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Nonvariational calculation of the hyperfine splitting and other properties of the ground state
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The properties of the ground state of the muonic helium aépn?He?" have been calculated nonvaria-
tionally, using the correlation function hyperspherical harmonic method utilizing a nonlinear parametrization of
the correlation function. The parametrization is similar to the one used in an earlier papgr fbte’™ but
the differences in the convergence were found to be important for the choice of optimal parameters. The
parametrization is especially suited to accelerate the convergence of singular operators. As a result, the ob-
tained expectation values of tl#¥r,) operators have error margins smaller than the differences in the litera-
ture. The lowest-order hyperfine splitting, which depends on the fine structure constant and on the magnetic
moment of the®He?* nucleus, is compared with values in the literat@1050-294®8)11106-X]

PACS numbes): 31.15.Ja, 32.10.Fn, 36.10.Dr, 36.10.Gv

This paper, which deals with the systesp *He?*, is a =S+ 12
continuation of Ref.[1], which deals with the system
en *He?™. In this work the main objective is the computa- where
tion of the lowest-order hyperfine splitting, which is given by
i m
the equatior}2] i =2 (801 0) =0 a1 ),
TABLE |. Eigenvalues and expectation values of the Hamil- VﬁeF)ZZWCVzan(HHe-Q):w(e)<5(r3Hee)>,

tonian for the parametrizatioA (az=—5, n3=0.5), (zy.Pw.T,)
:(700, 100, 005 and mass set [|6] The matrix elements were Mn be|ng the magne“c moment of th?é-lez"' nucleusre_#

calculated using the same parameters as in [R&f.The subseries

lspee) IS the electron-muorielectron-nucleysseparation,

with K, /2 even and odd are displayed separately in the first ané
second parts of the table. The third part displays the final valuefh
obtained from the convergence of the interpolated values, as well
final values corresponding to additional parametrizations. Th?

espectively, andd(re.,)) ((8(rsuee))) are the correspond-

g expectation values calculated with the help of the spatial
art of the wave function. We compare our results with the
alues in the literature, which exhibit rather large discrepan-

fourth part compares values for the mass set Il.

Km -E - <H>
48 399.042412541 399.042 336 819
52 399.042400861 399.042 336 819
56 399.042388694 399.042 336 830
50 399.042259133 399.042 336 810
54 399.042272833 399.042 336 810
CFHHM 399.042 336 830 24
399.042 336 809 2P
399.042 336 793 ¥
Ref. [6] 399.042 336 832 8585
CFHHM 399.048 293 0499
Ref.[2] 399.048 222 312 2257
Ref. [6] 399.048 295 018 0752

&The lowest noninterpolated value is taken.

ba3: _4, n3:O.5, ZU: 700
Ca3: _4, n3:0.7, ZU:900
dMass set II.

®Masses as in set Il excepts,=3.016 029 70 a.m.u.
fm# actually 105.65946 Me\(see erratum, Ref12]).
9Refs.[6,2] agree well if using the sama,,, see Ref[6].
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cies[2-6]. For this reason, we did not include the recoil,
relativistic, and radiative corrections, and consequently the
comparison with experimergtf. Ref.[2]).

From the computational standpoint, the aim of this paper
is to check the applicability of the optimal parametrization of
the CFHHM correlation function for the system
ew *He?* on a system with a different mass of one of the
particles.

We used the correlation function hyperspherical harmonic
method(CFHHM) [7,8]. The wave function is decomposed

-(Hyg,-399 a.u.

0.0423366

0.0423364
5

FIG. 1. Convergence o#(H)Km—399 a.u. withK,,, andas for
the parametrizatiod® with n;=0.5; z,=700. Masses of Re{6]
are used. The dotted rectangle is the value from F&f.
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FIG. 2. As in Fig. 1, but showing the values <Qf(r2>Km (a.u).
Values of(&(r2)>,<m for az=—6 andK,,=34—40 indicate diver-
gence from the plateau in the figure.

asWV=el¢, wheref is the correlation function ane is a
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FIG. 4. As in Fig. 1, but showing the values @Km (a.u).

parameteiT, [8] in a sequence of subintervdlg;,z ;] of
increasing length equal i T,. The matrixW is expanded in
powerspP, p=—-1,0,...,pw.

