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Line shapes of saturated absorption spectroscopy in optically thick media
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The line shapes of saturation spectroscopy in optically thick two-level media are calculated for atomic and
molecular transitions. Line narrowing and distortion effects due to propagation are presented. For Doppler-
broadened media it is shown that, due to multiphoton processes, the natural linewidth limits the ultimate
narrowing that can be reached. Thus, up toa0L520, only when the rate-equation approximation is valid
subhomogeneous linewidths are expected.@S1050-2947~98!07708-7#

PACS number~s!: 32.70.Jz, 32.80.Bx, 32.90.1a
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I. INTRODUCTION

Pump-probe spectroscopy of atoms and molecules
been studied for many years@1# and the line shape of Dop
pler free resonances investigated for optically thin@2–7# and
for strongly absorbing media@7–15# . Basovet al. @7# and
Rautianet al. @8# predicted that power broadened linewidt
would show line narrowing in saturation spectroscopy in o
tically thick media. An increase in the propagation dep
which is equivalent to increasing the overall linear abso
tion of the cell, would produce narrower linewidths wi
high contrast transmission signal. Svanberget al. @9# demon-
strated this, performing saturated absorption experiment
an optically thick cell containing Na vapor and showed hi
contrast along with line narrowing below the natural spon
neous emission rate of the transition. Both conditions h
been emphasized as advantageous for laser stabilization
poses. Experiments on infrared transitions in SF6 have also
shown line narrowing@12#, but just to the point of eliminat-
ing the power broadening of the resonance.

The basic phenomenon behind power broadened nar
ing is the attenuation of the pump beam due to propagat
which implies the saturation of a narrower class of atom
velocities. Another source of line narrowing acting on t
probe transmission is the strong absorption occurring on
wings of the saturated resonance line. These effects, i
itively, might justify the subhomogeneous linewidths o
served. Using the rate-equations approximation in their
culations Svanberg et al. @10# obtained subnatura
linewidths. In their experiments in Na vapor, subnatural l
narrowing did appear but associated with crossover re
nances. The strictly two-level transitions observed in@10#
never reached subnatural width. Recent experiments
Caiyanet al. @13# with two Na cells in tandem configuratio
do report strongly subhomogeneous linewidths, again
crossover resonances between hyperfine lines. The majo
ficulty in testing the two-level predictions in Na is the pre
ence of optical pumping cycles due to its hyperfine levels
is important to emphasize the difference between subna
linewidth in an optical two-level transition and subnatu
linewidth in a coupled three-level system. This last case m
show ‘‘subnatural’’ lines whose widths are in fact associa
to the sublevels coherence relaxation rates. These relaxa
manifest themselves in Raman resonances for two copr
PRA 581050-2947/98/58~2!/1139~7!/$15.00
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gating different light beams. Thus the corresponding narr
lines can only be used for precise comparison between
optical frequencies and not for absolute optical calibrat
purposes. Similar narrow lines also occur due to populat
pulsation resonance in open two-level systems@16#.

As will be shown here, calculations for an optically thic
medium of two-level atoms, taking into account multiphot
processes in the cross saturation of the probe transmis
do not give subnatural linewidths. An exception is wh
dephasing collisions dominate the transition dipole rel
ation rate. In this particular case contributions from mu
photon processes are negligible, the rate equation is a g
approximation and a linewidth below the homogeneo
width can be attained. Baklanov and Chebotayev@2# and
Haroche and Hartmann@5# showed, for the case where pop
lation decay is dominated by collisions, that the maximu
percentage of transparency induced in a thin sample b
strong counterpropagating pump beam, for an infinit
Doppler-broadened transition, is 62% of the linear abso
tion as opposed to 100% predicted by the rate-equation
proximation. Their results will be discussed here for the c
of optically thick condition.

Preliminary account of the calculations have been p
sented earlier along with experiments done on a collis
broadened molecular transition of SF6 with radiation from a
CO2 laser@12#. In both experiments and calculations it wa
shown that the linewidth could not be less than the homo
neous width. The results are extended to calculations wh
spontaneous emission and phase interrupting collisions
the dominant mechanism of decay, restricted to two-le
media and single sample cell. The line shapes were ca
lated as the spectral power added or subtracted to the p
beam by the induced polarization@5#. The probe has constan
incident intensity and is always weak. Thus, no possibility
allowed for the generation of instabilities@17#.

