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Pure states in a one-atom micromaser

N. Nayak
S. N. Bose National Centre for Basic Sciences, Block JD, Sector 3, Salt Lake City, Calcutta 700 091, India

~Received 2 September 1997!

The possibilities of observing disentanglement of atomic and field states during their interaction are dis-
cussed in the framework of one-atom micromaser action. We find that, in certain cases, the atom can be in a
pure state and the cavity field may be in an approximate number state.@S1050-2947~98!03001-7#

PACS number~s!: 42.50.Dv, 32.80.2t
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The Jaynes-Cummings model@1# involving the interac-
tion between a single two-level atom and a single-mode
diation field has been studied extensively, as this simple
tem exhibits unique properties, the experimen
demonstration of which would answer some fundamen
questions in quantum mechanics. One such property is
quantum revival of the atomic population when the intera
ing cavity field is initially in a coherent state. This has be
demonstrated experimentally in a micromaser setup@2# con-
sisting of a superconducting microwave cavity into whi
two-level Rydberg atoms are sent at such a rate that at m
one atom is present in the cavity at any time. A preassig
interaction time for each atom is maintained by a veloc
selector. In addition to this quantum revival, it has been p
dicted by Gea-Banacloche@3# that the atom and field ge
disentangled in the middle of the collapse periods, that is
these times the atom and the field are both in pure sta
Further, the generation of such pure states is independe
the intial state of the atom. Gea-Banacloche’s conclusi
are for a cavity field in a coherent state having large aver
photon numbers. These results have been examined in R
@4,5#, where it has been indicated that the atom and the fi
are in pure states ‘‘only’’ at the middle of the first collapse
the atomic population.

Thus the disentanglement, explained above, can be
plored in the present micromaser setup@6# in the same way
the atomic revival was demonstrated in Ref.@2#. In the ex-
periment@2#, atoms in the upper of the two levels concern
and having a fixed interaction time with the cavity field we
sent and the state of the atom was measured after the c
field attained a steady state. The process was repeated
varying interaction times to simulate the dynamics of t
Jaynes-Cummings interaction@1# and the steady-state me
surements showed a revival in the atomic population. Th
observations needed confirmation since the quantum rev
was originally thought to be carrying a signature of t
coherent-state cavity field@1#. The analysis in Ref.@7# shows
that the steady-state micromaser field@8,9#, unlike the field
in a coherent state, produces one revival in the atomic po
lation that was observed experimentally@2#. Likewise, the
predictions of pure states in Refs.@3–5# carry signatures of a
coherent state or a Fock state field. However, the steady-
cavity fields at various atom-field interaction times, nec
sary to reproduce the dynamics in the time scale, can b
different states. It is interesting to analyze if pure states
still be generated in such situations. This is the only way o
can verify the predictions in Refs.@3–5# experimentally. We
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show below that the generation of pure states of the atom
possible but not at the times assigned in Refs.@3–5#. Further,
we show that at times the atom is in a pure state, the ra
tion field can be in an approximate vacuum state.

For the present purpose, we follow the micromaser the
in Ref. @10#, instead of Refs.@8,9#, since it includes the effec
of the cavity reservoir during the entire repetition cycletc
5t1tcav , wheret is the atom-field interaction duration an
tcav is the time when the cavity does not contain any atom
It has been shown in Ref.@10# that the effect of the cavity
reservoir duringt is crucial for the micromaser action eve
though the condition ist!tcav . Also, the theory@10# in-
cludes the reservoir-induced atomic decay from the uppe
the lower masing level. In the micromaser action, this de
factor becomes important due to the Purcell factor compa
to the decay of masing levels to low-lying levels. Thus t
theorey in Ref.@10# can give a firm prediction of the genera
tion of a pure state~atom or field!, as this includes the influ-
ence of decohering effects on the coherent atom-field in
action.

Reference@10# deals with a cavity into which atoms in
their upper masing level are pumped at a rateR5tc

21 and
gives the steady-state cavity field photon statisticsPn as

Pn5P0 )
m51

n

vm . ~1!

P0 is obtained from the normalization(n50
` Pn51. vn is

given by the continued fraction

vn5 f 3
~n!/~ f 2

~n!1 f 1
~n!vn11!, ~2!

with f 1
(n)5(Zn1Cn)/k, f 2

(n)522N1(Yn1Bn)/k, and f 3
(n)

52(Xn1An)/k. k is the cavity bandwidth andN5R/2k is
the number of atoms passing through the cavity in a pho
lifetime. The average blackbody photonsn̄ th in the cavity at
an equilibrium temperature enters the photon statis
throughAn52nk n̄ th , Bn522k(n1 n̄ th12n n̄th), and Cn

52(n11)( n̄ th11)k. Xn , Yn , andZn are given by

Xn5Rsin2~gAnt!exp$2@g1~2n21!k#t%,

Yn5 1
2 R„@2cos2~gAn11t!2 1

2 ~g/k12n11!1F1~n21!#

3exp$2@g1~2n11!k#t%1@ 1
2 ~g/k12n11!

