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Asymmetry in pulsed four-wave mixing

H. Friedmann and A. D. Wilson-Gordon
Department of Chemistry, Bar-Ilan University, Ramat Gan 52900, Israel

~Received 15 October 1996; revised manuscript received 14 October 1997!

The Bloch equations are solved for a two-level system interacting with a strong pulsed laser pump and a
weak pulsed laser probe. It is shown that the four-wave-mixing excitation spectrum, which is symmetrical with
respect to the pump-probe detuningd in the steady-state regime, becomes asymmetrical under pulsed condi-
tions. The asymmetry is ascribed mainly to the linewidths of the pump and probe laser pulses.
@S1050-2947~98!02306-3#

PACS number~s!: 42.65.Hw, 42.50.Md, 42.65.Vh
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I. INTRODUCTION

The four-wave-mixing~FWM! signal at frequency 2v1
2v2, obtained by the interaction of a two-level system w
a weak probe of varying frequencyv2 and a pump of arbi-
trary intensity and fixed frequencyv1, has been studied in
detail by Boyd and co-workers@1# in the steady-state regime
In the presence of collisions, a symmetrical three-pea
spectrum is obtained for the FWM excitation spectrum. T
strong, extraresonant peak, observed by Bogdanet al. @2#,
occupies the central position at

v25v1 . ~1!

The weaker Rabi sidebands are situated at

v25v16V15v16~D1
214uV1

2u!1/2, ~2!

where 2V1 andV1 are the pump Rabi and generalized Ra
frequencies and

D15vba2v1 ~3!

is the detuning of the pump laser from resonance.
In a previous publication@3#, we extended the calcula

tions of Boyd and co-workers@1# to the case where the prob
intensity also becomes arbitrarily large. We found that w
increasing probe intensity, the Rabi sideband situated n
vba gradually becomes weaker than the other sideband,
ated near the three-photon scattering~TPS! frequency 2v1
2vba . The weakness of the sideband atv2'vba was
shown to arise from saturation of the two-level system. T
resulting asymmetry of the FWM excitation spectrum w
recently observed by Chalupczak, Gawlik, and Zachorow
@4# at high probe intensity@see Fig. 7~b! of Ref. @4##. How-
ever, at low probe intensity, the opposite asymmetry, in
vor of the Rabi sideband near the resonance frequency@see
Fig. 7~a! of Ref. @4##, was obtained. This result contradic
the theoretical predictions@1,3#.

We believe that the discrepancy between theory and
periment arises from the fact that the steady-state analys
FWM is inadequate for the description of the experiments
Chalupczaket al. where pulsed lasers were used. We sh
show in the subsequent sections that, under pulsed co
tions, the nonstationary time-dependent solutions of
571050-2947/98/57~6!/4854~6!/$15.00
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Bloch equations can lead to asymmetry in the FWM sp
trum in the case of a weak probe.

In order to explain the effect, we have tried to reduce
complexity of the system by omitting collisions and takin
pump-pulse parameters that obey adiabatic following con
tions. The asymmetry then depends mainly on the linewi
of the probe laser pulse and that of the pump laser.

II. THEORY

Consider a two-level system interacting with a bichr
matic field

EW ~ t !5 1
2 «W @E1~ t !1E2~ t !exp~2 idt !#exp~2 iv1t !1c.c.,

~4!

wherev1 andv25v11d are the frequencies of the stron
pump field with a time-dependent electric-field streng
E1(t) and of the weak probe with electric-field streng
E2(t). Denoting the time-dependent Rabi frequencies by

2V1~ t !5mabE1~ t !/\, 2V2~ t !5mabE2~ t !/\, ~5!

we write the Bloch equations in the rotating-wave appro
mation as@1,5,6#

i ṙab52~vba1 i /T2!rab2@V1* ~ t !1V2* ~ t !eidt#

3eiv1t~rbb2raa! ~6!

and

~ ṙbb2 ṙaa!524 Im$@V1~ t !1V2~ t !e2 idt#e2 iv1trab%

2~1/T1!~rbb2raa!21/T1 . ~7!