Optically thick media with multiple resonances were stu
ied recently by many authors. The shift and the resolution
lines in Na vapor have been investigated by Zhankuiet al.
@11# who analyzed their data using the rate-equations
proximation. Solutions using Maxwell-Bloch equations f
optically thick three-level media have been reported in
literature by Schmidt-Iglesiaset al. @14# who also studied
theoretically the related problem of spectrally resolving
dependent pairs of nearby resonance lines@15#. The impor-
1139 © 1998 The American Physical Society
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1140 PRA 58O. Di LORENZO-FILHO AND J. R. RIOS LEITE
tant case of coupled three-level systems in an optical pu
ing configuration including crossover resonances, which
relevant to explain the narrow lines of the Na experimen
@10,13#, is also left out of this work.

The restriction of the calculations to the case of homo
neously broadened transition brings in the line shapes w
absorption and amplification features. The amplification o
probe in a two-level medium pumped by a strong near re
nant field, observed for an atomic beam by Wuet al. @18# in
the thin sample condition, can be enhanced in thick medi
The same possibility exists for wave mixing generation
related parametric processes, which have been discusse
thin media by Boydet al. @19#. The work herein will not
explore the details of gain generation when the homogene
linewidth or the power broadened homogeneous linewidt
bigger than the Doppler, despite its recent interest and
cussion in the literature@20#

II. THE TWO-LEVEL SYSTEMS

The two-level systems composing the medium are rep
sented in Fig. 1. The transition is assumed nondegene
with dipole matrix elementm and central frequencyv0. For
the upper level the relaxation is specified by two expli
coefficients:gs , the spontaneous emission rate of the tran
tion, i.e., from levela towards levelb, and ga , the decay
rate towards the reservoir consisting of all other nonreson
levels. The decay rate for the lower level isgb . Dephasing
collision relaxation on the transition dipole is given by t
rategph. Three distinct cases will be discussed according
the relative values of the relaxation rates present: first,relax-
ation dominated by the spontaneous emission, as in very
pressure atomic vapors;gs@ga5gb'gph then,the infrared
molecular transitions dominated by hard collisions whe
ga5gb@gs'gph and third the transitions dominated by
phase interrupting collisionsin which gph@ga5gb'gs In
all casesga5gb so that the two-level systems are close
with the sum of the populations remaining constant. Th
are commonly found cases that exclude the species w
optical pumping cycles occur. The relaxation rate for t
transition coherence is

gab5~ga1gb1gs!/21gph. ~1!

The total field in the medium is given by the superpositi
of two plane waves

FIG. 1. Diagram of the two-level atom or molecule. The leve
have pumping ratesla andlb and relaxation ratesga andgb to the
nonresonant levels. The spontaneous emission rate froma to b is
gs .
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E~z,t !5EF~z!cos~vFt2kFz!1EP~z!cos~vPt2kPz!,
~2!

whereEF(z) and EP(z) are the amplitudes,vF and vP the
angular frequencies, andkF and kP the wave vectors of
pump and probe fields, respectively. The fields can be
quency tuned but their amplitudes before entering the
sorbing medium are considered to have flat intensity spec

The density matrix equations for the two-level system
solved in the rotating-wave approximation@5#. The total op-
tical polarization is obtained from the density matrix, whic
describes the medium under the action of the two fields:

P~z,t !5E
2`

`

Tr@r~z,t,vz!m#dvz , ~3!

where the terms ofP(z,t) oscillating as exp$6(kiz2v i t)%
gives Pi(z,t) ( i 5F or P!. The general inhomogeneous
Doppler-broadened case, with widthDvD5kuAln2 @half-
width at half maximum~HWHM!# can only be integrated
numerically. Throughout the medium the intensityI i}E i

2

will vary as

dIi

dz
52a i I i52 K Ei~z,t !

dPi~z,t !

dt L , ~4!

wherea i is the beam absorption coefficient and^& denotes
time averaging.Pi(z,t) is the nonlinear polarization with
spatial wave vectorki .

