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Differential cross sections for target excitation and positronium formation
in positron-helium scattering

Puspitapallab Chaudhuri and Sadhan K. Adhikari
Instituto de Fı´sica Teo´rica, Universidade Estadual Paulista, 01.405-900 Sa˜o Paulo, São Paulo, Brazil

~Received 9 July 1997!

Positronium formation and target excitation in positron-helium scattering have been investigated using the
close-coupling approximation with realistic wave functions for the positronium and helium atoms. The follow-
ing eight states have been used in the close-coupling scheme: He(1s1s), He(1s21s), He(1s21p), He(1s31s),
He(1s31p), Ps(1s), Ps(2s), and Ps(2p), where Ps stands for the positronium atom. Calculations are reported
of differential cross sections for elastic scatering, inelastic target excitation to He(1s21s) and He(1s21p)
states, and rearrangement transition to Ps(1s), Ps(2s), and Ps(2p) states for incident positron energies be-
tween 40 and 200 eV. The coincidence parameters for the transition to the He(1s21p) state of helium are also
reported and briefly discussed.@S1050-2947~98!05101-4#

PACS number~s!: 34.90.1q
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I. INTRODUCTION

Of late, there is a renewed interest in positron-atom s
tering due to the improvement in the nature of positr
sources and the positron beam@1#. Among all positron-atom
systems, the positron-helium system is of special interes
experimentalists@2,3# and is widely studied as it has all th
complicated features of a many-body system, but few-b
techniques can be employed conveniently as in the posit
hydrogen system. Moreover, due to the difficulty in obta
ing an atomic hydrogen target, the experimental activity
limited in the case of positron-hydrogen scattering. On
other hand, there have been many experimental studie
target excitation and positronium formation in low and m
dium energy positron-helium scattering.

Besides the experimental works@2,3#, there are numerou
theoretical studies of positron-helium scattering using v
ous theoretical methods, such as the classical trajec
Monte carlo technique~CTMC! @4#, the random phase ap
proximation @5#, the distorted wave approximation@6#, and
the close-coupling approximation~CCA! @7–13#. This allows
us to compare different theoretical treatments with exp
ment and assess their usefulness. Of all the approxima
schemes mentioned above, only the CCA fully includes
effect of coupling between various target states. The C
provides a practical framework for treating electron-atom
positron-atom scattering and handles the elastic, excita
and rearrangement channels in a unified way. It is of us
positron-atom scattering for both small and large atoms@14#
and yields a calculational scheme which can, in principle,
improved upon by including more functions in the basis s

We perform a detailed study of medium energy positro
helium scattering in the framework of eight-state CCA
cluding two dynamically active electrons and using realis
wave functions for the helium and positronium~Ps! atom
states for incident positron energy between 40 eV and
eV. The eight states included in the present CCA study ar
follows: He(1s1s), He(1s21s), He(1s21p), He(1s31s),
He(1s31p), Ps(1s), Ps(2s), and Ps(2p). Most of the other
theoretical studies on this system only presented results
571050-2947/98/57~2!/984~6!/$15.00
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angle-integrated partial cross sections for elastic and dif
ent target inelastic channels. Here, we present results for
ferent differential cross sections and coherence parame
not only for the relevant elastic and inelastic channels
also for the rearrangement channels.

Recently, we have reported results for angle-integra
partial cross sections for elastic, inelastic, and Ps-forma
cross sections at medium energies for positron-helium s
tering @11,12# using the above-mentioned CCA scheme
incident positron energies between 25 eV and 400 eV. T
calculated cross sections were in good agreement with
available experimental results. Two prominentS-wave reso-
nances have also been reported in the positron-helium
tem at 19.27 eV~width 0.001 eV! @12# and at 30 eV~width
2–3 eV! @13#. However, a study of the differential cros
sections and the coincidence parameters is necessary
complete description of scattering. Here we report the diff
ential cross sections for elastic scattering, inelastic target
citation to He(1s21s) and He(1s21p) states, and rearrange
ment transition to Ps(1s), Ps(2s), and Ps(2p) states for
incident positron energies between 40 and 200 eV. We a
present the results for the coincidence parameters,l and x
for excitation to the He(1s21p) state.

The positron-helium system is one of the simplest syste
where the total capture cross sections to the Ps atom s
are comparable to elastic and inelastic cross sections. H
anab initio dynamical description of the Ps formation in th
system using realistic wave functions is most welcom
However, because of the two-centered nature of the fi
state in the Ps-formation channel and of the presence of
active electrons, the theoretical description of Ps-format
in positron-helium scattering is a difficult task. This is wh
most of the CCA calculations for this system have eith
neglected the Ps-formation states@9,10# or treated them ap-
proximately by employing an effective one-electron mod
for helium and also simplified wave functions for the po
tronium atom@8#.

