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Superluminal optical phase conjugation: Pulse reshaping and instability
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We theoretically investigate the response of optical phase conjugators to incident probe pulses. In the stable
(subthresholdoperating regime of an optical phase conjugator it is possible to transmit probe pulses with a
superluminally advanced peak, whereas conjugate reflection is always subluminal. In the uEiabée
threshold regime, superluminal response occurs both in reflection and in transmission, at times preceding the
onset of exponential growth due to the instability.
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PACS numbgs): 42.65.Hw, 42.25.Bs, 42.50.Md

[. INTRODUCTION superluminal features be observed in the responsefioita
PCM to an incident probe pulse, and how can they be rec-
onciled with causality?

Pulse reshaping by a PCM has been studied béfbfg

t never in the context of superluminal behavior. We show

A variety of mechanisms is now known to give rise to
superluminal(faster-thare) group velocities, which express
the peak advancement of electromagnetic pulses reshaped BM

material media. (Sec. Il B that in the well-known stable operating regime of

(1) Near-resonant absorptiofl,2]. Anomalous disper- : .
L . i : . a PCM, superluminal peak advancement can occur in trans-
sion in the linear regime of an absorbing medium forms the

basis for this superluminal reshaping mechanism. mission but not in conjugate reflection, as was briefly pre-

o . sented in Ref[15]. In the unstable regiméSec. Il Q, we
(2) Reduced transmission or evanescent wave formatlog : .
(tunneling) in passive dielectric structuré8—5]. This re- emonstrate the existence of superluminal peak advancement

. . . - in both the reflected and transmitted wave response to spec-
shaping mechanism has been attributed to interference b P P

: . .?rélly narrow analytic probes. Further insight into these pro-
tween multiply reflected propagating pulse components in . ined b ial K .
the structurd6]. cesses is gained by spatial wave-packet analy@s. IlI).

(3) Soliton propagation in dissipative nonlinear structures For sharply timedabruptly modulated, nonanalylisignals

) . . Sec. IV), the occurrence of spectral components in the fre-
[7]. Superluminal group velocities can occur in such systemé v P P

) ) . ; : ncy zone where th in is high nn voided.
via nonlinear three-wave exchanges, as in stimulated Brildu SNy zone where the gain is highest cannot be avoided

louin backscattering in the presence of dissipation. They alsghese components trigger early exponential growth, which is

occur in a nonlinear laser amplifiég]. mdependen.t of the probg pulge shape. In all cases we de-

(4) Pulse propagation in transparent (nonresonant) am-v_EIOp criteria _fOF _the optimization O.f probe pulse shapes,
plifying media[9,10]. Superluminal pulse reshaping in this almeq at maximizing th_e|r superluminal pea_k adv_a_ncement
regime has been attributed to either the disperf@ror the and, in the unstable regime, the delay of the instability onset.
boundary reflectionf10] of the amplifying medium. Our phase-conjugating mirror consists of a nonlinear op-

(5) Tachyonic dispersion in inverted two-level mediae tical medium with a large third-order susceptibilj®), con-
dispersion in such invertetbllectivesystems is analogous to fined to a cell of lengthL. Phase conjugation is obtained
the tachyonic dispersion exhibited by a Klein-Gordon par-through a four-wave mixingFWM) procesg16]: when the
ticle with imaginary masg§11]. Consequently, it has been medium is pumped by two intense counterpropagating laser
suggested12] that probe pulses in such media can exhibitbeams of frequency, and a weak probe beam of frequency
superluminal group velocities provided they are spectrallyw,=wy+ & is incident on the cell, a fourth beam will be
narrow. Gain and loss have been assumed to be detrimen@gnerated due to the nonlinear polarization of the medium.
for such reshaping. We note that REE2] describes an infi-  This conjugate wave propagates with frequengys wy— &

nite medium, and boundary effects on the reshaping have n@j the opposite direction as the probe be@me Fig. L
been considered.

