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Microcavity-induced modification of the dipole-dipole interaction
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We consider the feasibility of controlling the energy transfer between an unexcited and an excited atom
using microcavities. The excitation-transfer probability is related to the strength of the dipole-dipole interaction
and thus the excitation-transfer rates could be increased by enhancing the dipole-dipole interaction. We dem-
onstrate this enhancement with an explicit three-dimensional calculation for a metallic cavity, which we
characterize with a realistic dielectric function. We also demonstrate the shifts in cavity resonances from their
ideal positionsml/2 ~m is an integer andl is the wavelength!. @S1050-2947~98!01101-9#

PACS number~s!: 42.50.Ct, 42.50.Fx
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I. INTRODUCTION

It is now understood that spontaneous emission from
atom is very sensitive to the environment in which the at
is radiating. The subject of enhancement and inhibition
spontaneous emission has been extensively discussed
the very early work of Purcell@1#. More specifically, the
changes in lifetimes and radiative shifts in various enviro
ments have been calculated and measured@2–9#. There is in
fact a modification of all the radiative characteristics inclu
ing, for example, the van der Waal forces@6# between the
atom and the metallic wall. Clearly, by choosing the en
ronment appropriately one has a control over the sponta
ous emission. We can now enquire if the interactions
tween atoms will be modified by the environment@10,11#. In
particular, we could examine if the energy-transfer rate
tween an excited and an unexcited atom could be enha
by using a suitable environment. This is what we study
this paper. The energy-transfer rate is related in genera
the retarded dipole-dipole interaction and thus we study
possibilities of controlling the excitation-transfer rates. Mo
specifically, we study this transfer rate when the atoms
contained in a microcavity. The control of excitation trans
could be very important in many different contexts@12# in-
cluding the operations of microscopic laser and maser
tems involving one or a few atoms. The dipole-dipole int
action can be computed in a number of different wa
@3,4,10#. A general theory of the quantum electrodynamic
effects in the presence of dielectric and conducting surfa
was developed by one of the authors@3,4#. This theory was
fully quantum in nature and showed that the retarded dipo
dipole interaction was related to the real part of the r
sponse functionxab(rW1 ,rW2 ,v) @see Eq.~2! below#, whererW1
and rW2 are the locations of the two atoms. The respon
functions depend on boundaries, cavity geometry, etc. S
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ing from the general expressions of Ref.@3#, we produce
exact numerical results. The different features of the pa
can be summarized as follows. We study the dependenc
the dipole-dipole interaction on the size of the cavity a
bring forth the role of cavity modes and its cutoff frequenc
We retain the full three-dimensional nature of the cavi
Contributions from both longitudinal and transverse mod
of the cavity are thus important and are fully incorporate
We also investigate how the dipole-dipole interacti
changes as a function of the interdipolar distance in, say,l/2
cavities. Our studies reveal the range for which dipole-dip
interaction effects can be enhanced significantly. Moreov
we show how the results of a realistic description of t
boundary in terms of a complex dielectric function could
different from the ones obtained by treating metal as a p
fect conductor. Inclusion of mirror losses is shown to lead
cavity-induced resonances with finite width that are shif
from ml/2 ~m is an integer!.

The response functionxab(rW1 ,rW2 ,v) is defined as theath
component of the electric field atrW1 produced by an oscillat-
ing dipole of unit magnitude atrW2 and oriented along theb
direction. In terms of the response function, the electric fi
at rW due to a dipole of strengthpW at rW2 is given by

Ea~rW !5(
b

xab~rW,rW2 ,v!pb . ~1!

The electric field can be calculated from the solution
Maxwell’s equations with a source polarization ter
pW d (rW2rW2)e2 ivY t1c.c. The Maxwell’s equations are to b
solved subject to the boundary conditions. A quantum el
trodynamic treatment@4# shows that the cooperative deca
g12 and the dipole-dipole interactionV12 are related tox via

V122 ig12[2
1

\ (
a,b

papbxab~rW1 ,rW2 ,v!, ~2!

where thepa’s are the components of the dipole matrix el
ment connecting the two states of the atom. In free spac

-
s:
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668 57BRIEF REPORTS
xab
~0!~rW1 ,rW2 ,v!5S k2dab1

]2

]xa]xb
D eikurW12rW2u

urW12rW2u
, ~3!

which on use in Eq.~2! leads to the well-known results

g125gH sinkR

kR
2

3 cos2u21

2 FsinkR

kR

13S coskR

k2R2 2
sinkR

k3R3 D G J , ~4!