In Sec. II we present a theoretical description of o
study. We present the details of the wave functions as we
the partial-wave scattering Lippmann-Schwinger-type CC
984 © 1998 The American Physical Society
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57 985DIFFERENTIAL CROSS SECTIONS FOR TARGET . . .
equations used in the present study. In Sec. III we report
numerical results for differential cross sections for elas
inelastic, and rearrangement collisions and for coincide
parameters for inelastic transition to the He(1s21p) state.
Finally, in Sec. IV we present a summary of our study.

II. THEORY

In the CCA, the total wave function for the positron
helium system is written as

C~rW1 ,rW2 ,rW3!5(
n

Fn~rW1 ,rW2!Fn~rW3!x1~3,21!

1(
k

F1s
1 ~rW1!hk~rW23!@Gk

P~RW 23!x1~1,23!

1Gk
O~RW 23!x2~1,23!#1(

k
F1s

1 ~rW2!hk~rW13!

3@Gk
P~RW 13!x1~2,13!2Gk

O~RW 13!x2~2,13!#,

~2.1!

with r i j 5urW i2rW j u, RW i j 5urW i1rW j u/2, whererW i ( i 51,2) are the
coordinates of the atomic electrons andrW3 is the positron
coordinate. HereFn(rW1 ,rW2) andhk(rW i j ) are thenth andkth
eigenstates of the helium and the Ps atoms, respectively.
ground-state wave function of the residual helium ion af
positronium formation isF1s

1 (rW i) ( i 51,2); Fn(rW3) describes

the motion of the incident positron andGk(RW i j ) describes the
relative motion between the Ps atom and the helium ion.
superscriptsO and P on G denote the Ps atom in the spin
triplet ~ortho! and spin-singlet~para! states, respectively;x1
andx2 are appropriate spin functions. The capture proba
ity of a positron by an atomic electron in the ortho state
three times that in the para state, so thatGO5)GP, and
these two possibilities are summed in our treatment.

The wave functionC(rW1 ,rW2 ,rW3) satisfies the following
Schrödinger equation:

~H2E!C50, ~2.2!

where the full HamiltonianH of the system is given by

H5(
i 51

2 S 2
1

2m
¹ rW i

2
2

Ze2

r i
D1

e2

r 12
1HT , ~2.3!

with

HT5S 2
1

2m
¹ rW3

2
1

Ze2

r 3
D2(

i 51

2
e2

r 3i
. ~2.4!

After a partial-wave projection, the coupled Lippman
Schwinger-type scattering integral equations of the CCA
come@7#
e
,
e

he
r

e

l-
s

-

Tba
J ~t8k8,tk!5Bba

J ~t8k8,tk!1
1

2p2 (
k
E k9dk9

3
Bbk

J ~t8k8,t9k9!Tka
J ~t9k9,tk!

k922kk
22 i0

, ~2.5!

with

Bba
J ~t8k8,tk!5

~kk8!1/2

2J11 (
MMM8mm8

^L8l 8M 8m8uJM&

3^LlMmuJM&E dkWdkW8YL8M8
* ~ k̂8!

3YLM~ k̂!Bba~kW8,kW !. ~2.6!

HereTba
J (t8k8,tk) is the t matrix for transition from chan-

nel a to b, k andk8 are the relevant wave numbers,L andM
are the orbital angular momentum and the projection qu
tum number of the relative motion, respectively,l andm are
the angular momentum and the projection quantum num
of the atomic states, respectively, andt stands for the collec-
tive quantum numbers (n,l ,m) of the atomic states,n being
the principal quantum number. The off-shell parts of t
CCA Born terms for all the rearrangement channels are
cluded in the calculation.

The elastic unitarity relation is given by

Im@T11
J ~k,k!#5

1

4p
uT11

J ~k,k!u2, ~2.7!

where Im stands for the imaginary part and the elastic ch
nel is denoted by suffixa5b51.

The helium wave functions used in the present calculat
are taken from Ref.@15#. These wave functions are fairl
realistic and produce accurate energies not only for
ground state but also for the excited states of the hel
atom. Of the different ground-state wave functions presen
there, we used the one given by Eq.~17!. Exact analytic
wave functions were used for the Ps atom states.

The partial-wave CCA equations~2.5! for the t matrix
were solved by the standard matrix-inversion techniq
@7,16#. This yields the various on-shell scattering amplitud
in the momentum space. The differential cross sections h
been obtained by using the standard relations.