In this paper we establish a connection between optical
phase conjugation and tachyonic-type behavior in a finite
medium. To that end we study the reflection and transmis-
sion of pulses at a phase-conjugating mirf@CM), both in
its stable and in its unstable operating regimes. Similar fea- A. Basic analysis
tures in other parametric processes, such as stimulated Ra-
man scattering and parametric down-conversion will be The basic semiclassical one-dimensional equations
treated elsewhere. The dispersion relationirifinite PCM describing this FWM process are obtained by sub-
media, which allows for superluminal group velocities, wasstituting  the total field E(X,t)=Z2,-1,p Ea(X,t)
derived by Lenstrql13]. Here we address the questions, can=Ea=1,2p,cé’a(x,t)e'(kaxf“’a‘)+c.c.(where the labels 1,2 re-

Il. PULSE REFLECTION AND TRANSMISSION—
TEMPORAL ANALYSIS
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FIG. 1. Phase conjugation by four-wave mixing. Sdli&shed, 3L ncident T
dotted arrows denote pumfprobe, conjugajebeams. > — §°=g :(Sc/L) / 1 \’\
I T %2 N
fer to the two pump beams angc to the probe and conju- é o /
gate beams, respectivélinto the wave equation for a non- 2 2 /
magnetic, nondispersive material in the presence of a g
nonlinear polarization: E
g S
72 2 1 £ \\;,‘3
(E—ﬁrfoﬂoﬁ E(x,t)=$ﬁPNL(x,t). D \é\;\-:

Seleactlr;g the pha;e—conjugatlon terms  fdPy.(X,t) FIG. 2. (a) Dispersion relatiortsolid line) in a PCM. The dashed
=x®E (x,t), assuming the pump beams to be nondepletegyqtteg lines correspond to the dispersion relation for the priope
and applying the slowly varying envelope approximationang conjugatec) waves in vacuum, anély=w,/c. The marked
(SVEA) results in[16] positions 1-3 indicate the frequency components in the incident
pulses which give rise to the transmitted curves 1-3bh (b)
Transmitted probe puls&,(L,t)| atx=L for an incoming Gauss-
Ep(X,1) ian c‘fp(O,t)=e‘“‘2ei50t at x=0 (thick solid ling. The temporal
_ g 19 E (x,1) = 2 width (full width at half maximum of the incoming pulseA,
i k* —_———— ¢ =24In2/a=3.3L/c, the spectral widtA ;=4./«@Iln2=1.7c/L, and
dx c ot koL=1.4. The vertical line indicates the timtg=L/c needed to
traverse the cell in vacuum.

g 1

—+—-= i«
dxX c ot

HereSf;Eg)(x,t) denotes the complex amplitude of the probe

(conjugate field a”dKEKQel¢:(3wo)/('~‘OC) XD isthe  \yere found. They distinguished between two different oper-
coupling strength(per unit length between the probe and ating regimes of the mirror, stabl@ x,L</2) and un-

conjugate wave. The dispersion relation for an electromagétame(if koL>/2). In the stable regime, the response of
netic excitation in this pumped nonlinear medium is given bythe mirror is always finite and scales with the probe input.