The expectation values of operators excgij converge

smooth function expandable in hyperspherical harmonicsin two subsequences determined by whethgy2 is even or

The nonlinear parametrization 6fdenoted by ‘A” is of the
form [1]:

f=byry+b,r,+[ag+(by—agz)e "3/(M3)]r,.

The particles{1,2,3' correspond to{e,u, 3He?*}; in the
odd-man-out notationg_,=r3, rspee="r,. b; are the precise
values of the cusp parametdrs (—398.5;-2.000,0.9952)
for the masses of Ref6]]. r;=0.0037 a.u.r,=r;=1.5 a.u.

odd [1], approaching the limit from different sides. The in-

terpolated sequenc@?)Km converges about two orders of

magnitude fastefl]:

— 1 1
(O, =5 {00k, T 5 (O)k -2 (O 2) |-

We use the following two sets of mass values:
(i) Set I: the set of Ref[6]: m,=206.768262 a.u.may,

are constants equal to average particle pair distances. TH®&495.8852 a.u(ion mas$.

same values as in Rdfl] were used, although in the present

caser ; is about 0.0038 a.u., 3o, will tend to be proportion-

ally larger.(In practice such minor changes have negligible

effects)
Parametrizatio employs the weak coupling of the elec-
tron and muon and regularizes teeu term, which in the

(i) Set I: m,=0.5110034 MeV (1 au), m,
=105.65948 MeV (206.768@...a.u), 1 am.u.

=931.5016 Me\[10,11], together with the’He atomic mass

M3pe=3.0160293K% 931.5016-=-5497.8818 . . . MeV.

(Note: Refs. [2,12] list the following values: m,
=105.65948 MeV; may.=3.016029% 931.5016 MeV. It

cusp parametrizationag=bs) would be non-negative and Seems that the value ofi, corrected to 105.65946 MeV in

cause slow convergen¢#,8].

a; andn; are free parameters. To find their optimal val-

the erratum of12] applies also to Ref2]; see Refs[6,13].)

To calculatevyg (Table V), «=1/137.035 989%14] and

ues, an extended region of parameter space including thén=0.001 158 7 [2] are used.

values of Ref[1] was investigated.
Due to the non-Hermitian property@] of the effective

potentiaIV_V appearing in the equation f@¥, the expectation
value(H) represents the energy value.

The CFHHM system of differential equations is truncated

at a maximum value&,, of the global angular momentum
K=0,24... K, [8]. The hyperradial interval[0,z,],
where z,=22Epy, E is the eigenvalue, angy is the
maximum value of the hyperradius, is subdivided using th

(8(r3))k,,

0.313685
0.313684
0.313683
0.313682

FIG. 3. Asin Fig. 1, but showing the values@i(r3))x_(a.u).

If the *He?* mass is increased by>410™ 7 a.u. and the

muon mass is decreased by<40 ° a.u., the energy is
higher by 7x 10~° a.u.(Table ). As was shown in Ref.1],
this is entirely due to the muon mass change.

Our value of(H) for mass set | differs from the varia-

tional value[6] by 0.3x10 8 a.u. (Fig. 1, Table ), which
may be due to different manipulations of the mass values.

