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Double photoionization of helium from threshold to high energies
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We present accurate calculations for the single and double photoionization of helium from the threshold to
the high-energy limit. At low and intermediate energies, we use theab initio hyperspherical close-coupling
method, which is extended up to 1 keV by introducing an energy-dependent reaction region. At high energies
we employ anaccurateHylleraas initial state and a 3C correlated final-state wave function. The 3C wave
function is shown to be correct to leading order inZ/k. We find good agreement with recent experiments over
the entire energy range. The two calculations merge at;1 keV to within 5%.@S1050-2947~98!50603-8#

PACS number~s!: 32.80.Fb, 31.15.Ja, 31.25.2v
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The double ionization of helium by photoabsorption pr
vides a sensitive test for electron-electron correlations.
cause the coupling between the electron and the radia
field (}p•A) is a one-body operator, the simultaneous ej
tion of two electrons by one photon is mediated through
electron-electron interaction in the initial state~‘‘ground-
state correlation’’! and/or in the final state of two electrons
the Coulomb continuum~‘‘final-state correlation’’!. A large
number of recent experimental~see, e.g., Refs.@1–4#! and
theoretical @5–11# studies have investigated the rat
Rph5s11/s1 of double to single ionization for photon en
ergies from near threshold~photon energyEph'80 eV! to
high energies (;keV). For low photon energies
Eph<300 eV accurateab initio methods, such as the hype
spherical close-coupling~HSCC! @9#, R-matrix @10#, and
complex Sturmian@11# methods have been recently deve
oped, which have led to improved agreement with most
cent measurements. In the high-energy region several
proaches have been pursued, including many-b
perturbation theory~MBPT! @12,13#, the use of the corre
lated 3C wave function as the final state@6,8,14# and, very
recently, the use of the dipole response function@15#. In this
regime, discrepancies between different theoretical pre
tions have remained unresolved and the comparison with
periments is complicated by the fact that in some exp
ments the separation of Compton scattering fr
photoionization was not performed. Moreover, at interme
ate energies (>400 eV) no reliable calculations are ava
able.

In this Rapid Communication we present acomprehensive
calculation from thethreshold to high energiesby employing
two complementary methods. From low to intermediate
ergies, we use the accurate HSCC method@9# and extend it
to energies up to 1 keV by using a large number of chann
('175) and an energy-dependent matching hyperradius
scribing the reaction zone. At high energies, we show t
the 3C wave function@17# ~i.e., a product of three Coulom
functions! is the solution of the three-body Schro¨dinger
equation to orderZ/k1 ~Z, nuclear charge;k1 , momentum of
the outgoing fast electron! in the relevant region of coordi
571050-2947/98/57~3!/1489~4!/$15.00
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nate space, where the dominant contributions to the dip
matrix element originate, and discuss the likely source
discrepancies in previous calculations. At about 1 keV
two approaches merge with a relative deviation of about 5

A detailed description of the HSCC method is given
Refs.@9,16#. Briefly, the HSCC method for two-electron sy
tems proceeds by dividing the six-dimensional~6D! configu-
ration space into an inner region with hyperradi
R5(r 1

21r 2
2)1/2<RM and an outer region where th

asymptotic wave functions are expressed as

F j
~out!5r .

21(
i

f i~r, , r̂ .!@ f i~r .!d i j 2gi~r .!Ki j #, ~1!

whereK is the reactance matrix,f (g) is the regular~irregu-
lar! Coulomb function, andf i is defined as

f i5Rñl~r ,!YLM~ r̂ 1 , r̂ 2!. ~2!

Here, theYLM is the coupled two-electron spherical harmo
ics andRñl(r ,) is a radial function of the hydrogenic He1

ion confined to a box of sizer M5RM /&, i.e.,

Rñl~r M !50. ~3!