In addition to calculating the differential cross section
we also calculated the positron impact coherence parame
for the excitation to the He(1s21p) state of the helium atom
and rearrangement transition to the Ps(2p) state of the pos-
itronium atom. There have been previous calculations of
herence parameters for excitation to the He(1s21p) state of
the helium atom in electron-helium and positron-helium sc
tering, respectively@10,17#.

For a detailed understanding of the transition to a n
s-wave atomic state, for example, the He(1s21p) state of
helium, in addition to the differential cross section, a stu
of the coherence parameters is necessary. In this case
final state is a coherent superposition of degenerate mag
sublevels:

uC&5a1u11&1a0u10&1a21u121&, ~2.8!
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where the amplitudeaM describes the excitation to the pa
ticular subleveluJ51,M& of the He(1s21p) state. Assuming
azimuthal symmetry of the scattering process, one
a152a21 . The differential cross section for the excitatio
of the He(1s21p) state is the sum of the three possibiliti
and is given by

s5 (
M521

1

uaMu252ua1u21ua0u2, ~2.9!

whereuaMu2 is the differential cross section for exciting th
angular momentum state of projectionM.

The amplitudesaM , M521,0,1 are the outputs of th
dynamical CCA calculation. In general, these amplitudes
complex. The differential cross section~2.9! does not pro-
vide completely detailed information about these amplitud
Two more parametersl andx have been introduced for thi
purpose. These dimensionless parameters, in addition to
differential cross section, provide a better description of
final state of scattering. The parameterx provides the relative
phase betweena1 anda0 and is defined by@17#

a1

a0
5U a1

a0
Uexp~ ix!. ~2.10!

The parameterl is defined by

l5
ua0u2

2ua1u21ua0u2
. ~2.11!

In the present study we calculate these parameters for in
tic excitation to the He(1s21p) state.

III. NUMERICAL RESULTS

A. Differential cross section

The momentum-space CCA equations were first d
cretized by using Gauss quadrature points and then solve
the matrix-inversion technique. Some 50 Gauss points w
needed in each channel for obtaining convergence. IS
wave, the eight-state CCA equations lead to a complex

FIG. 1. Differential cross sections~in units of a0
2! for elastic

scattering of helium by positron at different incident energies in
CCA approach. The curves are labeled by different incident e
gies.
s
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trix equation of dimension 400. In non-S waves, the dimen-
sion of the complex matrix equation is 550.

The results for angle-integrated partial elastic, inelas
and rearrangement cross sections of positron-helium sca
ing were reported in Ref.@12#. For obtaining convergence o
the angle-integrated cross section, 12~15! angular momenta
J states were needed for energies up to 80 eV~200 eV!. For
the differential cross sections andl andx parameters it was
more difficult to obtain convergence. For elastic scatter
and rearrangement scattering to the Ps(1s) state, 15 angular
momenta were needed for obtaining convergence. For t
sitions to He(1s21s), He(1s21p), He(1s31s), He(1s31p)
states of helium and Ps(2s) and Ps(2p) states of positro-
nium, 30 angular momentum states were employed. The c
tributions of higher partial waves not included in the CC
dynamical calculations were approximated by the respec
Born terms and added to the results of the dynamical ca
lations.

First, we present the results for various differential cro
sections. In particular, we consider elastic and inelastic cr
sections to He(1s1s), He(1s21s), He(1s21p), He(1s31s),
and He(1s31p) states of helium and rearrangement cro
sections to Ps(1s), Ps(2s), and Ps(2p) states of the positro-
nium atom. Differential cross sections for transitions
He(1s31s) and He(1s31p) states are found to be negligibl

e
r-

FIG. 2. Differential cross sections~in units ofa0
2! for excitation

to the He(1s21s) state in positron-helium scattering employing th
following CCA basis sets: ~a! He(1s1s), He(1s21s), and
He(1s21p) states; ~b! He(1s1s), He(1s21s), He(1s21p),
He(1s31s), He(1s31p), Ps(1s), Ps(2s), and Ps(2p) states. The
curves are labeled by the energy of the incident positron. In~a! the
solid lines are the present results and the dotted lines are taken
Willis et al. @10#.
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57 987DIFFERENTIAL CROSS SECTIONS FOR TARGET . . .
in comparison to that for He(1s21s) and He(1s21p) states.
Hence, these transitions are not considered here.

In order to show the general trend of the result, we p
formed calculations at the following incident positron en
gies: 40 eV, 60 eV, 80 eV, 100 eV, and 200 eV. The diffe
ential cross sections for elastic scattering of helium
positron obtained by the eight-state CCA scheme are plo
in Fig. 1.

