recoiling ionization b
comes also possible for such a weakly-bound electron.
instance, the recoiling ionization plays some role, if t
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b6-decaying atom initially was in one of its highly-excite
Rydberg states. This case requires a separate investiga
but below we consider theb6 decay only from the ground o
low-lying excited states whenvn'0. It should be mentioned
that the immovable nucleus means the conservation of
total angular momentumL for theb6-decaying atom. More-
over, for the hydrogenlike atoms this actually means the c
servation of the electron angular momentuml.

Now, we evaluate theMn1n2
probabilities for a number o

known atoms and ions withb-active nuclei. There are 30
known b-active nuclei~19 of them emit electrons, while 1
or
e
d.
e
n

m

al
n

e
c
n
al

ia

ge
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e
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emit positrons! with q values that are less than 10. In som
cases two or three different energetical groups ofb-particles
can be observed, e.g., for the15C, 16N, or 21F nuclei. How-
ever, the sudden approximation is applicable very well
each of these groups, i.e., the formulas presented here ca
used in this situation as well. First, consider the situat
when the initial and final systems are the one-electron
H-like atoms ~ions!. In this case analytical formulas fo
Min, f i can be found. Indeed, by applying the radial parts
the hydrogenlike wave functions in the form@13#
-
m is
Cn,l~q,r !5Pnl~r !5
AqCn1 l

2l 11~2l 11!!

n
S 2qr

n D l 11

expS 2
qr

n D3 (
k50

n2 l 21
~21!k11Cn2 l 21

k ~2qr/n!k

~2l 1k11!!
, ~24!

one easily finds an analytical finite sum expression for the transition probabilityMn1 ,n2
, which corresponds to theb6 decay

from the initial (q1 ,n1 ,l 1) to the final@q161,n2 ,l 2(5 l 1)# states. In this formula,Cn
k are the appropriate binominal coeffi

cients@14#. The final analytical formula forMn1 ,n2
is quite cumbersome, since it contains a double sum. The explicit for

Mn1 ,n2
5

Aq1q2Cn11 l
2l 11Cn21 l

2l 11~2l 11!!

n1n2
S 4q1q2

n1n2
D ~ l 11!

(
k150

n12 l 21

(
k250

n22 l 21

~21!k11k2

3
Cn12 l 21

k1 Cn22 l 21
k2 ~2q1 /n1!k1~2q2 /n2!k2~k11k212l 12!!

~2l 1k111!! ~2l 1k211!! ~q1 /n1 1 q2 /n2!k11k212l 13
, ~25!
vy.

sy

tate

d

of

ng

ke
wherel 15 l 25 l . The results of the numerical calculations f
a number of transition probabilities are presented in Tabl
In this table theb2 decay in the tritium atom is considere
It follows from these results that the probability to find th
resulting He1 ion in one of its bound states is more tha
95–97%. Note that in all previous papers theb2 decay was
considered only from the ground state of the tritium ato
@15–20#. Furthermore, only the ground (1s) and first excited
(2s) states in the final He1 ion were discussed as the fin
states. In our present study the appropriate generalizatio
given for the excited atomic~both initial and final! states as
well as for atoms that contain more than one electron.

Another interesting phenomenon should be mention
which we discovered by performing the calculations for su
transition probabilities in various atomic and ionic hydroge
like systems. Indeed, as follows from Table I, if the initi
tritium atom was in its~5,3! state, then the final3He ion can
be never found, e.g., in its~5,3! or ~10,3! states. Actually,
such a rule follows immediately from the fact that the rad
parts of the hydrogenlike functions Eq.~24! depend on the
ratio qr/n, rather than on the radiusr only. This means the
variation of n may compensate, in principle, the char
change caused by theb6 decay, e.g.,q/n1 5 (q61)/n2. In
order to represent such a general situation, let us conside
following example.