Eigenfunctions Rñl with eigenenergiese ñ l,0 represent
bound states and, hence, excitation-ionization chann
while eigenfunctions withe ñ l.0 represent the discretize
double-ionization continuum~see Fig. 1!. In the inner region,
the Schro¨dinger equation is solved by a close-coupling e
pansion in hyperspherical coordinates

F~E!
~ in!~R,a,V!5(

m
Fm

~E!~R!fm~R;a,V!, ~4!

wherea5arctan(r2 /r1) is the hyperangle,V denotes collec-
tively the four angles (r̂ 1 , r̂ 2), andfm represents thediabatic
channel functions. The latter are solutions of the diago
part of the Hamiltonian at a fixed hyperradiusR for each
R1489 © 1998 The American Physical Society
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angular-momentum pair (l 1 ,l 2). The nondiagonal interaction
contributes to the coupling matrixVmn of the close-coupling
equation@16#,

S 2
1

2

]2

]R2 2EDFm~R!1(
n

Vmn~R!Fn~R!50. ~5!

Integration of Eq.~5! proceeds by decomposing the inn
region 0<R<RM into many sectors~typically a few hun-
dred! within each of which the hyperradiusR in fm(R;a,V)
is taken to be constant. The solutions propagated out toRM
are then matched to the asymptotic solutions@Eq. ~1!#.

Extension ofab initio computational methods based o
discretization of the continuum to higher energies faces
problem of the rapid growth of the number of open chann
One strategy to limit the number of open channels is to
crease the matching radiusRM with increasing energy. Fo
smaller box size, however, the energy separation of the p
dostates becomes larger, i.e., the discrete density of p
dostates is reduced. This, in turn, limits the accuracy w
which the double-ionization continuum can be represen
Figure 1 illustrates the discrete representation of the ene
sharing between the two electrons at a photon ene
Eph51 keV. It is this constraint that limits the present exte
sion of the HSCC method toEph<1 keV ~note that the en-
ergy distribution is symmetric about the midpoi
e i /E50.5!. At higher energies, perturbation theory as d
cussed below is expected to be more suitable. We used t
different matching radiiRM540, 30, and 20 for photon en
ergies from 80 to 200 eV, from 200 to 330 eV, and from 3
eV to 1 keV, respectively while we kept the number of co
pling channels fixed to 175. For overlapping energy interv
we have checked that the results for differentRM have con-
verged to within 5%. One important feature of the pres
method is the near gauge independence of our calcul
ionization cross sections. We used both length and acce
tion forms of the dipole transition matrix in the calculatio
and they agree to within 3% of each other.

Turning now to high energies, we employ perturbati
theory with a 3C wave function to describe the correla
final state. The 3C wave function was initially introduced
study the electron-impact excitation of hydrogen@17# and
then ionization processes by electron or positron impact@18#.
The 3C wave function has been shown to satisfy the bou

FIG. 1. Energy sharing of the two electrons at photon ene
Eph51 keV. Thee i represents the eigenenergies of the discreti
pseudostates confined within a box ofRM520.
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ary condition in the asymptotic region where the separat
of all the Coulomb interacting particles tends to infinity@18#.
This property, while of importance from the viewpoint of th
formal theory of scattering, is of little practical relevance
the photoionization process, since the dominant contributi
to the photoionization originate from small to intermedia
interparticle distances. We therefore focus on the proper
of the wave function in theentire coordinate space in the
perturbative regime of small Sommerfeld paramet
Z/k1@1 wherek1 is the velocity of the fast electron.

For a two-electron atomic system, assume that the w
function for a double continuum state has the form

c f
~2 !~r1 ,r2!5fk1

~2 !~r1!fk2

~2 !~r2!B~2 !~k12,r12!, ~6!

wherefk1

(2)(r1) andfk2

(2)(r2) are incoming Coulomb wave

of the two electrons, andB(2)(k12,r12) is a function to be
determined. In Eq.~6! c f

2 is understood to be~anti!symme-
trized. With this ansatz, the three-body Schro¨dinger equation
for infinite nuclear mass,

S 2
1

2
¹1

22
1

2
¹2

22
Z

r 1
2

Z

r 2
1

1

r 12
Dc f

~2 !~r1 ,r2!