V125
3

2
gH ~123 cos2u!S sinkR

k2R2 1
coskR

k3R3 D
2~12cos2u!

coskR

kR J , ~5!

where g is the free-space decay rate of a single dipoleRW

5rW12rW2 , and u gives the angle betweenpW and RW . Note
further that in the limitc→`, Eq. ~5! reduces to the static
form of the dipole-dipole interaction. The cooperative dec
rate @13# g12→g in the limit RW→0, whereasV12 diverges.
The radiating atoms get coupled via terms such as Eq.~2!. In
fact, the density-matrix equation describing the reduced
namics of the atomic system is@4,10#

]r

]t
52(

i , j
g i j ~Si

1Sj
2r22Sj

2rSi
11rSi

1Sj
2!

2 i(
i , j

V i j @Si
1Sj

2 ,r#, ~6!

where the spin-12 operatorsSW i characterize the two-level at
oms in the usual manner.

II. MODIFICATION OF THE DIPOLE-DIPOLE
INTERACTION IN A REALISTIC CAVITY WITH LOSSES

There is an important modification of the above picture
the presence of a different environment, say, when the
poles are placed near a dielectric interface or in a cavity
the presence of a cavity the nature of the radiation field
side the cavity can undergo a significant change. The ca
leaves its imprint by means of its mode structure. For cer
geometries there can be a cutoff beyond which no mo
exist. Since there are no radiation modes beyond the cu
the dipole-dipole interaction and spontaneous emission
significantly be suppressed. From a mathematical angle
major contribution of the cavity~environment! lies in the fact
that response functions are now altered. In fact, now one
to solve the Maxwell equations with proper implementati
of the boundary conditions, which can lead to an altoget
different response function. However, since the general
lution of the boundary-value problem can be decompose
two parts, viz., the general solution of the homogene
problem~assuming the absence of sources or dipoles! and a
particular solution of the inhomogeneous problem~with
sources!, the response functions also can be accordingly
composed. The particular solution determines the translat
ally invariant part of the response, i.e., the free-space
y
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sponse, whereas boundary conditions~the ‘‘environment’’!
determines the relationship between the arbitrary const
of the homogeneous problem and thus leads to the contr
tions of the boundaries to the response function. Thus
total response consists of two parts and can be written a

xab~rW,rW0 ,v!5xab
~0!~rW,rW0 ,v!1xab

~1!~rW,rW0 ,v!, ~7!

wherex (1)(rW,rW0 ,v) is the contribution of the environment t
the linear response. The literature on the calculation of
sponse functions for various environments is vast and a
orous and comprehensive treatment can be found in Ref.@3#.
Depending on the nature and size of the environment,
effects on the evolution on a single dipole and dipole-dip
interaction can be multifaceted. For example, one can
nipulate the decay rates and control the frequency shifts
single dipole. We show that there is also control of t
dipole-dipole interaction as well, simply by manipulating th
environment.

In what follows, we restrict ourselves to a planar cavity
lengthL ~see the inset of Fig. 1! bounded on both sides by
medium characterized by a dielectric function«~v!, which in
general is complex. One of the dipoles is located at the ce
of the cavity atrW05(0,0,2L/2). The other dipole is located
at rW5(x,0,2L/21d), d,L/2. The response functions wer

FIG. 1. ~a! Dipole-dipole interaction normalized to the free
space valueVs /Vs0 and ~b! cooperative decay normalized to th
free-space valuegs /gs0 as functions of the cavity lengthL for x
5d50.07mm. The solid~dashed! curves are forx- (z-) oriented
dipoles. Other parameters arel50.633mm and «(v)5216.3
10.53i . The inset shows the schematic view of the cavity with tw
dipoles~marked by small circles! in it.
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57 669BRIEF REPORTS
calculated in Ref.@3# for the above-mentioned geometry@see
Eqs. ~5.1!–~5.24! in Ref. @3##. For example, both dipole
have the same orientation~x or z oriented! for which the
surface-dependent contributions to linear-response funct
are given by

xxx
~1!52 i E

0

`

ds cos~w0d!Fsw0

D1
$J0~sx!2J2~sx!%

1
sk2

w0D3
$J0~sx!1J2~sx!%G , ~8!

xzz
~1!522i E

0

`

ds cos~w0d!F s3

w0D2
J0~sx!G , ~9!

whereJ’s are Bessel functions and the following notatio
are introduced:

D6516
w0«1w

w0«2w
e2 iw0L, ~10!

D3511
w01w

w02w
e2 iw0L, ~11!

w0
25k22s2, w25k2«2s2. ~12!