The initial state of the tritium atom (3H) is the~2,0! state,
while the final state of the3He1 ion is the~4,0! state. Both
I.

is

d,
h
-

l

the

the initial and final nuclei are considered as infinitely hea
The radial part of the tritium wave function takes the form

C in~r !5C~2,0!
~q51!~r !5

1

A2
S 12

r

2DexpS 2
r

2D ~26!

while the radial part of the3He1 wave function is

C f i~r !5C~4,0!
~q52!~r !5

1

A2
S 12

3r

2
1

r 2

2
2

r 3

24
D expS 2

r

2D ,

~27!

wherer is exactly the same in both equations. Now, it is ea
to see by direct integration thatC in(r ) and C f i(r ) are or-
thogonal to each other. This means that theC (4,0)

(q52)(r ) func-
tion lies inside of the functional spaceDq51

' , which is or-
thogonal to the appropriate space of the bound s
functionsD̄q51 @21–23#. As it follows from the explicit form

of theC (4,0)
(q52)(r ) function, this function has a finite norm an

has the same exponential factor as theC (2,0)
(q51)(r ) function.

The principal difference can be found in the number
nodes, one vs three@24,25#.

Actually, this problem should be discussed by applyi
the general group theory. As is known~see, e.g.,@26,27#! the
complete theory of an arbitrary, nonrelativistic, hydrogenli
atom can be given in terms of the noncompacto~4,2! alge-
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TABLE I. The 3He ionic excitation probabilities caused by theb2 decay of the tritium nucleus. The initial state (n1 ,l ) of the
b2-decaying tritium atom (3H) is shown in the left column. All other columns contain the final states (n2 ,l ) of the 3He1 ion ~in numerators!
and the respective ionic excitation probabilities~in denominators!. All nuclei are assumed to be infinitely heavy.

~1,0! ~1,0!

0.702332

~2,0!

0.25

~3,0!

1.2740231022

~4,0!

3.8536731023

~5,0!

1.7197931023

~6,0!

9.2697131024

~7,0!

5.5988031024

~8,0!

3.6520431024

~9,0!

2.5189331024

~10,0!

1.8128431024

~11,0!

1.3491931024

~12,0!

1.0317931024

~4,0! ~1,0!

4.4571031023

~2,0!

2.1743331022

~3,0!

1.9338831022

~4,0!

1.7782931022

~5,0!

0.671364

~6,0!

0.262367

~7,0!

1.6092331023

~8,0!

0.0

~9,0!

1.2044331027

~10,0!

5.3494331026

~11,0!

8.5447331027

~12,0!

9.9339331027

~4,3! ~4,3!

0.346439

~5,3!

0.578539

~6,3!

7.4725431022

~7,3!

2.8338831024

~8,3!

0.0

~9,3!

1.3708531028

~10,3!

5.4331531028

~11,3!

8.0024631028

~12,3!

8.7617531028

~13,3!

8.5093231028

~14,3!

7.8203431028

~15,3!

6.9972031028

~5,3! ~4,3!

0.131413

~5,3!

0.0

~6,3!

0.557752

~7,3!

0.300521

~8,3!

1.0298031022

~9,3!

6.3043231026

~10,3!

0.0

~11,3!

1.52504310210

~12,3!

1.8252331029

~13,3!

4.7135131029

~14,3!

7.3346231029

~15,3!

9.0871431029

~6,4! ~5,4!

0.134484

~6,4!

1.3517531022

~7,4!

0.397071

~8,4!

0.414525

~9,4!

4.0097431022

~10,4!

3.0402031024

~11,4!

2.7832031028

~12,4!

0.0

~13,4!

3.17773310213

~14,4!

1.13542310211

~15,4!

5.10672310211

~16,4!

1.12502310210

~7,2! ~3,2!

1.5074231022

~4,2!

1.0893231022

~5,2!

9.3626031024

~6,2!

5.2660731022

~7,2!

9.6249931022

~8,2!

1.0488331023

~9,2!

0.537746

~10,2!

0.273392

~11,2!

1.1940431022

~12,2!

3.2711331025

~13,2!

6.15478310210

~14,2!

0.0
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bra, which contains 15 generators. To compute the appro
ateb-decay probabilities the chargeq must be considered a
a new, additional variable. The complete solution of t
problem can be given in terms of the noncompact,
generators algebra, which includes 15 generators of
o~4,2! algebra mentioned above, and the following thr
generators:q, ]/]q, andq ]/]q, whereq is the charge of the
initial nucleus. We do not wish to present this analytic
consideration here, since its subject is far away from
present goals. Moreover, such an analysis has a very
stricted scientific sense, since it can be applied only to
infinitely heavy nuclei inside of the hydrogenlike system
But in any real hydrogenlike system the nuclear recoil can
be neglected, and in some cases~e.g., the tritium atom! this
effect plays a very important role.

