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Generation of phase-coherent states

Giacomo M. D’Ariano, Matteo G. A. Paris, and Massimiliano F. Sacchi
Theoretical Quantum Optics GronDipartimento di Fisica “Alessandro Volta” dell’'Universitali Pavia,
Istituto Nazionale di Fisica della Materia, Unitdi Pavia, via Bassi 6, 1-27100 Pavia, Italy
(Received 26 November 1997

An interaction scheme involving nonlinea® media is suggested for the generation of phase-coherent
stateg PCS$. The setup is based on parametric amplification of the vacuum followed by up-conversion of the
resulting twin beam. The involved nonlinear interactions are studied by the exact numerical diagonalization.
An experimentally achievable working regime to approximate PCSs with a high conversion rate is given and
the validity of the parametric approximation is discussed.
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[. INTRODUCTION In the present paper we are interested in the situation de-
picted in Fig. 1, where the interaction Hamiltonidb) is
Optical processes taking place ) media involve three applied twice: in the first step as a parametgpontaneoys
light waves, yielding to a considerably rich variety of non- down-conversion of the vacuum state, generating a twin
linear phenomena, both in the semiclassiddland in the  beam on modea andb, and in the second step as the up-
guantum domairf2]. The quantum statistical properties of conversion of a twin beam into moae
the radiation coming from such interactions have attracted This scheme is of interest because, as shown in the fol-
much attention(see, for example, Ref$3,4]). Squeezing, lowing, the outgoing quantum state of radiation closely re-
antibunching, and entanglement have been predicted argémbles the phase-coherent S®ES
subsequently observed in a series of fascinating experiments
[5,6]. Most of the theoretical approaches to a quantum theory
of three-wave devices have been carried out using the so- *
called parametric approximatid]. In this framework one N)y= \1— |)\|22 \"|n), 2
of the field modes is in a strong semiclassical coherent state, n=0
so that its depletion as well as its quantum fluctuations can
be neglected. A fully analytical treatment of the quantum
dynamics is not available, whereas numerical methods hawhich has been introduced by Shapétoal.in Ref.[10]. The
been developed in the cases of photon nuniBeor coher-  phase-coherent states are interesting because they are opti-
ent input state§9]. In this paper the three-wave dynamics is mum phase states for both thesSmann and the reciprocal
evaluated without an approximation for arbitrary input statespeak likelihood[10] measure of phase uncertairity1,12].
resorting to the numerical block diagonalization of theOn the other hand, they also could servesasdstate[13—
Hamiltonian in invariant subspaces of the constants of moi5] in sampling canonical phase distribution by unconven-
tion. tional heterodyne detectidi6]. Moreover, one should men-
In the rotating-wave approximation the nondegeneratdion that the PCSs maintain phase coherence under phase
three-wave interactions are described by the Hamiltonian amplification[17], such that they are privileged states for
phase-based communication channels.
N2 £ tet In suggesting the present scheme we have been inspired
Hox“[abc’+a'bic], 1) by Ref.[18], where an ideal scheme using a photon number
duplicator (PND) was suggested for PCS synthesis from a
wherea, b, andc are the annihilation operators of the three twin beam. As a matter of fact, in such photon recombination
relevant modes, whose frequencies satisfy the relatioprocess the PND is well approximated by the up-conversion
w.=w,+ w,. Depending on the input state of the field, the from Hamiltonian(1) with modec initially in the vacuum
Hamiltonian(1) describes phase-insensitive amplification or

frequency up- or down-conversion. The first kind of process
occurs in situations with smadl andb and large coherer, |0y —— ——— Gour
so that the pumping mode can be considered as undeplete
and treated as a number, in the so-called parametric ap- [0} = - X(2) ——
proximation. On the other hand, when all three modes par- X(Q) twin-beam
ticipate in the quantum dynamics we are in the presence o [0) =] > ——
frequency up- and down-conversion processes.
(pump)
*Electronic address: http://enterprise.pv.infn.it FIG. 1. Scheme of generation of phase-coherent states.
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[19,2Q. In this paper we show that the interaction scheme . .
sketched in Fig. 1 is indeed effective for the generation of H:SZ( sk (8)
PCSs. '