Next, we present results for different inelastic different
cross sections. There have been previous calculations fo
elastic transitions to the He(1s21s) state employing the
three-state CCA scheme with the states He(1s1s),
He(1s21s), and He(1s21p) @10#. Hence, we find it appro-
priate to compare our results with those of Ref.@10# employ-
ing the same three states of helium and we do that in
2~a!. The agreement between the two calculations at 100
200 eV is very satisfactory. In Fig. 2~b! we present the re
sults of the present eight-state CCA calculation for inela
transitions to the He(1s21s) state. In Fig. 3 we plot the dif-
ferential cross section for excitation to the He(1s21p) state
in positron-helium scattering employing the present eig
state CCA. We find that, in general, the three-state results

FIG. 4. Differential cross sections~in units ofa0
2! for rearrange-

ment transition to the Ps(1s) state in positron-helium scatterin
employing the present eight-state CCA scheme. The curves ar
beled by different incident positron energies.

FIG. 3. Differential cross sections~in units ofa0
2! for excitation

to the He(1s21p) state in positron-helium scattering employing t
present eight-state CCA scheme. The curves are labeled by diff
incident positron energies.
r-
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different from the eight-state results. This shows the nec
sity of the positronium atom states for obtaining converge
of the elastic and inelastic positron-helium scattering cr
sections.

Finally, we present the differential capture cross sectio
to the Ps(1s), Ps(2s), and Ps(2p) states in positron-helium
scattering using the present eight-state CCA scheme in F
4, 5, and 6, respectively.

At higher energies the differential cross sections for el
tic and inelastic positron-helium scattering are expected to
similar to that of the electron-helium system, where the
fect of exchange is expected to be small. By comparing
results with those of Refs.@10, 17# we find that this genera
trend holds in the present calculation.

B. Coincidence parameters

We also studied the coincidence parametersl and x as
they are equally important for the complete determination
scattering. While differential cross section is the measure
the probability of scattering in different directions, the d
mensionless coincidence parameters describe the state o

la-

FIG. 5. Differential cross sections~in units ofa0
2! for rearrange-

ment transition to the Ps(2s) state in positron-helium scatterin
employing the present eight-state CCA scheme. The curves ar
beled by different incident positron energies.

ent

FIG. 6. Differential cross sections~in units ofa0
2! for rearrange-

ment transition to the Ps(2p) state in positron-helium scatterin
employing the present eight-state CCA scheme. The curves ar
beled by different incident positron energies.
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atoms after the collision. We calculatedl and x following
Eminyanet al. @17# for transition to the He(1s21p) state. In
Figs. 7 and 8 we plot thel andx parameters, respectively
for transition to the He(1s21p) state employing the presen
eight-state CCA scheme as well as the three-state C
scheme employing the following states: He(1s1s),
He(1s21s), and He(1s21p). For comparison we also
present the results of the three-state CCA calculation of R
@10#. The present three-state result is in reasonable ag
ment with that of Ref.@10#.

The nature of the alignment parameterx according to our
three-state CCA scheme at 80 eV agrees well with tha
Ref. @10# only up tou530°. We also got a broad maximum
at 30° as in Ref.@10#, however, with a slightly higher value
But above 30°, ourx parameter varies continuously, giving
wavelike structure, while in Ref.@10# it is almost constant.
With the inclusion of Ps-formation channels~eight-state
CCA!, the discrepancy between the present result and tha
Ref. @10# increases, especially at larger angles.

FIG. 7. Orientation parameter~l! for excitation to the
He(1s21p) state in positron-helium scattering at incident positr
energies 40 and 80 eV employing the three- and eight-state C
schemes of Fig. 2. The curves are labelled by different incid
positron energies; 3st—present three-state CCA, 8st—present t
state CCA, 80w—three-state CCA from Ref.@10#.
.

.

d
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IV. SUMMARY

We have performed an eight-state CCA calculation
positron-helium scattering at medium energies~40 eV–200
eV! employing realistic wave functions for helium stat
@15# and exact Ps-atom wave functions. We present res
for differential cross sections for~a! elastic scattering,~b!
inelastic transition to He(1s21s) and He(1s21p) states of
helium, and~c! rearrangement transition to Ps(1s), Ps(2s),
and Ps(2p) states of the positronium atom. In addition, w
present results for the coherentl and x parameters for in-
elastic transition to the He(1s21p) state of helium. The re-
sults of the present study are consistent with the three-s
calculation of Ref.@10#.
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energies 40 and 80 eV employing the three- and eight-state C
schemes of Fig. 2. For notations, see Fig. 7.
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