To finish the discussion of the selection rules for t
b2-decaying hydrogenlike systems (q→q11) we present a
few simple rules, which have been found either analytica
or from the results of numerical calculations. First of a
note that the corresponding probability is proportional to
following amplitude@13#:
ri-

-
e

e

l
r

re-
e
.
ot

y

e

An1 ,n2

l 5K Cn1lS q1

n1

r D UCn2lS q2

n2

r D L
5

n2

q2
K Cn1lS q1n2

q2n1

r D UCn2l~r !L
5

n1

q1
K Cn1l~r !UCn2lS q2n1

q1n2

r D L , ~28!

whereq15q andq25q11. The following~rational! number

l5maxS q1n2

q2n1

,
q2n1

q1n2
D ~29!

is of specific importance below. For theb2 decay in the
tritium atom ~i.e., q151 and q252) the amplitudeAn1 ,n2

l

vanishes if~but not only if! l is equal to an integer numbe
Now, let us consider a few particular cases. First, it is eas
see that whenn151 the appropriate amplitude has only no
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zero values for arbitraryn2. This means for instance tha
there is not an additional selection rule for theb2 decay
from the ground state of the tritium atom. In other words t
final state of the helium ion can be arbitrary~with l 50).
Second, only whenn1.1 and the ratiol is an integer num-
ber can such an amplitude be equal to zero exactly.
conditions when this amplitude vanishes follow directly fro
the explicit form of the hydrogenlike radial functions. Som
of such additional selection rules are illustrated in Table
However, it should be noted that Table I corresponds only
the q151, q252 case and infinitely heavy nuclei.
pe
in

u

ip

rs
ria
is
s
po
es

ix

ts
m

e

e

I.
o

If the initial and final atoms~ions! are more complicated
systems than the hydrogenlike atom or ion, the correspo
ing many-electron wave functions should be used to comp
Mn1n2

, Eq. ~22!. For two- and three-electron systems o
may apply the completely correlated variational wave fun
tion in the relative coordinates~see, e.g.,@29,30#!. The ap-
propriate expressions forMin, f i take the form

Min, f i5 z^C in~r 32,r 31,r 21!uC f i~r 32,r 31,r 21!& z2 ~30!

and
Min, f i5 z^C in~r 21,r 31,r 32,r 41,r 42,r 43!uC f i~r 21,r 31,r 32,r 41,r 42,r 43!& z2 ~31!
-

e

l

ns
tly

case
ate

ulas
re-

ed
ite
ho-
rgy.
in the case of the two- and three-electron systems, res
tively. The initial and final wave functions can be written
the following general form:

Ca~r 21,r 31,r 32!5 (
i

Nmax

Ci
~LS!Y LM

l 1 ,l 2~rW31,rW32!

3f i
~3!~r 21,r 31,r 32!x i

~2! ~32!

for the two-electron systems, and

Ca~r 21,r 31,r 32,r 41,r 42,r 43!

5 (
i

Nmax

Ci
~LS!Y LM

~ l 1 ,l 2!l 12 ; l 3~rW41,rW42,rW43!

3f i
~6!~r 21,r 31,r 32,r 41,r 42,r 43!x i

~3!

~33!

for the three-electron systems. In these formulas the s
script ‘ ‘a’ ’ designates either an ‘‘in ’ ’ or ‘ ‘ f i ’ ’ state with
the total angular momentumL and spinS. Also, the sub-
scripts 1,2~1,2,3! stand for the electrons, while the subscr
3 ~4! means the nucleus for the two-~three-! electron system,
respectively.Ci

(LS) are the unknown variational paramete
Nmax designates the maximal number of terms in the va
tional expansion.x i

(2) andx i
(3) stand for the appropriate bas

spin functions. Obviously, in an arbitrary two-electron sy
tem x i

(2) can be chosen in a form that does not depend u
i . The radial functions of the relative coordinat
$f i

(3)(r 21,r 31,r 32)% and $f i
(6)(r 21,r 31,r 32,r 41,r 42,r 43)%

form complete sets in the appropriate three- and s
dimensional spaces of the relative coordinates.