[13] The unstable regime corresponds to the self-generation of
2 conjugate reflection from arbitrarily small probe input, fol-
kz:ﬁi @ 52+ r2c2 &) lowed by exponential growth until saturation is reacliede
c2 2 o= to depletion. Recently we predicted the occurrence of super-
luminal advancement of the peak of a suitably chosen input
where 6= w,— wy=wo— w., and k? is the squared wave pulse upon transmission through a stable P@8]. Here we
vector of both the probe and the conjugate waves. present the full analysis of both the stable and the unstable
The group velocityd6/dk in the medium can be shown regimes and demonstrate the existence of superluminal ef-
from Eqg.(3) to always be larger than, the speed of lightin fects in both.
vacuum, and the dispersion relation is therefore of the tachy- In order to study pulse reflection and transmission at a
onic type[see Fig. 2a)], analogous to the one for inverted PCM, we use the two-sided Laplace transfdfi$LT) tech-
atoms [12]. Because of the superluminal group velocity nique introduced by Fisheat al.[14]. The basic approach is
caused by this dispersion, the question arises how waveummarized in the Appendix. To begin with, the reflection
packets will be reshaped by a PCM. In the early 1980sand transmission amplitudes for a monochromatic probe
Fisheret al. studied the phase-conjugate reflection of pulsedbeam incident on a PCM are given f§gs.(A2) and (A3),
of arbitrary shape at a PCNI14]. No tachyonic effects atx=0 andx=L, respectively
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KoSiN(BL) the second term in Eqg7) and (8) does not contribute.
leg(0)= 5 : (4)  Hence, the stable regime is defined byl <=/2, and the
—sin(BL)+iB cogBL) unstable one byyL> 7/2. We now start by studying pulse
¢ reshaping by a stable PCM, and then move on to the unstable
i5 regime.
tpp(a): 5 )

2 sin(BL)+iB cog AL) B. Stable regime
¢ Fisheret al. [14] analyzed the phase-conjugate reflection
at a PCM in the stable regimecgL < /2). For a Gaussian
input pulse they found a delay of the peak&f{0,t) with
1 respect to that of,(0,t). Here we wish to emphasize that a
B= <V 8%+ (Ko €)%, (6) suitably chosen i%cident pulse in this stable regime is re-
shaped in such a way that its peak emerges from the cell
Now consider a probe field,(0t) incident on the PCM at before the time it takes to travel the same distance in
x=0, which satisfies the basic TSLT premise that it de-vacuum. The central result, obtained from E(&. and (8)
creases faster than exponentiallytas— [17]. We obtain ~ with hy=h,=0, is depicted in Fig. @).
the expressions for the resulting reflected phase-conjugate The condition imposed on the frequencies in the input
pulse atx=0, and the transmitted probe pulsexatL from signal for observing the superluminal effect is that they
the inverse TSLT(see Appendix In taking the inverse should be centered away from the gap in the dispersion re-
TSLT we separate the singularities igfy(is) andt(is) in lation. The reason for this is that a pulse which is centered
the right-halfs plane, which give rise to unstable exponen-arounds,=0 contains positive as well as negative frequency
tially growing solutions, from the singularities in the left-half components whose respective positive and negative group

s plane, which correspond to stable solutions. The final exvelocities interact and compensate in such a way that no
pressions for & x, L<3/2 are superluminal advancement occurs. For a pulse centered fur-

ther up on the dispersion curyEig. 2(a)], however, super-
1 (e — ot luminal peak advancement is obtaifed 5,>2 c/L, curves
E(0)= ﬁf_iwds rep(is) Epx(05) e 2 and 3 in Fig. )]. This superluminal peak advancement
depends on three parameters: the temporal width of the in-
coming pulseA,, the central frequency of the incoming
pulse §,, and the coupling strength in the mediug. By
fixing «q, and varying simultaneousl; and &,, the super-
1 [ie ~ luminal effect can be(numerically optimized in several
Ep(L,t)= ﬁf ds tyyis) £(0s) et ways. In absolute terms, we find a maximal attainable peak
o advancement of~0.88L/c. But since this advancement,

where

t r
+h, f dt’ g (0t) e, (7)

t , even though large, would only be a small effect if the pulse
+hy f dt’ £,(0t") e ="~V (8) s broad in time, it is also useful to optimize the ratio
o = peak advancement/pulse width. We obtain a maximal
relative peak advancement of~0.08. In phase-conjugate
reflection no such superluminal effect appears; the time at
- ) 1 which the peak of the reflected signal emergexat is
Fep(iS)=replis) = o= (9 always later thart=0, the time at which the maximum of
! the input pulse entered the cell.