The paper is structured as follows. In Sec. Il we briefly ith P acting oM. onlv. Correspondingly. the represen-
describe our approach to the evaluation of the dynamics Ot\ﬁtion ?g” )gcan bsek wri'K'en as P gy, P
the three-wave interactions and discuss the validity of the Yo

parametric approximation in the generation of twin-beam N s min(ks—k)

state. In Sec. lll we analyze the performances of the twin- |y \=> > > Ckons_k-nn |[K—N,s—k—n,n)
beam up-conversion in producing phase-coherent states in s=0 k=0 n=0

the second stage of the scheme of Fig. 1. Finally, Sec. IV 9

closes the paper with some concluding remarks. . : . . :
pap 9 which emphasizes the invariant subspaces structure. In this

way one needs to diagonalize the Hamiltonian oinigide
Il. DYNAMICS OF THE THREE-WAVE INTERACTIONS each invariant subspace, thus leading to a considerable sav-
The overall input state describing the three involvedind Of resources.
modes can be written in the Fock basis as AS_ a first appllcatl_on of the above T”eth"d we I0(_)k f(_)r f[he
conditions under which the parametric approximation is jus-

N tified in describing the process of frequency down-
| o) = 2 Cny nyung [ny,n,,n3), ®) conversion be_tween a strong semiclassical pump and the
n1.nz.n3 vacuum. The input state is given byq)=|0,0@), |a|>1

being the amplitude of a considerably excited coherent state.
where N is an arbitrarily large integer, which denotes the |n the parametric approximation the pump moclén the

largest non-negligible Fock component. In order to computg{amiltonian(1) is replaced by the numbere, thus neglect-
the dynamical evolution ofi),

| ) =exp = itH)| o), (4) (2) 7]
one should, in principle, diagonalize the full Hamiltonian
matrix in the Fock basis. This becomes a very difficult task S ©
when the truncatiolN of the Fock space increases, becoming o
unrealistic forN exceeding few teens. However, one can I
notice that the Hamiltoniafil) admits two independent con-
stants of motion. For the sake of convenience we choose \\\\
them as ol v ey .
0 0.5 1
a_1lo s t t 2 — ot t
S= E[a a+b'b+2c'c], K=a'a+c'c. (5) T
T (b) 7

Conservation ofs andK means that subspaces correspond- - 1
ing to given eigenvalues of these quantities are invariant un-
der the action of the Hamiltoniail) as [H,5]=0 and
[H,K]=0. In other words, the Hilbert spack,® H,® H,

can be decomposed into the direct sum of subspaces that are
invariant under the action of the unitary evolution operator in
Eq. (4). Such a decomposition can be written as

N s
Ha®@Hp®He= @ @ Hgy, (6)
s=0k=0 T

where FIG. 2. (a) OverlapO=V{x|@'| x) between the statg’ com-

ing from the exact evolution and the twin bedg) expected within
Hsi=Spaf|k—n)®@|s—k—n)®|n)}, the parametric approximation, as a function of the scaled time

() 7=kt for different values of the pump input photon numbém)

ne[0,min(k,s—k)], Energy conversion ratg as a function of the scaled time for dif-

ferent values of the pump input photon number. In both plots dif-

Sparf } denoting the Hilbert space linearly spanned by theferent line styles denotes different values of pump intensity)
orthogonal vectors within the curly brackets gmd)®|n,) =81 (dot-dot-dashed (n.)=64 (dotted, (n.)=49 (dot-dashey
®|n3)=|ny,n,,n3) representing the state that is simulta- (n.)=36 (dasheg and(n.)= 16 (solid). The interaction time lead-
neously the eigenvector of the number operator of the threeg to maximum conversion rate follows the relation,,
modes. The Hamiltoniafil) can be consistently rewritten as o(n.)~*~.
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FIG. 3. Behavior of overla@ (solid squaresand conversion rat@ (open circlegas a function of the scaled interaction time for different
intensities of the incoming twin beam.

ing its quantum fluctuations as well as its depletion. Within 1 Tro’ (Ny+np)]
such approximation the dynamics of the input s{@®) is n=5 + (13
governed by the evolution operator Trle"n]

U=exp{a'b’—zab}, (10 whereo™=|yo)t|. In Eq.(13) # runs between zero and

one, the factor 1/2 coming from frequency conversion. In
where {=—i«kta, t is the interaction time, anda is the  Fig. 2(b) we show the behavior of; as a function of the
coupling constant containing the nonlinear susceptibility.scajed interaction timer for different values of the input
The evolution governed by E¢10) can be easily computed power, as in Fig. @). It is apparent that the parametric ap-
by means of the Baker-Haussdorff-Campbell formula for theproximation is valid also for moderate input power and that
su(1,1) Lie algebr418,21,22 and the output is represented pne has a considerably wide range of values of the interac-

by the twin-beam state tion time leading to an overlap very close to unity; the
. weaker the pump, the larger this range. On the other hand,
these values of the interaction time correspond to a low con-

