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Multiply connected Bose-Einstein-condensed alkali-metal gases: Current-carrying states
and their decay
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The ability to support metastable current-carrying states in multiply connected settings is one of the prime
signatures of superfluidity. Such states are investigated theoretically for the case of trapped Bose condensed
alkali-metal gases, particularly with regard to the rate at which they decay via thermal fluctuations. The
lifetimes of metastable currents can be either longer or shorter than experimental time scales. A scheme for the
experimental detection of metastable states is sket¢®dd50-29478)50303-4

PACS numbeps): 03.75.Fi, 05.30.Jp, 67.40.Fd

Multiply connected superfluid and superconducting sysding length. For the sake of simplicity we neglect any possible
tems can support states in which a persistent macroscopéaffects due to spin. This description is appropriate for ana-
particle current flows. While not truly eternal, these statedyzing the behavior of a BEC system at chemical potential
can have extraordinarily long lifetimes, their decay requiringand temperatur& [7]. In order that the condensate be able to
the occurrence of certain relatively infrequent but nevertheundergo the free-energiand angular-momentunthanging
less topologically accessiblguantum or thermalcollective  fluctuation necessary for current dissipation, the condensate
fluctuations[1—4]. With the many considerable successesmust not be isolated. Therefore we restrict the system to be at
and rapid progress in the experimental exploration of Bosetemperatures not far below the critical temperatilige in
Einstein-condensedBEC) alkali-metal gas systemi5], it  which case the noncondensed atoms serve to provide an en-
seems reasonable to anticipate that multiply connected sed#rgy and angular-momentum reservoir.
tings for BEC will soon become available, thus allowing  As our aim is to address multiply connected systems, we
superfluid properties such as persistent currents to be souglbnsider trap potentialg(r) that confine the gas to a cylin-
The purpose of the present paper is to address, theoreticallgrically symmetric toroidal regior{Fig. 1). Hence,V de-
the ability of BEC alkali-metal gas systems in multiply con- pends only o andz, where{r, ¢,z} are the usual cylindri-
nected settings to support metastable current-carrying statesal polar coordinates. Moreover, we restrict our attention to
and to address the stability and decay of such states via thegystems in which the circumference of the totug=2r)

mal fluctuations. Complementary work by Rokh$6i ad- s considerably greater than the condensate healing length
dresses related questions regarding the creation of the%e[w(hzlmg?)l’z wheren is related to the maximum par-

sta\t/sz zg%;?e; s:laetr):g%.enological description in which Weticle density, and the thickness of the torsis comparable
characterize the state of the BEC system by a macroscopltg or smaller tharg [8]. This corresponds to a regime of low

wave function® (r), in terms of which the condensate den- condensate den_sity; hence, the Th_omas-Fermi approximation
sity n and current density are given by [9] is not applllcable. Traps having these gross featu.res
should be achievable by the use of magnetic and optical
n(r)=|¥(r)|?, (19 forces[10]. There are two main reasons for considering this
setting: (i) there would be no locally stable current-carrying
% states ifL were comparable to or smaller than (ii) for
j(r):m(\lf*v‘lf—\lquf*). (1b)
The free energyF of the state is given by the Gross-
Pitaevskii form

hZ
#= [ | gvw v -l s Siel, @

wherem is the mass of an individual ator(r) is an effec-
tive external potential describing the magnetic and optical
confinement of the atoms, argl (=4=#2a/m) represents
the interatomic interaction, wita being an effective scatter-

FIG. 1. Envisaged geometry of a trap supporting metastable
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thicker samples(i.e., R>¢), the relevant dissipative pro- -

cesses by which the persistent current decays become signifi- L= j dzj rdrH H, H, H, . (70)
cantly more complicatetultimately involving the nucleation