2F2~n21!#exp$2@g1~2n21!k#t%…,
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and

Zn5 1
2 R„@ 1

2 ~g/k12n13!1F2~n!#

3exp$2@g1~2n11!k#t%2@ 1
2 ~g/k12n13!

1F1~n!#exp$2@g1~2n13!k#t%…,

where g is the coupling constant of the Jaynes-Cummin
interaction@1# and the decay constantg represents reservoir
induced spontaneous emission from the upper to the lo
masing level. The functionsF1 andF2 are

Fi~n!5
k/4g

~An122An11!2Fgk ~An12

2An11!sin~2gAmt!

2
g

g
cos~2gAmt!2@2n13

12A~n11!~n12!#

3~An122An11!sin~2gAmt!G
1

k/4g

~An121An11!2F6
g

k
~An121An11!

3sin~2gAmt!2
g

g
cos~2gAmt!

7@2n1322A~n11!~n12!#~An12

1An11!sin~2gAmt!G ,
wherem5n12 andn11 for i 51 and 2, respectively, with
the upper sign fori 51.

At the end of the durationt, the probabilities of the atom
being in upper and lower states are, respectively~in other
words, the probabilities of the atomic states at the exit of
cavity!,

pa~t!5 (
n50

`

Pncos2~gAn11t!exp2@g1~2n11!k#t

1
1

2(
n50

`

Pn11H F1

2S g

k
12n13D1F2~n!G

3exp2@g1~2n11!k#t2F1

2S g

k
12n13D

1F1~n!Gexp2@g1~2n13!k#tJ ~3!

and
s

er

e

pb~t!5 (
n50

`

Pn21sin2~gAnt!exp2@g1~2n21!k#t

1
1

2(
n50

`

PnH F1

2S g

k
12n11D2F2~n21!G

3exp2@g1~2n21!k#t2F1

2S g

k
12n11D

2F1~n21!Gexp2@g1~2n11!k#tJ , ~4!

where Pn is now the steady-state photon statistics for th
particular interaction timet. The time evolutions ofpa and
pb are a result of the simultaneous action of the atom-fi
interaction and the dissipative forces. The influence of
decohering effects on the dynamics becomes very clear if
compare Eq.~3! with the expression forpa in Ref. @7#. Thus
the solutions in the present paper can give a better pictur
the generation of pure states and would be close to the
perimental situation.

We can examine the purity of a state by studying its e
tropy. The cavity field in a steady state, given by Eq.~1!, is
diagonal in the photon-number basis and thus we can w
the entropy of the cavity field@11–13#

Sf52 (
n50

`

PnlnPn . ~5!

The Shannon entropy is the same as the thermodynamic
tropy in the present case@11,12#. The cavity field is always
coupled to its reservoir. Hence we should have, accordin
Araki and Lieb@13#, the inequality

uSf2SRu<S<Sf1SR ,

whereSR is the cavity reservoir entropy andS is the total
entropy of the two interacting systems, that is, the cav
field and its reservoir. As the cavity is in thermal equili
rium, represented by the blackbody average photon num
n̄ th , we can write

SR5 ln~11 n̄ th!1 n̄ thln~11 n̄ th
21!; ~6!

thus, for a cavity at very low temperature such thatn̄ th>0,
we can have

S>Sf , ~7!

sinceSR>0 in such a situation.
Similar arguments can be followed in the case of the at

and its reservoir. However, it has been noted@10# that with
the choice of the atomic flight timet through the cavity and
the lifetime of the Rydberg levels in the experiments@2,6#,
we can safely ignore the influence of the atomic reservoir.
the atomic probabilities are a directly measurable quantity
the micromaser experiments, it would be appropriate to
amine Tr(ratom

2 ) to see if a pure state can be generated.
know that the Jaynes-Cummnings Hamiltonian@1# has been
derived using the rotating-wave approximation. In the mic
maser action, the interaction using this Hamiltonian is
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57 607PURE STATES IN A ONE-ATOM MICROMASER
peated with the very first atom interacting with a therm
field that is diagonal in photon-number state representat
The present paper considers atoms in the upper of its
masing levels. Thus the cavity radiation field always rema
diagonal in the number state basis resulting in the ste
state given by Eq.~1!. Thus the composite atom-field stat
are restricted toua,n& and ub,n11&, wherea andb are up-
per and lower masing levels, respectively, withn being ar-
bitrary. This leads to

T[Tr~ratom
2 !5pa

21pb
2 . ~8!