— /1 _ 2 n . . . . .
0=v1=Ix| nZO X"|n.n), (1D yersion rate. In addition, we note that the interaction time
leading to the maximum conversion rate follows the relation
where Top(Ne) .
x=—1i tanh(«t|a|)e'?s, (12

Ill. TWIN-BEAM UP-CONVERSION

In order to check the theoretical results predicted by the In this section we analyze the second step of the PCS
parametric approximation we consider the overlap generation setup reported in Fig. 1, namely, the three-wave

interaction starting from the twin-beam input state
O=\(xle'[x)

between the state’ coming from the exact evolution and IX)=V1-[x[2> X" [n.n,0). (14
the expected twin bealy). In Fig. 2a) we show the behav- n=0

ior of the overlap as a function of the scaled interaction time

7= kt for different values of the pump input power. In order The complex amplitudeg is confined in the unit circle and
to evaluate the efficiency of the process we also consider thihe mean photon number pertaining to the sta® is given
energy conversion ratg, which is defined as by
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— T T 0 ! - for different intensity of the incoming twin beam. A remark-
B ] able fact is apparent: Interaction times corresponding to a
-l high conversion rate also optimize the overlap between the
outgoing state and the theoretical PCS. This means that the
up-conversion, although only approximated, produces a re-
combination process that is at the same time efficient and
quite precise. One should also mention that for the same
interaction times one has a small degree of mixing, indicat-
- . ing that the outgoing states are quite pure, and minimum
- . reciprocal peak likelihood, thus confirming good phase-
o : ' : ' : coherence properties.

20 40 In Fig. 4 we show the maximum overlap, along with the

corresponding interaction time and conversion rate, as a

in function of the twin-beam input energdy;,=(n,+n,). The

FIG. 4. Optimized overlap along with the corresponding inter- overlapO slowly decreases with respect to the input energy

action time and conversion rate as a function of the twin-beam inpulin » Whereas the conversion raeis almost independent of
photons. this quantity, saturating to a value close to 80%. This results
in a reliable generation of PCSs with overlap between 80%
(g R+ Relx) =2 xI2/(1= | x[2). and 100%, for outgoing states with enerrgyut=<nq> up to
Nout=20 mean photon number. The corresponding recipro-
The synthesis of the PCE) starting from|y) would be  cal peak likelihoods¢ shows the scalingpe<N,3*, which,

easily achieved by having at our disposal a device that petthough worse than the ideal PCS performanéeés: Ngult, is

forms the photon number recombination far superior to the coherent-state levibocN_ X2,
The interaction timer,,;, Which corresponds to the maxi-
mum overlap, decreases with the input en . By a best
|n,n,00—|0,0n).

fit to the data in Fig. 4 we obtained the scaling power law
Such a transformation has been analyzed in Réf. and has Topt=1.4Ni}O'45. Remarkably, the same scaling is observed
been shown to correspond to the interaction Hamiltonian as a function of the output enerdy,,;, with only a slight
change in the proportionality constang,=0.9MNg ™.
H,=a'bf(b’b+1) Yc+cf(b'b+1)~ Y2ab. (15 V. CONCLUSION
Unfortunately, the Hamiltoniait15) cannot be realized by~ |n this paper we have suggested a scheme to generate the
known optical devices. However, one may notice that thgyhase-coherent states introduced in R&€]. The setup in-
perfect number recombinatidf,1,00—[0,0,1) is performed  yolves twoy( nonlinear crystals and is based on parametric
by the Hamiltonian(1), which suggests that one should sub- gmpiification of the vacuum followed by up-conversion of
stitute the intensity-dependent factor in EG5) by its ex-  the resulting twin beam, the up-conversion playing the role
pectation value. In spite of this rather crude approximationgf gn approximate photon number recombination.
the trilinear interaction1) has been showfl9,2Q to pro- We found that parametric approximation in down-
vide a good approximation of the photon recombination inconyersion of the vacuum state is valid also for moderate
the case of a single photon .number'state at the input. Heriﬁput power and that one has a considerably wide range of
we analyze the case of the input twin-beam sta®. Our  yajyes of the interaction time leading to an overlap very
aim is to demonstrate that the scheme of Fig. 1 is indeed|ose to unity, the weaker the pump, the larger this range.
effective in synthesizing a PCS. As a parameter to evaluatpowever, these values of the interaction time correspond to a
the effectiveness of PCS synthesis we use the overlagyy conversion rate. On the other hand, we found that the
0= \/<)\|é°“t|)\> between the state up-conversion process involved in the second step of the
scheme is both power efficient and quite precise in the gen-
~ out_ A A eration of PCSs. It is a remarkable fact that the range of
0°!'= Trap[exp(—itH)|x)(x|exp(itH)],  (16)  interaction times leading to a high conversion rate also opti-
mizes the overlap between the outgoing state and the theo-
retical PCSs. We have explored the case of twin-beam input
o . ?fhoton number ranging from 0 to 54 and we have observed
to evaluf';\te the efficiency of the process we also consider thg conversion rate about 80%, with an overlap with ideal
conversion ratey, defined as PCSs between 80% and 100%. This corresponds to a reli-
able generation of PCSs up M, ;=20 photons at the out-