The dependence of, on the precise value of théHe?*

eion mass is small, but may become significant if one uses the
atom mass instead of the ion mass: in R&f.it is estimated

ik

0.999852
0.999851
0.999850
0.999849

FIG. 5. As in Fig. 1, but showing the values @f; *)x_ (a.u).
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TABLE Il. As in Table I, but expectation values of functionsrgf=r 3. The numbers in parentheses are uncertainties defined as the
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differences of the interpolated values for the last two valuds of They show the degree of convergence for firgdas but not the final
error estimates. The values for the mass set Il are calculated for the nonoptimal agsiee4, n;=0.7 where theK,,, dependence is

stronger.
Km (r7?) (units of 10°%) (rih (8(r1)) (units of 10 (ry) (units of 16)  (r3) (units of 16)
48 317.677 7433 398.544 4227 20.149 9523 3.763 7138 18.887 3927
52 317.677 7256 398.544 4107 20.149 9509 3.763 7139 18.887 3937
56 317.677 7042 398.544 3969 20.149 9491 3.763 7140 18.887 3949
50 317.677 4165 398.544 2294 20.149 9222 3.763 7153 18.887 4068
54 317.677 4376 398.544 2434 20.149 9239 3.763 7152 18.887 4056
CFHHM 317.677 576Q) 398.544 323 6(5) 20.149 936 9@) 3.763 714 578) 18.887 399 9&2)
Ref. [6] 398.542 397 61 20.149 938 8565 3.763 715 066 18.887 401 85
CFHHM 317.687 07(%) 398.550 27®) 20.150 8408) 3.763 658 38) 18.886 835 @)@
Ref.[2] 3.763 659 486 41
8CFHHM values computed using mass set II.
bSee footnotes e,f of Table I.
TABLE lll. As in Table Il, but expectation values of functions Bf=rsyc.-

Ko (r2?) (ry?) (8(r3)) (r2) (r3)

48 2.000 1188 0.999 9839 0.320 6909 1.500 0286 3.000 1192

52 2.000 0457 0.999 9635 0.320 6768 1.500 0611 3.000 2524

56 1.999 9762 0.999 9439 0.320 6635 1.500 0912 3.000 3656

50 1.999 3392 0.999 7610 0.320 5434 1.500 3874 3.001 5428

54 1.999 4076 0.999 7801 0.320 5566 1.500 3588 3.001 4407

CFHHM 1.999 70983) 0.999 86691) 0.320 613 3®) 1.500 217%4) 3.000 87%3)

Ref.[6] 0.999 863 851 0.320 608 57 1.500 223 659 3.000 907 793

CFHHM 1.999 711) 0.999 8663) 0.320 6182) 1.500 2205) 3.000 892)2

Ref. [2]° 0.32061162)°  1.500 223 567 91

aSee footnote a of Table Il.

bSee footnote b of Table Il.

“Calculated from the publishegf2 .

TABLE IV. As in Table Il, but expectation values of functions f=r_,, .

Km (rs?) (rs®) (8(r3)) (ra) (r3)

48 1.999 5591 0.999 9693 0.313 7600 1.500 0346 3.000 1368

52 1.999 4861 0.999 9489 0.313 7463 1.500 0670 3.000 2700

56 1.999 4166 0.999 9293 0.313 7333 1.500 0971 3.000 3832

50 1.998 7799 0.999 7464 0.313 6157 1.500 3934 3.001 5604

54 1.998 8482 0.999 7655 0.313 6286 1.500 3647 3.001 4583

CFHHM 1.999 1501) 0.999 85281) 0.313 684 21@) 1.500 223 44) 3.000 8922)

Ref.[6] 0.999 849 2590 0.313 6848 1.500 229 562 3.000 925 384

CFHHM 1.999 15%1) 0.999 8522) 0.313 6841) 1.500 22%4) 3.000 912)2

Ref. [2]b 0.313 682 48)° 1.500 229 470 75

aSee footnote a of Table II.
bSee footnote b of Table 1.
“Calculated from the publishegf .
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TABLE V. Comparison of the values of the lowest order hyper- gjte directions: (8(r,))—(8(r3))=0.006 9292 a.u. in the
fine splitting in the literature. Different values of fundamental con- present work and in Ref2], but equals 0.006 9238 a.u. in

stants are used.