T51 indicates that the atom is in a pure state.
We now examineS and T as functions oft, n̄ th , k/g,

and the pump parameterN. We find that the disentanglemen
of atomic and field states is possible fork/g<0.000 001 and
n̄ th<0.000 01. We present these results in Figs. 1 and 2
N550.0. The atom is almost in pure states forD5ANgt
5155.5, 267.0, and 311.0 and the corresponding values ogt
are 6.997p @case~a!#, 12.014p @case~b!#, and 13.994p @case
~c!#, respectively. The condition for the field in the trapp
vacuum state is to setgt equal to an integral multiple ofp
@10#. Indeed, we find the fields in states with the probabilit
of vacuum statesP050.999 900 25 @case ~a!# and P0
50.998 925 7@case~c!#, whereas for case~b!, the field is in
a state withP050.839 241 2 andP150.152 420 28, as we
see thatgt is slightly different from the trapping condition
Also in cases~a! and ~c! the values ofgt are not exactly at

FIG. 1. Variation ofT as a function ofD for k/g50.131025,

n̄ th50.131024, g50, andN550.0.

FIG. 2. Time evolution of the atomic population inversionW
5(pa2pb)/2. The other parameters are the same as in Fig. 1.
l
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the trapping conditions, but are very close to it. This is sol
due to the presence of dissipation in the micromaser dyn
ics.

It was shown in Refs.@3–5# that disentanglements occu
in the middle of collapse regions in the Jaynes-Cummin
model @1#. We find in Fig. 2 that the collapse and reviv
overlap for the values ofk/g and n̄ th at which the disen-
tanglement actually occur. Also, the disentgalements
away from the point where they overlap. They are resolva
if the cavity is above a certain temperature that varies withN
@7#. Of course, the revival will not occur if the cavity tem
perature exceeds an upper limit. ForN550, we have seen
that the collapse and revival become clear ifn̄ th>0.1. How-
ever, the generation of an atomic pure state is not possib
such cavity temperatures.

We need to examine the results from Fig. 1 with resp
to variation in the pump parameterN. It is necessary sinceN
determines the degree of influence of cavity dissipation
to its inclusion during the atom-field interaction@10#. It has
been shown clearly in Ref.@10# that the cavity decohering
effect is crucial for the micromaser action beyond a cert
N. Figure 3 displays the curves ofT andS with respect toN
for case~a!. We find that atomic pure states can be attain
until N>50.0, whereas the field can be in a pure state o
for N<30.0. This is due to the presence of dissipation dur
the atom-field interaction. For the cavity temperature in F
3, SR51.251331024 and its influence is negligible only fo
low N. We have neglected the effect of the atomic reserv
in this study as we have seen in Ref.@10# that this effect is
negligible forg/g<0.000 01.

FIG. 3. ~a! Evolution of atomic pure state as a function ofN.
The atomic flight time through the cavity is set atgt56.997p. The
cavity bandwidth and temperature are the same as in Fig. 1.~b!
Variation of the radiation field entropyS as a function ofN for the
same situation as in~a!.
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The results in Figs. 1–3 are for the atoms entering
cavity in their upper masing level. For initially polarize
atoms, the equations of motion become complicated and
has to resort to an approximate method to obtain the s
tions @14#. Also, the expressions forS and T are no longer
simple like Eqs.~5! and~8! due to the presence of nondiag
nal elements in the atomic as well as the field density mat
However, it was shown in Refs.@3–5# that the generation o
pure states is independent of the initial condition of the at
and so we do not attempt to study the case of polari
atoms here.

The results presented in this paper have been obtaine
using the steady-state solution of the coarse-grained time
rivative of Pn @10#. In our numerical simulation of microma
ser dynamics in Ref.@15# we saw that the steady-state phot
on
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distributions are subject to small fluctuations solely due t
Poissonian pump. It is expected that such fluctuations wo
have negligible effects onS andT in the same way the cavity
reservoir has a negligible influence for lowN as indicated in
Figs. 1–3.

Thus the present paper analyzes a situation in which
interesting result of disentanglement in the Jayn
Cummings interaction can be achieved experimentally. T
cavity parameters in Figs. 1–3 are already within the re
of the micromaser experiments@16#. The interaction time in
these experiments is set betweengt51.54 and 5.13 withg
544 kHz, whereas the present study suggestsgt56.997p.
Thus slower atoms or atoms having a stronger coupling c
stant are necessary to verify the disentanglement using
micromaser setup.
f
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