Here,

— . h,
top(is)=ty(is)— s (10) C. Unstable regime

We now move on to the unstable regime)( > /2), for
s1=|C Ko COKyl, (1)  which Egs.(7) and (8) haveh;,h,#0. Figure 3 shows the
reflected phase-conjugate pulse in this regime for an incident
Gaussian centered around frequeidgy

For 6p=0.1c/L we see that the reflected signal starts
growing exponentially as soon as the incoming pulse reaches
Ls; the cell. However, for an incident pulse centered around a
1+ TD (13 frequency further away from the gap in the dispersion rela-

tion (at §,~0.28c/L), the reflected pulse exhibits a local
andX; is the nontrivial solution of sif{)=*X/(«y L). In maximum before the exponential growth sets in. This peak is
the second terms in Egér) and (8) s; is the unstable pole, clearly advanced with respect to the peak of the incoming
andh; andh, are the residues of the reflection and transmissignal. SincexyL is chosen close tar/2, the reflected pulse
sion amplitudes at this pole. After rewriting the first term in is greatly amplified 18].
Egs.(7) and(8) as a Fourier transform, it is straightforward  For large &,, where the dispersion relation becomes
to analyze&(0t) and &y(L,t) numerically. If k)L <w/2  asymptotically lineaf 6= *c(ko*=K)], the reshaping of the
there are no singularities with R&(-0, soh;=h,=0 and reflected pulse is only minor and the superluminal effect is

h,=—i ¢ ko SIP(Xy)/

Ls;
1+ ral (12
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> [ b~ | X2(t) + Y2(1) —t [X(OX' () +Y(H)Y'(1)]=0, (17)
24 ! o i
g ',‘ / \‘ ! with
h=} | ! \ !
gsr 1 t
s . \‘H[ X(t)=f dt’ R4 &5 (0t")]e" tm, (18
a TN -
%2 /I // /// ‘l }I \\
2 / / / ‘1 i \\\c t ,
$1 / / / i \ Y(t)=f dt’ Im[&;(0t')]e' Itm, (19
% /// // /// l!: \\\ o
& /// // [ \\ . . . -
* 0 === ‘ ’ ‘ . The optimal superluminal effect is found if the reflected
30 -20 -10 0 10 20 30 intensity is large at,,,, and close to zero at,;, and the
viLie) separatior,,—tmaxiS @s large as possible. In order to obtain

the maximal relative advancement we numerically scan
through the three-parameter spaeg, (5o, A;), fixing xgL

and varying the other two parameters simultaneously. Using
with different &, (in units ofc/L). Curves a, b, and c correspond, Eq. (17), th_'s reveals that the reflecte(_j pulse is very sensmve
respectively, tos,=0.1, 0.28, and 0.6,(01)| (thick solid ling 0 Jo (for fixed xo andA,, see also Fig. )3 and only arises

has temporal widthA,=2In2/a=24L/c and spectral widtha,  Or incident pulses that are sufficiently broad in tima (
=4./aln2=0.23c/L. =20L/c). For signals with broad spectra, the strong influ-

ence of frequency components in the instability gap prevents

no longer noticeable for this pulse. In order to optimize thethe formation of a discernible pulse response before expo-
superluminal response preceding exponential growth, onBential growth sets in. Furthermorggl should be close to
must thus haves, small (for maximum advancementnd /2, because otherwise the fast onset of exponential growth
KoL close torr/2 (for maximum intensity and delay of expo- masks the reflected pulse. In the optimal case one can find an
nential growth. advancement of the peak gf,~10L/c for a pulse of tem-

Just as in the stable regime, we need to optimize thregoral width A\~25L/c. The peak intensity€.(0tma)|~5,
parameters simultaneouslyy, 5, andA,. One way of do-  |€c(Otmin)|~0.1, andtyin—tma~6 L/cC.
ing this is by using the exact expressiéh and analyzing it The results for transmission of a Gaussian through an ac-
numerically, but this does not give much insight into thetive PCM are qualitatively the same as for phase-conjugate
interp|ay between these parameters_ Another method is t@ﬂection. The amplitude of the advanced transmitted re-
find an approximation of the exact result, which allows forsponse is different, but not the valuesdfandA; for which
an analytical treatment of a certain class of incident pulsed arises. The approximatiofi4) cannot be used to describe
and y|e|ds quantitative]y good agreement with the exact rethe transmission in the stable regime, which occurs for Iarger
sult in that case. values of§, than the superluminal response in the unstable

