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Trapped photon state along an atomic chain in photonic band-gap crystals

Hu Huang,* Xing-Hua Lu, and Shi-Qun Li
Department of Modern Applied Physics, Tsinghua University, Beijing 100084, China

~Received 2 October 1997!

When a chain of two two-level atoms is placed in a photonic band-gap crystal, trapped photon-atom dressed
states can form in the neighborhood of the chain due to emission and reabsorption of the photon by atoms in
the chain. For a long chain such states form a quasicontinuum inside the forbidden frequency band. We
examine the density of states as a function of the chain length and separation between atoms. The pattern of
excitation for atoms in the chain forms a ‘‘lattice wave,’’ which may be used to understand the propagation of
excitation along the chain.@S1050-2947~98!11606-2#

PACS number~s!: 42.50.Gy, 32.80.Bx
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It is known that in a photonic band-gap crystal certa
unusual phenomena occur due to the presence of one or
than one forbidden electromagnetic wave bands in the cry
@1#. The photonic band crystal is a three-dimensional p
odic dielectric structure. This periodicity changes the disp
sion characteristics of radiation waves traveling in such
medium. Much literature has been dedicated to such st
tures both theoretically and experimentally@2#, exploring the
possibility to construct an artificial medium with controllab
properties. Recent efforts have been concentrated on th
dimensional photonic band-gap crystals in the optical f
quency range@3#.

The dispersion relation in a photonic band crystal is v
unsmooth, particularly for the frequency ranges near
edges of the forbidden band~s!, where theoretical analysi
predicts singularities. Thus the interaction of radiation
such frequency ranges with atoms embedded in the phot
band structure differs from the free-space field case dra
cally. The crystal acts as a cavity that can trap photon ene
that will not dissipate away. The atom-field interaction pr
cess is strongly non-Markovian because photons are em
and reabsorbed by the atoms. The dynamics of both a si
atom exchanging energy with the field and more than
atom exchanging energy with the field and among the
selves have been studied@4–9#, and the interaction channe
identified. In an earlier paper@10# we gave a rather genera
survey on the dressed state with a photon trapped arou
single multilevel atom. Recently, it has also been dem
strated that multiple quanta of energy can be trapped in s
structured systems@11#. The area contains many directions
be explored.

In the current report we study the possibility of obtaini
multiple trapped photon dressed atom-field state when m
atoms are embedded in a photonic band-gap structure~PBS!
crystal. In particular we study an atom chain geometry
detail. This is the topic discussed in Ref.@8# where the au-
thors illustrated the formalism with which the eigenvalues
the dressed state should be solved. We restrict the discus
to only one quantum of energy in the system, so only o
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atom can be excited at a time, and examine the details of
dressed state for both the field state part and the atomic
part. The atoms exchange energy with the field as wel
with other atoms by radiative dipole-dipole interaction. F
such a chain with the spacing between the atoms close to
optical wavelength or smaller, we show that there can be
many dressed states as the number of atoms. These dr
states form a subband in the forbidden band. We examine
distribution and properties of these dressed states and
relationship to the size of the chain. We further point out th
it is possible to use the multiple dressed state method
study the propagation of atom excitation along the chain

The basic method of treating nondecaying states w
photons localized around atoms in a photonic crystal
received detailed discussion in the literature@4,6,7,10#. We
follow the notation of Ref.@10#. Consider the simple case o
N identical atoms arranged along a straight line and w
equal spacingd. The location of thei th atom in the chain is
labeled by the vectorxi . The Hamiltonian of such anN-atom
system is

H5(
i 51

N

\va~ ua&^au! i1(
k

\vkak
†ak

1\(
k,i

@gk,iak~ ua&^bu! i1gk,i* ak
†~ ub&^au! i #, ~1!

where

gk,i5
va

\ F \

2e0vkV
G1/2

êk•dabe
ik•xi ~2!

is the coupling coefficient between thei th atom and field
modek. We consider the following essential state expans
of the stationary state:

uc&5(
i

ai uei&Auvac&F1(
k

bkug&Au1k&, ~3!

where uei& represents thei th atom in the excited stateua&
with all other atoms in the ground stateub&, and ug& repre-
sents all atoms inub&.