Including only the strong pump field in the equation w
get the nonlinear absorption coefficientaF of the pump beam
@1#. In order to determine the intensityI F(z) it is necessary
to integrate its absorption along the cell between 0 andz for
copropagating beams and betweenL and z for the counter-
propagating beam configuration.

At each location the probe absorption coefficientaP was
calculated by solving the equations in the presence of
strong pump and probe field to first order. It is the cro
saturation of the pump on the probe absorption that cont
the physics of interest here.

The line shapes for the saturated homogeneously bro
ened transitions depend on the Bennett hole width,

Gs
B5gabA11S, ~5!

whereS5I F(z)/I sat is the dimensionless pump intensity an
I sat the saturation intensity defined as

I sat5\ggabcne0/2m2, ~6!

wheren is the nonresonant refraction index,e0 the electric
vacuum permeability, and

g52~ga1gs!gb /~ga1gb! ~7!

is an effective relaxation rate. The power broadened li
width is

GS5
gab

2
@11A11S# ~8!

and the low and high saturation regimes occur forS!1 and
S@1, respectively.
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PRA 58 1141LINE SHAPES OF SATURATED ABSORPTION . . .
The curves calculated for the transmitted probe inten
were normalized to incident intensity atz50, and written as
I P /I P0.

For the purpose of comparison of the signal linewidths
a function of the sample optical thickness, the values of
relaxation rates were always chosen such thatgab had the
same value for different relaxation mechanisms. Thus,
the thin cell with weak pump power all the calculated sign
show equal linewidths, 2gab .

III. HOMOGENEOUSLY BROADENED TRANSITION

The homogeneously broadened cases occur for transv
pump-probe experiments with atomic beam@18#, in very
high pressure molecular gases, and within cold atoms m
@21#. Velocity integration is unnecessary and the pump-pro
signal in an optically thin sample does not depend on
propagation direction of the beams@16#. The geometric axial
alignment of the probe with respect to the pump is irrelev
as long as the volumes being pumped and probed are
same.

In an optically thick cell the co-propagating pump-pro
arrangement is not obviously equivalent to the counterpro
gating one. The thick medium causes both the pump and
probe beam intensity to be attenuated through the cell. T
the population difference and the level coherence create
the pump field depend on the position along the cell.

Physically, the total probe absorption is the integrat
~addition! of the accumulated induced absorptions from
stack of thin cells, covering the whole medium. As sta
above, in a homogeneously broadened medium, the co
bution from each thin cell is the same for both copropagat
or counterpropagating beams, as long as the beam inten
are preserved. However, due to their non-negligible abs
tion the pump intensity and the probe intensity are differ
at each location of the thick cell, when one changes fr
copropagating to counterpropagating arrangement. Fo
weak probe though the pump is not disturbed. The indu
probe change signal is always the integration of a signal o
probe that is attenuated from its entrance into the cell t
specific slice, then changed by the pump at that specific s
and then again attenuated through its way out of the cell.
instance, in a region of strong pump, the probe line shap
produced at a certain slice near the cell entrance of the p
on a copropagating probe that will be attenuated afterwa
when it proceeds through the cell, or is created on the s
slice, near the cell entrance of the pump, but on a probe
has already been attenuated because it came from the
side, in a counterpropagating alignment. The overall integ
tion, calculated in first-order perturbation on the probe be
amplitude, ends up the same, showing that the thick med
condition does not break the directional symmetry beca
the probe is not disturbing the pump. Conversely, the in
mogeneously Doppler broadened transition already sh
the directional asymmetry in the thin cell condition.