In order to obtain such an approximation we consider thé€gime. The assumptiofi<«, ¢ is not valid in that case.
conjugate reflection amplitud@) in the limit §<«qc, cor-

FIG. 3. Phase-conjugate reflected pyl§€0,t)| at a PCM in its
unstable operating regime&¢L =1.7) as a function of timén units

of L/c) for incident Gaussian-shaped pulsé@(o,t):e““ze“sot

responding to incident pulses with a large temporal band- lll. PULSE REFLECTION AND TRANSMISSION—
width compared td_/c. Equation(4) then reduces to SPATIAL ANALYSIS
ko€ To gain further insight into pulse reshaping by a PCM, we
Fepl 0)= S+ilty for o<, (14) follow an incoming Gaussian pulse in space. One can then

. observe the following stageél) the probe wave packet ap-
with proaches the celk2) it propagates as an “optical quasipar-
ticle” (consisting of a probelike part traveling to the right

t = tan(xol.) (15) and a conjugatelike part traveling to the Jdft9] in the cell;
m KoC and (3) the reflected phase-conjugate and transmitted probe
packets leave the cell. We employ again the TSLT of Sec. Il.
The reflected pulse becomes, in this approximation, The reflected phase-conjugate and transmitted probe pulses

at positionx in the nonlinear medium and tinteare given by
t , H
SC(O,t)w—i Ko C eft/tm Jl dt’S;(O,t’)et /tm, (16) (Appendl)Q

y+ico

EEMx,t) = % ds h(x,is) € (0s) €%, (20)

and we see that the growth in the unstable regtme0 1) y—ie

behaves as!/'n. For spectrally narrow pulses and largg

the difference between E@L6) and the exact numerical re- 1 [(r+ie ~

sult is found to be<10%.ql ) &M= 27 )y i ds h(x,is) £,(0s) €%, (21)
Taking the derivative of€.(0t)| from Eq. (16) with re-

spect tot and equating it to zero gives a condition on thewhereh,(x, ) andh(x,8) are given by Eqs(A2) and(A3).

times in which the reflected pulse is maximg},{) or mini-  For the setup of Fig. 1, the total probe pulSgx,t) now

mal (tin), consists of an incoming probe pulse in the regwen0, the
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FIG. 4. Stable regimébelow-thresholyl reflection and transmission of an incoming probe pulse at a PCM of ldndthdicated by
shaded area The solid (dashedl curve in the upperlower) half of each time plot shows the prokeonjugate pulse |€p(x,t)|2
[—|&.(x,1)]?], which is moving to the rightleft). Parameters used agy=3c/L, A,=2.1L, As;=1.3¢/L, and x,L=1.4. The dashed
vertical line fort=5L/c indicates the position where the peak of the pulse would have been in the absence of the PCM.

probelike part of an “optical quasiparticle” in the cell (0
<x<L) and a transmitted probe pulse for-L. The result
is

E(x,)=0(=x)EEM

O,t—g) +[O(X)—O(x—L)]

X—L
L)
c

(22

X EMx, 1)+ 0 (x—L)eM

where© is the Heaviside step function and similarly,

X
EXx)=0(—x)EEM 0+ A

+[O(Xx)—O(x—L)IEEMx,1). (23

We subtract from Eqs(22) and (23) again the contribution

Figures 4 and 5 show the time evolution of a probe wave
packet incident upon a PCM. The incoming pul§g(x,t)|?
is centered around frequendy and its width is given by
(full width at half maximum A ;=2 y2aIn2, which corre-
sponds to a spatial widthA,=c y2In2/a. For clarity
—|&(x,1)|? is plotted along the vertical axis instead of
+]E(x, D)%