We now write the density matrix in the form

r5r01Dr, ~8!

where r0 is the solution of Eqs.~6! and ~7! when V250.
Writing the matrix elements ofr0 as

rba
0 5rba~v1!e2 iv1t5~rab

0 !* 5rab~2v1!eiv1t ~9!

and (rbb2raa)
0, it follows from Eqs.~6! and ~7! that
4854 © 1998 The American Physical Society



cy

r

h
-

e
ro

d

us

r t

n
a

e. In
ply

e

bi

y
s is

-
at
ller
y
by

ns

e,

mp
the

t

fied
, let
are
sical

-

m

57 4855ASYMMETRY IN PULSED FOUR-WAVE MIXING
i ṙab~2v1!52~D11 i /T2!rab~2v1!2V1* ~ t !~rbb2raa!
0

~10!

and

~ ṙbb2 ṙaa!
0524 Im@V1~ t !rab~2v1!#2~1/T1!~rbb2raa!

0

21/T1 . ~11!

Inserting Eq.~8! into Eqs. ~6! and ~7! and using Eqs.
~9!–~11!, we find to first order in the probe Rabi frequen
V2 and to all orders inV1 that

Drba5rba~v2!e2 iv1te2 idt1rba~2v12v2!e2 iv1teidt

5Drab* ~12!

and

Drbb2Draa5~rbb2raa!
~d!e2 idt1~rbb2raa!

~2d!eidt,
~13!

where (rbb2raa)
(6d) are the population-pulsation Fourie

components defined in Eq.~12! of Ref. @1#. Since Drbb
2Draa is real,

~rbb2raa!
~d!5@~rbb2raa!

~2d!#* . ~14!

We also find that the Fourier componentsrba(v2), rab(v2

22v1), and (rbb2raa)
(d) of Eqs. ~12!–~14! satisfy the

Bloch equations~compare@6#!

i ṙba~v2!5~D12d2 i /T2!rba~v2!1V1~ t !~rbb2raa!
~d!

1V2~ t !~rbb2raa!
0, ~15!

i ṙab~v222v1!52~D11d1 i /T2!rab~v222v1!

2V1* ~ t !~rbb2raa!
~d!, ~16!

i ~ ṙbb2 ṙaa!
~d!52~d1 i /T1!~rbb2raa!

~d!12V1* ~ t !rba~v2!

22V1~ t !rab~v222v1!

22V2~ t !rab~2v1!. ~17!

Since V1(t) and V2(t) are time dependent, the Bloc
equations~10!, ~11!, and ~15!–~17! must be solved numeri
cally. This allows us to calculaterab(v222v1) as a func-
tion of d and time. In order to compare this result with th
steady-state value of the FWM signal intensity, which is p
portional to the square of the absolute value ofrab(v2
22v1) for a thin slab of two-level systems and depen
only on d, we integrateurab(v222v1)u2 over time

^urab~v222v1!u2&5E
2`

1`

urab~v222v1!u2d~ t/T2!,

~18!

where, in order to obtain a dimensionless quantity, we
the transverse relaxation timeT2 as the unit of time.

The thin-slab approximation is considered here in orde
account for the experimental setup of Chalupczaket al. @4#
in which the probe beam, arriving at an angle, interacts o
with a small portion of the pump beam. The FWM sign
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also leaves the pump beam at the phase-matching angl
order to account for propagation, we must therefore multi
the thin-slab expression for the FWM process by exp(2aL
2a8L8), wherea is the absorption coefficient of the prob
andL its optical path in the linear region, whereasa8 is the
absorption coefficient of the outgoing FWM signal andL8 its
optical path in the linear region. Switching from one Ra
sideband to the other will interchangea anda8 and so, by
choosing L5L8, both bands will be equally affected b
propagation. The difference between the two sideband
then only due to the difference in value ofrab(v222v1)
~see the next section!. This conclusion is not modified quali
tatively beyond the thin-slab approximation provided th
propagation length in the nonlinear medium is much sma
than the diffraction length. Propagation will only amplif
the effect since the amplification is also determined
rab(v2 22v1) @1#.