Equation ~9!, for example, is obtained from Eq.~5.24! of
Ref. @3# by moving from Cartesian variablesu andv to polar
coordinates s and u @i.e., we set s5Au21v2 and u
5arctan(v/u)# and performing integration with respect to th
polar angle. Thus contributions from all the spatial harmo
ics are taken into account and the integrals~8! and ~9! rep-
resent explicit results for the three-dimensional cavity.
may also be noted from Eq.~12! that, for example, for real«,
thez component of the wave vectorw0 changes its characte
from real to purely imaginary ass becomes larger thank.
Since integration is performed over all possibles’s Eqs.~8!
and ~9! retain the contributions from both propagating a
evanescent waves. It may be noted that the evanescen
does not contribute to the cooperative decayg12. Another
pertinent point that should be noted from Eqs.~8! and~9! is
that enhancement of the dipole-dipole interaction is expec
near the poles of the integrand~zeros ofD6 andD3!. These
denominators clearly arise from multiple passes of the fi
in the cavity.These poles correspond to the excitation of
cavity modesand we show later that there is indeed enhan
ment of the dipole-dipole interaction when the cavity mod
come into play. The integrals given by Eqs.~8! and ~9! are
not amenable to analytical methods and we resort to num
cal integration.

III. NUMERICAL RESULTS

In our numerical study we assumed the bounding med
to be silver with «(v)5216.31 i0.53 at wavelength
l50.633mm @14#. We first look at the real and imaginar
parts of the responses as a function of the size (L) of the
cavity for specific choices of interdipolar distance given byx
andd. Recall that the real@imaginary# part of x determines
the dipole-dipole interactionVs ~cooperative decaygs!,
wheres (5x,z) denotes the orientation of the dipoles wi
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an identical direction of oscillation. We present the resu
for Vs @gs# normalized to its corresponding free-space va
Vs052Re(xss

(0)) @gs05Im(xss
(0))# in Fig. 1~a! @Fig. 1~b!#. The

choice of this normalization is obvious since our aim is
bring out the cavity-induced modifications. The sol
@dashed# curve gives the results forx-oriented@z-oriented#
dipoles. It is clear from Fig. 1 that for largeL cavity effects
are negligible and the dipole-dipole interaction and dec
rate reduce to their free-space values. The behavior ofVx is
quite distinct from that ofVz . Since thez-oriented dipoles
do not sense the longitudinal modes~with field oriented
along the normal to the cavity axis!, there are no drastic
changes near the frequencies corresponding to these c
modes. On the other hand,Vx shows a drastic enhanceme
close to the cavity resonances atl/2, 3l/2, etc. Note also the
shift of the resonances froml/2, 3l/2, etc., because of the
finite ~negative! real and nonzero imaginary part of«. This is
in contrast to the ideal cavity results that were obtained
means of modal expansion of the cavity field~see, for ex-
ample, the paper by Kobayashi, Zheng, and Sekiguch
Ref. @10#!. Below l/2 cavity propagating longitudinal mode
do not exist and hence there is a suppression of the de
rategs @see the solid curve in Fig. 1~b!#. However, even for
L,l/2 the dipole-dipole interaction cannot be totally su
pressed because of the presence of the evanescent w
emitted by the dipoles. Similar results to those in Fig. 1 w
obtained~not shown! for a smaller distance between the d
poles. For smaller distances between the dipoles the ca
effects are less pronounced. In terms of the image theory@9#,
the proximity of one of the dipoles to the mirror implies th
with larger interdipolar distance the second dipole is clo
to its image and this leads to the more pronounced eff
These features are shown in Fig. 2 for thezz ~dashed curves!
and xx ~solid curves! orientation, where we have plotte
Vs /Vs0 as a function ofR for a l/2 cavity for various angles
w, namely,w50,0.25p,0.5p. It may also be noted that fo
shorterR, cavity effects are negligible, which is quite ex
pected since the images of the dipoles are further away f

FIG. 2. Dipole-dipole interaction normalized to the free-spa
value Vs /Vs0 as a function ofR for a l/2 cavity for z-oriented
dipoles~dashed curves! andx-oriented dipoles~solid curves!. Dif-
ferent curves are labeled by the corresponding value ofw. Other
parameters are as in Fig. 1.
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670 57BRIEF REPORTS
their originals. Figure 2 thus demonstrates the possibility
significant change in the dipole-dipole interaction. It shou
be borne in mind that we have assumed atoms to be
localized. When required, the effects of small dispersion
the atomic position can obviously be included in the theo

IV. CONCLUSIONS

Using a very general response function approach,
studied the dipole-dipole interaction in a planar cavity w
realistic metals as the bounding medium and reported
cavity-induced changes in the dipole-dipole interaction. W
showed that for a particular orientation of the dipoles
dipole-dipole interaction can be significantly enhanced
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pending on the parameters of the cavity. We demonstra
the shift of the resonances as a function of the cavity len
due to the realistic values of the dielectric constant of
bounding metal. We also showed the existence of a la
enhancement in the region where the corresponding reso
interactiongs term vanishes.
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