Figure 4 depicts the probe transmission and conjugate re-
flection in the stable regimexgL</2) for an incoming
pulse of spatial width 2.1, centered around frequendy
=3c/L in the frequency domain. These parameters are com-
parable to those for curve 2 in Fig. 2, but since we now
consider|€,(x,t)|? instead oflE,(x,t)], the normalization is
different. We see how the probe pulse approaches the cell at
t=—2L/c. At t=0, when the forward tail of the pulse has
entered the cell, a small reflected phase-conjugate pulse has
developed and is traveling simultaneously in the opposite
direction. Att=5L/c, the advancement of the transmitted

of the singularities that give rise to exponentially growing probe peak is clearly visible: the position of the peak is

solutions, as in Eqg7) and(8), and rewrite them as Fourier
integrals over frequency. We then consider an incoming
Gaussian and analyZ&,(x,t)|* and|€,(x,t)|? as a function

of x (andt) numerically, especially focusing on the intrigu-

Xpeak™ 6 L, whereas it would have beenL5if the pulse had
propagated through vacuu(eee dashed vertical line in the

figure).

In the unstable regime, fot,L > /2, the instability leads

ing pulse reshaping effects found before: the possibility forto an enormous growth d&,(x,t)|? and [E.(x,t)|* as the
superluminal peak traversal times in probe transmission iprobe pulse enters the cell. For a spectrally narrow pulse
the stable regime and the superluminal pulse response in tleentered around,=0, exponential growth sets in immedi-

unstably operating PCM.

ately for the part of the probe that has reached the cell

1.0 + t=-10 L/c

ol t=0Llkc
08 |
06 |
04 t

02 ¢

\ 0.2

t=10L/c

0.0

0.0

-0.2
-30

-10

x (L)

-————

x (L)

10

20

FIG. 5. Unstablglabove-thresholdregime of the PCM: reflection and transmission of an incoming probe pulse. The PCM is located
between B<x<L (see shaded arpaThe upper (lower) half of each time plot shows the prob@onjugate¢ pulse |<€p(x,t)|2
[—|&.(x,1)|?], which is moving to the rightleft). Parameters used asg=0.31c/L, A,=19.3L, A;=0.144c/L, andkoL=1.7.
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oW X[Kkoe V(=)= (n+ 3)272] = 2A0 U 5y

N
T~
3

X[ ko€ V(t—t")2=(n+ 1221+ AT 21,

Transmitted probe intensity

1r 4/
/7 i
/] X[ ko V(t=t)2=(n+3)?72]), (25)
%30 ~20 10 0| 10 and
t(L/c) t
i t—t'—(n+3)7
FIG. 6. Transmitted probe pulg&€,(L,t)| through a PCM ak A=——————, (26)
t—t'+(n+3)7

=L for an incident Gaussian-shaped chopped putbek solid
line). Curvesa andb correspond ta5,=0.28 and 0.3, respectively.
The parameters used are the same as in Fig. 3;amilicates the
time it takes to traverse the cell in vacuum.

Herel, are the modified Bessel functionS,(L,t) is now
expressed as a sum of integrals, in which ke term cor-
responds to the contribution after théh round-trip timer
boundary atx=0. For an incoming pulse centered around=2 | /c. The advantage of this expression is that it shows
50~O.3C/L the “transient” behavior is recovered. This is that for an incoming Chopped SignaL which is Sudden|y
illustrated in Fig. 5; at=0 the growth of the incoming sig- switched on at=t,, the transmitted response only starts at
nal has set in the PCM but, in additiothere is a clear t=t,+L/c, in agreement with causality.