Km Vl(fFH ) Vl(f% VHF
Present work 3339.889) 817.8611) 4157.6913)2
Ref.[6] 3347.585 767.2 4166.34°
3339.8371) 817.8490) 4157.68%1)°
Ref.[3] 4164.93.0°
Ref.[2] 3339.785) 817.885) 4157.623
Ref.[4] 3339.80375) 817.85585)  4157.6591)f
Ref.[5] 3339.8037 817.8558 4157.65895

38Mass set |. Error estimate based ng=0.5, 0.7; a;=—4,—5.
a=1/137.035 9895, other constants from RE2], see below.

o) »(®: 10647.110, 2550.926 MHz/a.u.

byu(e4) (8 quoted[6]: 10671.81, 0.2393 MHz/a.see also Ref.

[15]).

‘Quoted((ry)), w®, »® lead to 4114.801 MHz.

4 5(ry)) of Ref.[6], (®®, »'® of the present work. Errors inferred

from the number of digits quoted fds(r,)).

m,=206.7686 a.u., 1 a.t.6.579684 10° MHz, a=1/137.0360,

etc.
fSee footnotes

e,f of Table |;a=1/137.03604, 1 a.u.
=6.579 684 1% 10° MHz, ©,=0.001158 735, ¥, «®:

10647.085, 2550.924 MHz/a.u.

that increasing the ion mass by 2 a(mass set Il versus set
) increase€ 8(r3)) by 3x 10 7 a.u., which changes the hy-
perfine splitting by several times 0.001 MHz. In contrast, th
muon mass difference between sets | and0L0004 a.u.
should decrease tH&(r,)), (8(r3)) values by 510" a.u.
[1]. This cancellation is seen in the CFHHM valu@ables

[l and IV).

For the two variational calculations, Ref§] (mass set)l
and[2] (close to mass set)llsuch cancellation is not appar-
ent as they differ by %107 a.u. in both(8(r,)) and
(8(r3)). Interestingly,(5(r,)) and(5(r3)) deviate in oppo-

[1] R. Krivec and V. B. Mandelzweig, Phys. Rev. %6, 3614

(1997.

€

Ref.[6] (see Figs. 2 and)3The discrepancy of 810 ° a.u.

is an order of magnitude larger than the quoted accuracy of
observables in Refl6]. Moreover, we found1] that Ref.

[6] deviates the same way &u *He?*.

The above results indicate that the optimized parametriza-
tion A is slightly more adapted to singular operators than to
nonsingular ones. This is corroborated by the convergence of
(ra),, (Fig. 4 and(rgl)Km (Fig. 5, the relative error being
smaller in the latter case.

The main difference in the optimized parametrization
with respect to theey *He?™  case[1] is the value ofag
=—5 (=4 ineu *HE?™); ngy remained the same.

The final values of{4(r,))=0.320 6134(3) a.u. and
(68(r3))=0.313 6842(3) a.u. were obtained using the param-
eter range$13=0.5, 0.7;z;,=700-900;a3=—4,—5; K,
=48-56. The parameter dependence is strongest;fdhen
for K,,, and the weakest betweens(z,)=(0.7,900) and
(0.5,700) .(5(r,))y and(5(r3)) change by an amount of the
order of 1x10 8 a.u. between rz,z,)=(0.7,900) and
(0.5,700), ab;=—4. As the results for the mass set Il were
calculated using nonoptimal valuesaf, ns, the final errors
lie between théK , dependencies for mass sets | and Il listed
in Tables ll-1V.

As in Ref.[1], the global correction terrfil5] proved to
be negligible, affectings(r,) )k and(3(rs))x_ by less than
1x10"7 a.u. atK,,=54.

Our final error of the hyperfine splitting is 0.003 MHz,
while its value depends on additional fundamental constants

(a and up,). In Table V we show that the differences in the
constants used make direct comparisons of the results in the
literature impossible. In fact, the results depend on assumed
values ofe and u,, more than they do on the computational
accuracy.
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