The eigenvalue problemHuc&5\vuc& can be solved us-
ing methods similar to Refs.@6,10#. Eliminating the one-
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5020 57BRIEF REPORTS
photon state coefficientsbk from the Schro¨dinger’s equations
after a rotating-wave approximation~RWA!, which removes
fast oscillation at the band-gap edge frequencyvc for the
no-photon component and fast oscillation atvk for the one-
photon component with one photon of frequencyvk we find

~v2vc2D!ai5(
k

gk,ibk ,

~4!

~v2vk!bk5(
i

gk,i* ai

(D5va2vc is the detuning of the transition from the ban
gap edge!, we find the coupled equations for the excit
atom state coefficientsai :

@v2vc2D#ai5(
j

(
k

gk,igk, j*

v2vk
aj , i , j 51,...,N. ~5!

The expressionSkgk,igk, j* /(v2vk) can be shown to be
equal tof i , jb

3/2/A1 uv2vcu, where

b5F va
7/2dab

2

6pe0\c3G2/3

~6!

is the characteristic coupling strength between the atom
field continuum modes defined in Ref.@6#, and the numerica
coefficients

f i , j5
3

2 (
s

1

4p E E dk̂2eikck̂•xi j ~ êks•d̂ab!
2 ~7!

represent the relative coupling strength between the a
pair (i , j ) via the emission and reabsorption of a photo
Equation~6! comes from the summation over the frequen
and Eq.~7! comes from the summation over the unit wa
vector k̂ and polarizations, evaluated at the band-gap ed
wave vector valuekc . As the distancexi j in question is
small we have used the constant valuekc in Eq. ~7! rather
than the variablek. The self-interaction partf i ,i51 is re-
flected in the single atom problem.f i , j depends on the dis
tancexi j as well as the angle betweend¢ab andx¢ i j . Here we
only consider two special cases:~1! for d¢abix¢ i j ,

f i j 53
sin u

u
1

6~u cosu2sin u!

u3 ; ~8!

~2! for d¢ab'x¢ i j ,

f i j 5
3~sin u2u cosu!

u3 . ~9!

Hereu5kxi j .
Equation~5! can be written as a matrix equation of th

form

DA5FA, ~10!

where the vectorA consists of the amplitudesai , andD and
F areN3N matrices. AsD is a number matrix, Eq.~10! can
nd

m
.
,

be written in a diagonalized form after a transformation th
does not depend onv. The result isN separated eigenequa
tions of the form

v2vc2D1
b3/2f m

Auv2vcu
50, m51,...,N, ~11!

where f m is the mth eigenvalue of the matrixF. Thus the
eigenvalue problem is similar to that of the single atom ca
The exact form of the dressed state for eachf m is also similar
to the single two-level atom counterpart.

We found that allf m’s are positive, thus there are alway
N localized dressed states. For a large number of atom
the chain the corresponding eigenvalues form a quasic
tinuum in the forbidden band. Two questions arise:~1! What
is the density of states in this quasicontinuum?~2! How will
the density of states scale with the length of the chain?
have conducted numerical studies for various chain leng
(N) and interatomic spacingd. The results presented in th
following figures are for the case with the dipole mome
perpendicular to the chain. Changing the angle between
two will alter the form of the matrixF, which will lead to
some changes in the details but not the main features
scribed below.