exiting the x(? crystal in the mode and a theoretical PCS

Tr(éoutﬁc) (17) pUt
nN=<& = < -
(x|(ng+np)|x) ACKNOWLEDGMENT
In Fig. 3 we show the behavior of the overl@p and the M.G.A.P. would like to acknowledge the Francesco So-

conversion ratey as a function of the scaled interaction time maini Foundation for financial support.



4898 D’ARIANO, PARIS, AND SACCHI 57

[1] J. A. Armstrong, N. Bloembergen, J. Ducuing, and P. S. Per{13] V. Buzek, C. H. Keitel, and P. L. Knight, Phys. Rev. 4,

shan, Phys. Revl27, 1918(1962. 2575(19.93;.51, 2594(1995.
[2] L. Mandel and E. WolfOptical Coherence and Quantum Op- [14] K. Wodkiewicz, Phys. Rev. Let62, 1064(1984; Phys. Lett.
tics (Cambridge University Press, Cambridge, 1995 A 115 304(1986; 129, 1(1988.

[15] M. G. A. Paris, A. V. Chizhov, and O. Steuernagel, Opt. Com-
mun. 134, 117 (1997).
[16] G. M. D’'Ariano and M. F. Sacchi, Phys. Rev. 32, R4309

[3] H. P. Yuen, Phys. Rev. A3, 2226(1976.
[4] Y. Yamamoto and H. A. Haus, Rev. Mod. Phy&8, 1001

(1986. (1995,

(5] J. th. Soc. Am. B4 (1987, special issue on squeezed states,[17) g M. D'Ariano, C. Macchiavello, N. Sterpi, and H. P. Yuen,
edited by H_- J_- Kimble and D. F. Walls; J-_ Mod. Ori4 Phys. Rev. A54, 4712(1996. The concept of quantum phase
(1987, special issue on squeezed states, edited by R. Loudon  amplification can be given a precise meaning in the context of
and P. L. Knight. the quantum estimation theory. For more details see C. W.

[6] Quantum Interferometryedited by F. De Martinget al. (VCH, Helstrom, Quantum Detection and Estimation Thed®ca-
Weinheim, 1998 pp. 95-224. demic, New York, 1978 A. S. Holevo,Probabilistic and Sta-

[7] B. R. Mollow and R. J. Glauber, Phys. Red60, 1076(1967); tistical Aspects of Quantum Theo(Morth-Holland, Amster-
160, 1097 (1967. dam, 1982

[18] G. M. D’Ariano, Int. J. Mod. Phys. B, 1291(1992.

[8] D. F. Walls and R. Barakat, Phys. Rev.1A446 (1970. : A
[19] G. M. D'Ariano and C. Macchiavello, Phys. Rev. 48, 3947

[9] A. Bandilla, G. Drobny and I. Jex, Phys. Rev. Leff5, 4019 (1993
(1993; Phy§. Rev. A53, 507(1996. [20] G. M. D’Ariano, C. Macchiavello, and M. G. A. Paris, in
[10] J. H. Shapiro, S. R. Shepard, and N. W. Wong, Phys. Rev. ~ gecond International Workshop on Squeezed States and Un-
Lett. 62, 2377(199)); J. H. Shapiro and S. R. Shepard, Phys. certainty Relationsedited by D. Haret al. (NASA, Washing-

Rev. A43, 3795(199). ton, DC, 1992, p. 71.
[11] I. Bialynicki-Birula, M. Freyberger, and W. P. Schleich, Phys. [21] J. V. Schwinger, inQuantum Theory of Angular Momentum
Scr.T48, 113(1993. edited by L. C. Biedernharn and H. C. Van Dd#cademic,

[12] B. Daeubler, Ch. Miller, H. Risken, and L. Schoendorff, Phys. New York, 1965.
Scr.T48, 119(1993. [22] D. R. Truax, Phys. Rev. 31, 1988(1985.