phase-conjugate pulse with a superluminally advanced peak

traveling to the left. At the same time one sees a superlumi- V. CONCLUSIONS

nal “kink” in the transmitted probe response; the instability
prevents the formation of a full Gaussian-shaped transmitted In conclusion, we have theoretically studied the reflection

probe pulse for this set of parameters. TikelOL/c time  and transmission of wave packets at a phase-conjugating
plot shows the superluminally reflected signal on a largemirror. Our main findings are as follows.
scale. (@ In the stable operating regimor xoL</2), the
peak of the transmitted signal can exhibit a superluminal
peak-traversal tim¢15]. The conditions for this effect are
that the incoming analytic probe signal must be spectrally
AnalytiC Gaussians are of little value as far as informationnarrow and Centered around a frequency Sufﬁcient'y far away
transfer is concerned, or to check whether the observed s@om the parametric resonanfé=0 in Fig. 2a)]. The maxi-
perluminal effects are in agreement with causalfy9,20.  mum advancement obtained-+s0.88L/c and the maximum
For that purpose, one needs an incoming modulated Qiatio of (peak advancemento (pulse width is ~0.08. No
chopped signal. I_nterestl_ng guestions then arise: How is thg,ch effect is found in the reflected phase-conjugate re-
sudden change in the input pulse reflected in the outpWponse, whose peak is always delayed with respect to the one
pulse? How are the reflected response and exponentigk the incoming probe signaBec. Il B. The salient advan-
growth in the unstable regime affected by this change? Weyge of superluminal peak transmission in this stable regime
have already shown elsewhere that for probe transmission ig that the output pulse isndistorted
the stable regime, the edge of a chopped incoming signal is (b) In the unstable regiméfor koL >m/2), for incident
always transmitted causall{L5]. Figure 6 shows the trans- rope pulses with a temporal width much larger thdn, a
mitted probe response in the unstable regime for an inciderfyonounced “transient” reflected phase-conjugate response
Gaussian pulse that is suddenly switched offa0. develops before the onset of exponential growth due to the
We see that the sudden change in the incoming pulse igstapility. This pulse response exhibits a superluminally ad-
carried over into the transmitted probe response at ime yanced peak, both in phase-conjugate reflection and in probe
“information content” of the pulse is thus transmitted with maximal for koL close tor/2 and the response is very sen-
the speed of light, after which the exponential growth due tasjtive to the central frequencs, of the incoming pulse.
the instability immediately sets in. Note that the superlumi- (c) We have demonstraté@ec. IV) that the superluminal
nal peak advancement of the reflected conjugate pulse resatyres are observable only for temporally broad analytic
mains, just as for the full Gaussian of Fig. 3. This advancepyses, in agreement with the principle of causality, whereas
ment does not violate causality, but is a pulse re;hapmg sudden(nonanalyti¢ change in the incident probe pulse
effect. The fact that the chopped edge of the pulse is trangsopagates with the speed of light.
mitted V\_/ith the speed of Iigh_t can be seen more clearly by Finally, the question arises as to how these pulse reshap-
expressing’y(x,t) as(Appendix ing effects can be observed. For a realistic PCM, consisting
S T of a cell og IelngthL~10*2 m, coupling strengths okgc
ELH=3 f dUE,(0t') Ly(tt'), (24 ~c/L~10%"1 have been reached, so thatzl_(arbL)~1
n=0 J - [21]. In order to observe pulse reshaping in the stable

IV. CHOPPED SIGNALS



57 SUPERLUMINAL OPTICAL PHASE CONJUGATION. .. 4911

operating regime of this PCM, one needs an incident prob&here g is given by Eq.(6).

pulse of width~0.1 ns whose peak is then transmitted with  The reflected phase-conjugate pufséx,t) and transmit-

a superluminal peak transmission time0.01 ns. To enter ted probe pulse,(x,t) at positionx in the nonlinear me-
the unstable regime, the PCM has to be operated usindgium and timet are then obtained by using the inverse
pulsed pump beams. The pump pulses should be longaplace transform. Ak=0 andx=L, respectively, they are
enough to allow for observation of the “transient” pulse given by

response, but short enough to avoid the instability effects.