The notations Y LM
l 1 ,l 2(rW31,rW32) and

Y LM
( l 1 ,l 2) l 12 ; l 3(rW41,rW42,rW43) designate vector-coupled produc

of spherical harmonics for two- and three-electron syste
respectively, to form a state of total angular momentumL.
They have the following forms (nW i j 5rW i j /r i j ):
c-

b-

t

.
-

-
n

-

s,

Y LM
~ l 1 ,l 2!

~rW31,rW32!5r 31
l 1 r 32

l 2(
ml

^ l 1 ,m1 ; l 2 ,m2uL,M &

3Yl 1 ,m1
~nW 31!Yl 2 ,m2

~nW 32!, ~34!

and

Y LM
~ l 1 ,l 2!l 12 ; l 3~rW41,rW42,rW43!

5r 41
l 1 r 42

l 2 r 43
l 3(

ml

^ l 1 ,m1 ; l 2 ,m2u l 12,m12&

3^ l 12,m12; l 3 ,m3uL,M &

3Yl 1 ,m1
~nW 41!Yl 2 ,m2

~nW 42!Yl 3 ,m3
~nW 43!, ~35!

respectively. In these formulas^ l 12,m12; l 3 ,m3uL,M & are the
Clebsh-Gordan coefficients andYl ,m(nW ) are the usual spheri
cal harmonics@28#. For more details see, e.g.,@31# and@32#.

By using these formulas for theb2 decay of the tritium
anion (3H2) from its ground~or g) state, we can evaluate th
probability for the final He atom to be found in its ground~or
g̃) state:Mg,g̃5(0.4795)2, i.e., approximately 23% of al
3He atoms will be produced in the groundS(L50) state
~here again all nuclear masses are infinite!. The analogous
result for theb2-decaying 9Li atom is Mg,g̃5(0.7601)2,
where the final state is the ground~or g̃) state of the9Be1

ion. Actually, for all two- and three-electron atoms and io
theMin, f i can be computed quite accurately, since recen
significant progress was made for such systems. In the
of atoms with four and more electrons, the appropri
many-particle HF or CI wave functions should be used.

V. CONCLUSION

Thus, the inner radiation emitted duringb6 decay has
been considered in the present study. By using the form
presented in this work, one may easily compute and rep
sent the qualitative picture for the inner radiation emitt
duringb6 decay. The quantitative agreement should be qu
good unless we use the approximation that the emitted p
tons have energy small compared to the total particle ene
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In other words, the approach developed above is valid w
the quantum nature of the emitted photons can be neglec
Likewise, we did not discuss the radiation reaction effec
which are very difficult to consider analytically.

The atomic excitation analysis was made above in te
of the sudden approximation. Such an approximation can
applied when the parameter (aq)2 is small. In actual atoms
this is approximately true only whenq<10220. Otherwise
the complete relativistic approximation is required. It shou
be mentioned also that we restrict ourselves presently on
the consideration of atomicb6 decays. The analysis of th
analogousb6 decays in molecules is significantly mo
complicated, since the daughter molecule can be left in
excited vibrational or rotational state@33#. In other words, in
contrast with atoms, each molecule containingb6 decaying
nuclei requires, in principle, a separate investigation. T
problem was studied for the first time by Cantell@33#. The
emitted radiation analysis becomes more complicated
well, since the emittedb6 particle now moves in the field o
many different nuclei. Probably, only the initial inner brem
o
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strahlung can be considered as for atoms.
For atoms themselves the next step is to consider b

adiabatic and nonadiabatic corrections@20# to the appropriate
probabilities discussed above. Also, when the fastb6 par-
ticle moves through the electronic shells of atoms, it c
produce holes in such shells. The resulting evolution a
decay of these holes are of increasing theoretical interes
some recent publications~see, e.g.,@34# and references
therein!. In principle, this question is closely related wit
problems discussed above. However, in the present stud
completely neglect the direct electron-electron interacti
which was assumed to be relatively small. This means tha
order to discuss the Auger and double Auger effect stim
lated by theb6 decay, one needs to consider the appropri
adiabatic, nonadiabatic, relativistic, and radiative correctio
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compressed fuel to the temperatures'4–10 keV, and also to
support and partially control the conducting thermonuclear
actions by outcoming high intense neutron fluxes. Third,
simplify and stabilize the thermonuclear burning and its pro
gation. Only for the last purposes are the fissionable elem
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