of vortex rings [11]. The termsC,,, given in footnote[13], are functions of the

We shall be concerned with events in which the systen{F,} and are negligible when the transverse extent of the
decays from some metastable current-carrying sthig  condensatdR is small compared with the circumference of
(which is a local minimum ofF) to a lower-energyand the torusL, scaling as R/L)?.
typically more stable state via a thermal fluctuatiofi2]. The physical condition imposed above, viz., thabe
The current decays through a dissipative process duringhuch larger than the torus thickneRs enforces the condi-
which the condensate density shrinks in magnitude over @ion \o<u<\,.o. Hence, except for=0, we haver,<O0.
region whose length is comparable §oDynamically, one In practice, a, is expected to be quite large, scaling as
can envisage this process as occurring via the passage of(g/R)2.
vortex across the sample: a free-energy barrier must be over- |n the low-density limit thev=0 channel should domi-
come for this event to occur. The height of this bardéris nate, all other channels being occupied weakly. We incorpo-
given by the difference between the free energitioé meta-  rate this notion by introducing a book-keeping parameter
stable stateWV,, and that of the transition stat,, i.e., the into Eq. (6): for v#0 we make the replacemept—AB. It
lowest possible free-energy high point en route through concan be verified that the nonleading termsAnmay be ne-
figuration space between the initial and final metastablgjlected for the present purposémcorporating their effects
states. This thermally activated process should occur at a raig straightforward, if tediou.Similarly, one can also incor-
woe” *7KT, where, as we shall discuss later, the attempt freporate the effects of th€ [F]. Hence, we find that the
quencyw, does not contribute significantly to the tempera-relevant state§V¥ .} and{ ¥} can adequately be described in
ture dependence of the rate. terms ofFy.

In order to calculate the barrier heights, we first identify  \ithin the approximation scheme just outlined, the uni-
the collection of metastable current-carrying stg¥¥s,} and  form current-carrying states have the foln,= fmeiSmHO,
the relevant state§V} for transitions between them. Both with
families of states are stationary points &f and therefore
satisfy the time-independent Gross-Pitaevskii equation f2=Ny/2m=(a—nZ)/ AT, (82

SF K% _, ) Sm="Nm¢, (8b)
W=—ﬁV \I’+[V(r)—,u]\If+g|\If| =0, (3 . . .
for integraln,,. For the sake of brevity, we now write and
I in place ofag andT'39. At the stated level of approxima-
tion, N,, is the number of condensed particles in the meta-
stable state anB ! is R?L, i.e., the volume occupied by the
condensate. By considering the second variatiofF df can
be readily shown that these states are local miniiarad
hence metastable provided n{<1, where
52 {m= (47 BT Ny)Y?>~2x¢/L is the dimensionless coherence
———(r7Y9,ra,+)H,+V(r,zH,=\,H,. (4 length.(This limit on the maximum stable value of, is the
2m same as one would find using Landau’s criterion for the criti-

_ _ . cal velocity)
We then expandV in terms of these eigenfunctions: The transition state¥ = f,e'SH, are given by

subject to periodic boundary conditions in the coordinate

To address Eq(3) we introduce a complete orthonormal
set of “transverse” eigenfunctionsl (r,z) and the associ-
ated energy eigenvaluas,, labeled by the “channel” index
v, which solve the eigenproblem

f2=(NJ2m)[1— A% secR(Apl )], %)
W(r,$,2)=2 F($)H,(1r,2). (5) ¢ = (N/2m)[ (A¢l¢)] (
: £20,S=(N/2m)n;. (9b)

By inserting th.is expan_sion into E¢3) an_d making use of Far from a region of lengtlg, the amplitudef, is constant

the orthogonality conditions fdf ,, we arrive at the follow- (f2~N/2m) and the phas&, winds uniformly S~ n,a)

ing set of nqnlin_ear coupled ord_inary differential equations.l.ﬁe cc;efficients in Eq(9) appear simplest when exE)ressed

for the “longitudinal” wave functionsF,(4): in terms of the dimensionless coherence length
(= (4w BT N) Y2

/r+ _ YVl % —
FotaF, 'sz‘wj LopsF oo Fr=Co (6 N2 = (a—n2)/ BT, (109
where primes denote derivatives with respeciftoand the n=n—a"* cos }(ngy), (10b
coefficients are defined by