Since the width of the superluminally reflected and transmit- 1 (or+i=

- i) © st
ted response is on the orderofLl0L/c, nanosecond pump- &0 = 271 ) i ds re(is) Epx(08) €, (Ad)
pulse durations are required.
1 (r+i= o~
ACKNOWLEDGMENTS Ep(L,t)= ﬁf i ds t(is) £,(0,s) €%, (A5)
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and Sofia Bialynicki-Birula, R.Y. Chiao, A. Friesem, and Y. singularities ofr ..(is) [andt,is)]. The singularities in the

Silberberg. right-half s plane give rise to exponential growth &f(x,t)
and&,(x,t). The integralgA4) and(A5) can be evaluated by
APPENDIX: TWO-SIDED LAPLACE TRANSEORM taking the contribution of these poles separately and rewrit-
TECHNIQUE ing the remaining integral as a Fourier integral; see Efs.
and(8).

In this appendix we briefly outline the two-sided Laplace They can also be evaluated in another way, which is es-
transform technique introduced by Fisheral. [14]. The pecially insightful when considering nonanalytic, chopped
TSLT is defined ag:(*)(x,s)zﬁwdt FOI(x,t) e St It is probe pulse$Sec. IV). To that end we rewritéA4) and(A5)
only valid for functionsF(x,t) that diminish faster than ex- aS
ponentially at timegs— —o [17]. Its advantage compared to
the usugl one-sided Laplacg transform is that' it alsg applies 5C(O't):f dt’ Sg(o,t’)HC(t,t’), (AB)
to functions that do not vanish & 0. The starting point of
the analysis is to apply the TSLT to the four-wave mixing
equationg2) with F(x,t)=Ey(x,t) or & (x,t). We then ob- £ (L t):f dt’ £,(0"YH(t,t") (A7)

- . p 1 p 1 p 1 L
tain the coupled equations

d - S .~ . with
d—XEp(x,s)+E£p(x,s)+|K Ee.x(X,8)=0, a1 . .
Al AN [ i —-s(t'—t)
dq . ) Hq(t,t)) o Jy_im ds reis) e , (A8)
dx Ecx(X,8)— p Ecx (X,8) iK™ Ey(X,5)=0.

N — 1 T i —s(t'—t)
Equations(Al) are solved together with the Laplace trans- Hp(t,t) = 2qi L_iw ds Gylis) e ' (A9)
forms of the boundary conditions,(0t)=F(0t), where
F(0t) is an incident probe pulse at the entty-0 of the  In order to evaluate the integral in, e.8l,(t,t"), tp, is first
PCM medium, and,(L,t)=0, so there is no incoming con- rewritten as the series

jugate pulse at the end of the medium. The result is
2n

. - e by
&.(x,5)=h,(x,is) F,(0s), tpp(ls)zzngo (5t 2t e ("2 (AL10)

Ep(x,8)=hi(x,is) F(09), with a=k,c, 7= /s’—a?, andr=2L/c, the round trip time
of the PCM. One can then easily prove that E410) is

with the reflection and transmission amplitudes, uniformly convergent, which allows for term by term inte-

; _ gration of Eq.(A9). We use the substitution
hx,0)= —ELOL ) T
. . ia/ u n
ESIn(BL)—Fl,BCOSBL) SZ? A—n—?), (All)

| Beod B(L—x)]+ Ssirl AL )] i

ht(X,ﬁ): 5 f (A3) t_tl_(n+ %)T
Esin(,BL)+i,8 cog BL) A=l —————

112
: (A12)

t—t'+(n+3)7
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in which t’+(n+3) 7 is the retardation time aftem¢ 3)
round trips. We then arrive at the result, E84).
Similarly, the conjugate reflected pulse is given by

gc(o,t)zﬁ dt’ £ (0t") Mo(t,t")

t—nr

dt'E5(0') My(t,t"),

_22
n=1

—o0

(A13)

with

Mp(t,t")= T(Bﬂillmfz

X[ KkoC V(t—t")?—n272 ]
_ZBEIZn[KOC \(t_t,) —NnN°7 ]
+ B g0 o ko€ V(t—1)Z=n?72 ),

(A14)

oy}
=}
Il

t—t'—nr
(— . (A15)

t—t'+nr
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