In contrast with the Doppler broadened case, the ou
probe intensity for a homogeneous broadening condition
been numerically calculated considering the pump be
fixed at resonance,vF5v0, and high input pump intensity
I F5100I sat. This is the same pump power used to calcul
narrow lines in the Doppler-broadened condition of the n
y
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sections. The result is shown in Fig. 2~a! for the thin cell,
with optical thicknessesa0L50.01 and in Fig. 2~b! for the
thick cell, with a0L520. In both cases copropagating an
counterpropagating configurations give the same line sha

For transitions with relaxation dominated by dephas
collisions power broadened Lorentzian lines result. Ho
ever, the coherent processes under high pump power ind
extra features to the line, including the possibility of ga
without population inversion. These line shapes have b
predicted and were observed in atomic beam experim
@18#. The occurrence of amplification, whenI F /I sat@1 in
Fig. 2~a!, for strong pumping near and on resonance o
two-level thin medium has been discussed by various auth
@1,5# and can be associated with the dynamic stark splitt
of the transition as well as the stimulated Raman and R
leigh emission processes@5#. This line shape has also bee
studied by Boydet al. @19# to describe parameric gain i
four-wave mixing on two-level systems. The line shape
Fig. 2~b! shows that significant gain, on the order of 30%

FIG. 2. Line shapes of saturated absorption in the homo
neously broadened medium for high saturation intensity,I F

5100I sat. ~a! For an optically thin cell,a0L50.01 and~b! for an
optically thick cell,a0L520. I P /I P0 is the output probe intensity
normalized to its incident intensity. The short dashed line cor
sponds to relaxation dominated by phase interrupting collisi
gab5gph ~when the rate-equation approximation is valid!. The long
dashed and the solid lines correspond to spontaneous emis
gab5gs , and to hard collisions,gab5ga5gb , as the main relax-
ation mechanisms, respectively.



ith
s
e
ti-
en
go
is
fu
us

e
p

ic
or
te

te
as

ic
s
in

va
t

th
m
it
tio
ac
tra
wi

cu-

for
for

w

as it
ich
ill
ther
om

is
ms
r
sly

tion
ler

the

n
tio

op-

al
tical

1142 PRA 58O. Di LORENZO-FILHO AND J. R. RIOS LEITE
610 linewidths probe detuning, appear in a thick cell, w
a0L520 pumped byI F /I sat5100 , while the gain was les
than 0.015% for the same pump conditions in the thin c
case of Fig. 2~a!. Thus the pump-probe line shapes in op
cally thick homogeneously broadened media do not dep
on the relative beams direction unless the probe beam
off the weak intensity condition. The main gol of this work
the line narrowing in Doppler-broadened media and so
ther discussion of the line shapes for the homogeneo
broadened media will be treated elsewhere.

IV. COUNTERPROPAGATING BEAMS
IN DOPPLER-BROADENED TRANSITIONS

The inhomogeneously broadened case also pres
strong effects due to coherent processes. Those process
a key role in determining the signals line shapes and part
larly their ultimate linewidths. They are responsible f
breaking the symmetry between copropagating and coun
propagating beam configuration@1#. Such asymmetry is due
to different Doppler selection of resonance in stimula
light scattering from a two-level atom in a strong field,
explained by Baklanov and Chebotayev@4#. In the rate equa-
tion limit all these coherent effects are washed out. The th
medium condition within the weak probe approximation ju
enhances the asymmetry existing for thin cells, preserv
the essential features of the line shapes.

The Doppler-broadened transition, common in atomic
pors, was calculated considering a single laser producing
pump and the probe laser beams. ThusvF5vP5v is the
frequency tuned through the resonance atv0. The Doppler
width is assumed always dominant (DvD@gab ,GS) and the
two incident beams have constant intensity tunable over
Doppler line. With high incident intensity the strong bea
initially propagates losing power at a constant rate. After
pump intensity reaches a value below the medium satura
intensity the usual exponential beam absorption takes pl
Spectrally, a sharp edged profile, due to saturation con
enhancement on the slope of the Doppler width appears
nearly the inhomogeneous linewidth,DvD .

FIG. 3. Counterpropagating saturated absorption signal i
Doppler-broadened medium. The levels’ populations relaxa
rates were taken equalga5gb andgs5gph50, as in the hard col-
lision model for molecules. For these curves we usedDvD550g,
I F5100I sat, anda0L55.
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The probe beam spectrum, shown in Fig. 3, was cal
lated for the conditionDvD550g (ga5gb5g and gs
5gph50) and for a cell deptha0L55. For the high input
pump intensity used in the calculations,I F5100I sat, a wide
power broadened probe signal line would have resulted
the case of a thin cell. At the other extreme case, that is,
a thick cell with a0L520, the results show a very narro
and very small sub-Doppler signal.