5Ec f
~2 !~r1 ,r2!, ~7!

is reduced to

S 2
1

2
¹ r12

2 1
1

2r 12
1~2 ik121ZM12ZM2!•“mr12D

3B~2 !~k12,r12!50, ~8!

where k12 is the relative momentum~velocity! of the two
electrons andM i is defined as a ratio of two hypergeometr
functions of different order,

M i5
~ r̂ i1 k̂i !

2
1F1@11 ih i ,2,2 i ~kir i1k i•r i!#

1F1@ ih i ,1,2 i ~kir i1k i•r i!#
. ~9!

Here h i52Z/ki with i 51,2. The important observation i
that M i are bounded,uM i u&2, for all r i and all angles
u i5cos21(k̂ i• r̂ i). Figure 2 displays the radial and angul
dependence ofMi for typical values ofki representing a fas
electron (i 51) and a slow electron (i 52) in the double
continuum atE52 keV. At high energies, the typical rela
tive momentum between the fast and the slow electrons
isfies

k12@Z. ~10!

Therefore, Eq.~8! can be simplified to

S 2
1

2
¹ r12

2 1
1

2r 12
2 ik12•“ r12DB~2 !~k12,r12!50. ~11!

The solution of this equation is nothing but the distorti
factor to a plane wave due to the electron-electron inter
tion,

B~2 !~k12,r12!5D ~2 !~k12,r12!, ~12!

y
d
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where

D ~2 !~k12,r12!5e2ph12/2G~12 ih12!

31F1@ ih12,1,2 i ~k12r 121k12–r12!#,

~13!

with h1251/2k12. Consequently,c f
(2)(r1 ,r2) in Eq. ~6! be-

comes the 3C wave function@18#. Taking into account tha
the energy distribution in the double photoionization is e
tremely asymmetric at high energies~Fig. 1!, the condition,
Eq. ~10!, is then reduced toEph@Z2. The 3C function is
therefore the correct three-body final state in the full coor
nate space, provided that the photon energy is high and
energy sharing is asymmetric. Moreover, the 3C wave fu
tion satisfies the cusp conditions in both the electron-nuc
and electron-electron coordinates near the origin. This is
cial for the photoionization shake-off process, since it is g
erned by the behavior of the wave functions at small int
particle distances.

The initial-state wave function is expanded in a correla
Hylleraas basis set@19#

c i~r1 ,r2!5e2s~r 11r 2!/2 (
n,l ,m

Cnlmsn1 l 1m

3~r 11r 2! l~r 12r 2!mr 12
n , ~14!

FIG. 2. Behavior ofMi(r i ,u i) as a function of radialr i and
angleu i coordinates atE52 keV with an asymmetric energy dis
tribution: fast electronE151950 eV ~upper panel! and slow elec-
tron E2550 eV ~lower panel!. Arrows indicate dominant region
for the dipole matrix element.
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and is obtained by a variation ofs and ofCnlm . The use of
both integer and half-integer forl and the explicit inclusion
of r 12 terms guarantee high accuracy and fast converge
We use a total of 34 terms for which the photoionizati
result is found to converge. The initial-state energy obtain
is 22.903 72 and the Kato cusp conditions@20# are satisfied
to high precision. The double-ionization cross section is c
culated both directly and indirectly through a closure relat
@6#. The two methods are found to agree to within 1% at
high energies studied here. Following the suggestion of D
garno and Sadgehpour@5#, we employ in evaluation of
s1(n) the acceleration gauge at high energies that places
dominant weight on the final-state wave function at sm
distances from the nucleus.