The profile of the density of states shows a strong dep
dence on the interatomic spacing. In Fig. 1 the density of
dressed states is shown for different atom spacings; a Lor
zian line shape is introduced to make the profile a smo
one. For atoms separated farther than a wavelength~curvec!,
the exchange of photons between atoms is weak, thus
eigenvalues are essentially the single-atom result with sm
local corrections. The ensemble of these eigenvalues form
single-peaked profile. For closely packed atoms the den
of states has two peaks~curvesa andb!. We also notice that
dressed states very deep inside the forbidden band em
Analysis shows that the depth of the lowest dressed s
from the band-gap edge should scale linearly as the lin
density of atomsl/d for l/d@1. On the other hand, increas
of chain length (N) increases the density of states but do
not change its profile~Fig. 2!. It is equivalent to the sum o
contributions from sections of the chain.

FIG. 1. The smoothed density of dressed states for a chai
100 atoms. The dipole moments are perpendicular to the direc
of the chain, as in subsequent figures. The quantities are dimen
less by settingb to unity. D521. ~a! d50.4l; ~b! d50.8l; ~c!
d51.2l.
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In each trapped dressed state, the atom excited state
ponent is a coherent superposition of one of theN atoms in
the excited state. We stress the word ‘‘coherent’’ because
dipole moment of each atom is coherent with each other
Fig. 3 we plotted the normalized coefficientsai ~i.e.,
S i uai u251! for each comparison. It should be noted that
the dressed state there are one-photon components, thu
normalization condition is not satisfied. The set of probab
ity amplitudes of finding the atom at a given site is similar
a lattice wave, and we can associate each eigenfrequ
vm(m51,...,N) with a mode of such lattice waves. Th
mode with the frequency closest to the gap edge~curve a!
has no nodes; the one furthest from the gap edge~curveb!
hasN21 nodes.

While theN mode functions~the sets of normalized uppe
level coefficients for each eigenvalue! form a complete se
for lattice waves defined on theN sites, the set of dresse
states„the set of discrete eigenstates of the Hamiltonian@Eq.
~1!#, including both the upper and lower level components… is
not a proper complete set that one can use to expand
initial state with one of the atoms excited. For such purpo
the continuous eigenstates with unbounded photons m
also be included. The general initial state problem is diffic
~the two-atom dynamics problem was treated in Ref.@7#!,
and interesting questions can be posed. For example, if
atom at one end of the chain is excited initially, will th
excitation be passed from one atom to the next in seque
and will such excitation be reflected once it reaches the o
end of the chain? Even without probing into the realm

FIG. 2. The smoothed density of dressed states function f
chain ofN atoms.D521, d50.8l. ~a! N540; ~b! N580; ~c! N
5120.
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transient behaviors, we can ask many questions about
dynamics of nondecaying states, which are superposed
the set of dressed states. The relationship between the sp
oscillation of lattice waves and the eigenfrequencies can
interpreted as a dispersive relation. Superpositions of th
lattice waves generally represent lattice wave packets
travel along the chain while expanding. Such lattice wa
packets probably describe the one-atom excitation at a
lected site on the chain more properly, as it is difficult
pinpoint the pumping laser beam on one atom only with
exciting the neighboring atoms.

As a final comment, we point out that our model dea
with an ideal chain. Non-uniform interatom separations
nonideal alignment of dipole moments will destroy the tran
lational invariance off i j . We may compare the ideal prob
lem with oscillations on a uniform string, and the nonide
problem with the nonuniform string problem. In a nonide
problem qualitative conclusions such as the existence o
quasicontinuum, and trapped states with coherent superp
tion of individual atoms in excited state still are valid, but th
picture of lattice wave traveling along the chain needs
modified. Problems such as the propagation of excitat
along jointed chain sections are very interesting and will
discussed in follow-up studies.

This research was supported by the Chinese Natio
Natural Science Foundation.

a FIG. 3. The profile of the lattice waves for a chain of 100 atom
The horizontal axis is the atom indexi ; the vertical axis is the
excited-state amplitude of thei th atomai . D521, d5l. ~a! The
dressed statev521.5977~the closest to the band-gap edge!; ~b!
the dressed statev521.8313~the one deepest inside the forbidde
band!.
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