Because the intensity of the pump beam decreases
propagates through the medium, the probe signal, wh
would have a power broadened linewidth in a thin cell, w
have its line narrowed as the sample becomes thicker, o
parameters being kept unchanged. This narrowing fr
power-broadened width down to the homogeneous width
intuitive and has been observed experimentally for ato
@10# and molecules@12#. Crossing the natural width barrie
by further propagation narrowing was discussed previou
based on results of rate-equation calculation@10#.

Figure 4 shows the line shapes of the saturated absorp
in the case of very strong pump input and in the Dopp
limit ( DvD /gab→`). Three spectra are given in Fig. 4~a!
for the optically thin condition (a0L50.01), corresponding
to the limits stated in Sec. II. For comparison purposes
values chosen for the differentg i was always such thatgab

a
n

FIG. 4. Probe beam saturation line shapes calculated in the D
pler limit, DvDoppler/gab→`, ~a! for an optically thin cell and~b!
for a thick cell. The three limits of relaxation conditions, the optic
thickness and the pump beam intensity are as in Fig. 2. Two ver
scales in~b! were expanded with respect to~a!.
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had the same value. Therefore all lines in the low pu
power optically thin cell have the same width. One can se
Fig. 4~a! that for optically thin sample conditions, three di
ferent saturation broadenings are present.

For the case of phase interrupting collisions multipho
processes vanish, and the result is the same as obtained
the rate-equation approximation. This limit of fast relaxati
of the optical polarization corresponds to a physical situat
where the slow population rates drive the system beha
and coherencies washout fast. The increase in transpare
i.e., the decrease in absorption at line center induced by
pump, is the highest and the power broadening is the wea
as shown in Fig. 4~a!. For higher input pump intensities, th
transmission evolves to full transparency at resonance
cause the populations of the two levels of the transition
equalized by the pump beam.

The spectra for hard collision and spontaneous emis
relaxation are also shown in Fig. 4~a!. For the thin cell con-
dition @1# the saturated absorption coefficients are such
at resonance only 62% and 45% of full transparency can
reached respectively. Thus, for both cases the center po
of the resonance is less transparent than the one resu
from rate-equation approximation. At the same time
power-broadened linewidths are larger as shown in the he
and long dashed lines of Fig. 4~a!. These effects of differen
transparency peaks and linewidths are preserved in the
cally thick cell limit.

Figure 4~b! contains the line shapes for the thick med
condition. The narrowest and highest line is for the ph
interrupting collision case. Notice that the induced transp
ency at resonance condition is two orders of magnitu
higher than the induced transparency for the cases wher
relaxation is dominated by hard collisions or by spontane
emission.

The power-broadened line narrows with increasing c
length, all other parameters remain unchanged. This ca
seen in Fig. 5 where the calculated linewidths correspond

FIG. 5. Linewidths of saturated absorption signal calculated
the Doppler-broadened medium in a counterpropagating config
tion as a function of the cell optical thickness. The three limits
relaxation conditions and pump beam intensity are as in Fig
Notice that only for the transitions with relaxation dominated
phase interrupting collisions does the width ratio become less
unit, i.e., the line becomes narrower than the homogeneous
gab .
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to spectra like that of Fig. 4 were plotted fora0L varying
between 0 and 20. The hard collision case, was experim
tally studied using an SF6 resonance and radiation from
CO2 laser@12# and gives a linewidth reaching the limitgab
5g for a0L520. To our knowledge, the spontaneous em
sion atomic transition case for a pure two-level atom h
never been reported experimentally. Its calculated line n
rowing as seen in the dashed line of Fig. 5 is larger than
natural linewidth (gs/2). The contrasts of the signal
@9,10,12# in the three cases follow the inverse of the lin
widths @22#. Therefore, the two-level atomic case will hav
the least narrowing and the least contrast in its signal.