The present approach differs from previous calculatio
employing 3C final states@6,8,14#. Unlike the calculation of
Hino @14#, who used the monopole term only, we include
contributing multipoles in the expansion of the distortio
factor D (2)(k12,r12). Furthermore, we eliminate additiona
approximations in the evaluation ofD (2) by the closure re-
lation used by Andersson and Burgdo¨rfer @6#. Finally, we use

FIG. 3. Comparison of the ratioRph calculated by the presen
methods~solid curves! with experiments.~A! HSCC calculation
below Eph51 keV. Experimental data: circles from Ref.@4#; tri-
angles from Ref.@3#; squares from Ref.@2#. The arrow indicates the
ratio obtained from the 3C method atEph51 keV ~lower panel!. ~B!
The 3C calculation aboveEph51 keV. Experimental data: square
from Ref. @2#; triangles from Ref.@22# with Compton scattering
excluded. Other calculations: chained curve by MBPT@13#; dash-
double-dotted curve by the dipole response function@15#. Previous
calculations employing the 3C function~dotted curves!. Curve a,
Ref. @6#; curve b, Ref.@14#; curve c, Ref.@8#. The dashed curve is
the present calculation with only the monopole term included. T
arrow indicates the ratio calculated by the HSCC method at 1 k
~upper panel!.
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a more accurate initial-state wave function than that in
calculation of Teng and Shakeshaft@8#. The ground-state
correlation is crucial for double photoionization at high e
ergies and becomes dominant in the high-energy limit.

The ratioRph, calculated in the acceleration form, fro
the double-ionization threshold to 16 keV is presented in F
3. At low and intermediate energies@Fig. 3~A!# the HSCC
result agrees, from the threshold (Eph'80 eV) to 800 eV,
excellently with the recommended data obtained from s
eral experimental data sets by Samson@4#, and, within the
error bars, also with the data of Do¨rneret al. @3#. The devia-
tion from the experimental data of Levinet al. @2# at low
energies may be accounted for by an erroneous use of s
tral filters in that experiment@21#. At high energies@Fig.
3~B!# we presentRph as a function of the inverse photo
energyEph

21 . The result of Teng and Shakeshaft@8# shows a
somewhat similar energy dependence but lies systematic
higher than our 3C result. This difference comes most lik
from the initial-state wave function. In the calculation
Teng and Shakeshaft@8# an eight-parameter ground-sta
wave function is used with relative errors in the Kato cu
conditions of about 5% for the confluence of the electro
nucleus coordinates and 35% for the confluence of
electron-electron coordinates, while in the present calc
tion they are 0.001% and 9%, respectively. Our calculat
proceeds by expanding the distortion factorD (2) in terms of
partial waves in ther12 coordinates. The convergence ofRph
as a function of partial waves included is examined. Tak
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only the monopole term into account leads to results sim
but not identical to Hino’s calculations@14# and also to
MBPT @13#. When all contributing partial waves are summ
up (l<4) we find excellent agreement with experimen
data. Included are the measurements of Levinet al. @2#
around 2 keV and of Spielbergeret al. @22# at higher ener-
gies. In the latter data set, contributions from Compton sc
tering and photoionization are resolved and a direct comp
son with calculations is possible. Even more remarkable,
present result merges with the HSCC calculation@Fig. 3~A!#
at 1 keV. The relative deviation of about 5% between t
HSCC (Rph52.48%) and the 3C wave functio
(Rph52.62%) lies within the theoretical errors of the tw
methods at this energy.

In summary, we have presented two complementary
curate calculations for the ratio of double- to singl
ionization cross sections,Rph, covering the entire energy
range for photon energy from the near-double-ionizat
thresholdEph'80 eV to the nonrelativistic asymptotic limit
They agree with most recent experimental data in the wh
energy region and with each other at intermediate energie
within 5%. We estimate the latter to be the measure for
curacy of the present theory.

This work was supported by the NSF and by U.S. DO
Office of BES, Division of Chemical Science, under Co
tract No. DE-AC05-96OR22646 with LMERC.
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