A2:1_(nt§t)2_ (100

=2mr 2(, — 2
a,=2mr “(u—\,)/h*, (78 AsN,, andN, differ only by quantities of ordeg/L, either of

o them may be used to characterize the number of condensed
B=2mr *glh?, (7b) particles. The transition states must have the property that
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they are saddle points ¢f with only one direction of nega- wq can be estimated by using the value of the microscopic
tive curvature(This unstable direction is the relevant reac-relaxation timer, together with the assumption that each
tion coordinate. It can readily be shown that the states in Eq.coherence volume in the sample fluctuates independghitly
(9) satisfy this condition as long a&>R, or equivalently A realistic estimate forr is the classical collision time
H<N\,zo. Thus, our approximation scheme for a BEC in afor a dilute gasfi.e., 7 *~onv~a?(N/V)(kgT/m)¥?~5
three-dimensional trap reduces the problem precisely to the 10 Hz], giving lifetimes for the metastable states on the
one-dimensional problem addressed by Litflg Langer and  order of seconds. Even beyond the limits of validity of our
Ambegaokaf2], and McCumber and Halper[8]. A useful  c5cylation, one expecF to be a monotonically increasing
by-product of the present approach is that it provides g ncion of the density. Hence, the barriers can be extremely
sche_me fqr determining the intrinsic resistance of supercoqérge at low temperatures, allowing a continuous tuning of
?nlgcg?gxmri?;iﬁ?&gg ggggil(;sntgit?\j;;e”md thus hav- the metastable state lifetime from microseconds to times
longer than the lifetime of the condensate.

Having found the relevant states, we now calculate the We now discuss two of the issues necessary for the ex-
free-energy barrier for dissipative fluctuations. It can be ) - ; .
shown that state¥’ satisfying Eq.(3) have a free energy perimental testing of th(_e predictions presented in this paper.
We have been considering the decay of metastable states, but
g have not yet addressed the issue of how to create them. Vari-
Jf:_g z ous approaches to creating a metastable current-carrying
roratats state that rely on the superfluid properties of the condensate
have been discussed in detail by Rokhgdr Another tech-
nique, which does not rely on the superfluid nature of the
condensate, takes advantage of the spatial separation of the
condensed and noncondensed atoms. One imagines starting
the whole system rotatinfor instance, by using a rotating
nonaxisymmetric fieldthen applying a localized perturba-
tion (such as from a sharply focused Igs#nat stops the
thermal atoms but leaves the condensate rotating.
22 32Nt3a 12 The second experimental matter to be addressed is the
0=— (T (13 detection of metastable current-carrying states. Perhaps the
m i 9RL least difficult scheme would make use of present phonon

We now develop order-of-magnitude estimates for thdmaging techniqueg14]. The experimental configuration

decay rates of metastable states via thermal fluctuations. L&PUId be as follows: A pulse of laser light generates a local
us consider®’Rb, for which the scattering length is 5.8  rarefaction of the condensate, which then travels as two

nm. We take a harmonic trapping potentia¥(r) waves, one moving clockwise, the other counterclockwise.
—(1/2)mw?[(r—1)%+7%], whose ground-state width By nondestructive imaging techniques one might then ob-
JAlme can be identified with the width of the condensateS€™Ve where the two waves meet, which gives the velocity of
R. To estimateT . we consideN noninteracting atoms in the the metastable supercurrent. This is only feasible if the speed
potentialV(r). By virtue of the geometryi.e., R<L) we can  ©f soundc is comparable to the velocity with which the
ignore the curvature of the torus, giving us a density of state§ondensate moves arc1>/L2md the annulus. Linearizing(&q.
p(E) = (4/3) (1h w)2(ML227?/2)2E32 Integrating this 9ives ¢=(9I'Ny/2mm)~“~1.2 mm/s, which is only 30
with the Bose occupation factor reveals thal, times greater than=#/mr~46 um/s.

~1.28(%/m)(N/R*L)?5. For example, if we assume that
N~10°, N~2.5x 10%, R~1 um, andL~100 um, then we We thank Gordon Baym and Tony Leggett for helpful

find 67, /kg=3.2 uK, andT.=0.28 K. The barrier height discussions. We gratefully acknowledge support from the
is sensitive to changes i;, and can therefore be manipu- Natural Sciences and Engineering Research Council of
lated by heating or cooling the sample. CanadaE.J.M), and from the National Science Foundation

The Arrhenius formula for the decay rate in terms ofthrough Grant Nos. DMR94-2451(P.M.G) and DMR91-
the barrier height id"~ wye %"’kT. The attempt frequency 57018(Y.L.G.).
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Using this expression, along with Eq®8) and (9), we find
that

1
oF= EéfO[A(2+(nt§t)2)_3nt§t cos Y(ny], (12

wheredF, is the long wavelengtki.e., n,— 0) value of 5F;
ie.,
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