V. COPROPAGATING BEAMS

The ideal arrangement for copropagating pump-pro
spectroscopy in Doppler-broadened media@3,4# is the non-
degenerate case, where the pump frequencyvF is different
from the probe frequencyvP . Spectral lines result from the
tuning of vP , keepingvF fixed. Figure 6~a! shows the cal-
culated line shapes for resonant pump frequency,vF5v0,
and for high input pump intensityI F5100I sat in an optically
thin cell. Now, opposite to what happened with count
propagating beams described in the previous section, the
lution for the case of dominant dephasing collision given

r
a-
f
2.

an
ne

FIG. 6. Line shape of saturated absorption spectra for copro
gating beams calculated for the Doppler-broadened medium.
pump beam frequency is fixed, equal to the transition frequencyv0,
and the probe frequency was tuned. Other conditions are as in
4.
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1144 PRA 58O. Di LORENZO-FILHO AND J. R. RIOS LEITE
the short dashed line is the one that has the least indu
transparency. Its linewidth is also less broadened than
others. In fact this line remains Lorentzian and its wid
should be equal to the corresponding one of Fig. 4~a!, that is,
for the counterpropagating condition. The only differen
observed is a factor of two in frequency scale because in
counterpropagating spectra the pump frequency was
tuned along with the probe, both equal tov. Figure 6~a! also
shows the known fact of how in the copropagating pum
probe condition, as opposed to the counterpropagating c
the multiphoton processes distort the line shape from its
saturation Lorentzian shape. These peculiar line shapes
sharp edges and a flat top with a dip have been calcul
many years ago by Baklanov and Chebotayev@4#, in the
optically thin medium condition.

For thick medium,a0L520, the calculated line shape
behave according to Fig. 6~b!. Again, for transitions domi-
nated by phase interrupting collisions, the resulting line
similar to the one for thin cells. Its width is narrowest as
the counterpropagating case~observe always the factor o
two in frequency scale as explained above!. For the other
two cases the optically thick cell enhances the on-resona
dips of the line spectra. The induced transparency is m
more significant for the atomic transitions dominated
spontaneous emission than the ones dominated by phas
terrupting collisions. The small extra percentage of induc
transparency for the thin cell condition once again leads
one order of magnitude difference for the thick medium co
dition. The signal contrast in the copropagating case was
systematically studied here. In particular, the conditions
finite Doppler width where probe amplification has been p
dicted @5# in thin cell deserve further detailed investigatio
for optically dense media@20#.

VI. CONCLUSIONS

To summarize our results, the semiclassical density
trix calculation for pump-probe energy transfer in a reson
two-level medium was done for optically thick medium co
ditions, determining the associated spectral line shapes
their propagation narrowing effects. Numerical integration
the probe beam has been done for homogeneously broad
s
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and Doppler-broadened gas media under conditions of re
ation rates describing atomic media with pure radiative
cay, molecular media with homogeneous width domina
by hard collisions, and atomic or molecular media in t
presence of a buffer gas, where phase interrupting collisi
rates are the fastest and the rate-equation approximatio
valid.

The homogeneously broadened thick media shows
shapes symmetrical with respect to copropagating ve
counterpropagating configurations. The non-rate-equa
approximation cases, when strong pumping is on resona
show line shapes with an enhancement on both the abs
tion and the amplification portions of the probe line. T
effects are the same known from thin media experime
@18#. The detuned pump condition, when the induced tra
parency@23# may turn into an important probe amplificatio
@18,5# for thin cell, might give further enhancement in th
gain effect for the optically thick medium. The strength a
tainable for such Raman-type gain in thick media was
cently discussed by Brownet al. @20# in the limit of no pump
absorption and with the power-broadened homogeneous
width close to the Doppler width.

In the Doppler broadened case, line narrowing due
propagation was calculated and only the case when the t
sition decay is dominated by phase interrupting collisio
where the rate-equation approximation is valid, lead to ‘‘su
natural,’’ or better, subhomogeneous~less thangab) line-
width in the optically thick media. Though not shown in th
article, signal contrast for counterpropagating arrangem
was also calculated, and verified to be overestimated w
the rate-equation approximation is used. Copropagating c
figuration, on the other hand, when the pump is set fixed
resonance and the probe is tuned, gives much higher indu
transparency for the radiative relaxation limit.
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