III. RESULTS AND DISCUSSION

We have calculated the solutions of the Bloch equatio
using Gaussian-shaped pulses

V1~ t !5V1exp@2t2/D1
2#, ~19!

V2~ t !5V2exp@2~ t2Dt0!2/D2
2#, ~20!

whereDt0 is the time delay between the pump and prob
V2!V1 (V25V1/100), andV1 is chosen such that

E
2`

`

2V1~ t !dt52V1p1/2D154p. ~21!

It should be noted that Eq.~21! does not represent a true 4p
pulse in our numerical calculations since we take the pu
to be detuned from resonance and its duration to be of
order of the transverse relaxation timeT2 , as in the experi-
ments of Chalupczaket al. @4#. These two factors smooth ou
the oscillations that would be produced by a true 4p pulse.
For the detunings used in our calculations, we have veri
that the pump laser never produces equal populations
alone population inversion. This remains true when the b
atom states are replaced by the instantaneous, semiclas
dressed-atom states@7#.

In Figs. 1 and 2 we have chosenD15T2, D2524T2, T1
53T2, D1T25210, andDt050. We see that both the time

FIG. 1. Time-dependent four-wave-mixing excitation spectru
[ urab(v222v1)u23107 is plotted# for dT25610, D15T2, D2

524T2, T153T2, Dt050, andD1T25210.V1 is defined as in Eq.
~21! andV25V1/100. Note that the plots do not change whenDt0 is
changed providedDt0,D2.
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4856 57H. FRIEDMANN AND A. D. WILSON-GORDON
dependent values ofurab(v222v1)u2 ~Fig. 1! and its time-
integrated values@see Eq.~18! and Fig. 2# are asymmetrica
with respect to the transformationd→2d and that the asym
metry favors the Rabi sideband situated near the reson
frequency, whered.D1 or v2.vba , over the Rabi side-
band near the TPS frequency, whered.2D1 or v2.2v1
2vba . This is in agreement with the experiment of Chalup
zaket al. @4# mentioned in the Introduction. We have verifie
that this result is independent ofDt0 ~providedDt0,D2).
We have also found that the symmetrical steady-state s
tion is reestablished by increasing the pump widthD1.
Clearly, the asymmetry is caused by the rapid time variat
of the pump.

In Figs. 3 and 4 we have chosenD15D25T2, T153T2,
and D1T25210. For this case, the relative intensity of th
Rabi sidebands depends on the value ofDt0. For Dt05
20.4T2, the Rabi sideband near the resonance frequenc
larger than that near the TPS frequency. However, forDt0
50.4T2, the opposite result is obtained. Moreover, the R
sideband at the resonance frequency is now about three t
weaker than in the case whereDt0520.4T2. There is little
change in the intensity of the Rabi sideband near the T
frequency in going fromDt0520.4T2 to Dt050.4T2.

In summary, we have established that under pulsed c
ditions, the FWM signal may be an asymmetric function
the pump-probe detuningdT2 and of the pump-probe time
delayDt0. The extent and direction of the asymmetry can
altered by changing experimental parameters such as
pump detuning from resonance, and the widths and inte
ties of the pump and probe pulses and the delay betw
them. We note that the asymmetry only occurs whenD1 is
small, that is, when the pump field is strongly varying w
time. Nevertheless, for the parameters used in Figs. 1–4
adiabaticity conditions of Grischkowsky@8#, Flusberg and
Hartmann@9#, and Eq.~3.35! of Allen and Eberly@10#,

uD1u.1/D1.1/T1,1/T2 , ~22!

u2D1V̇1~ t !u!@D1
214uV1~ t !u2#3/2, ~23!

do not hold. For these parameters, 1/D151/T2 and thus the
second inequality of Eq.~22! is not obeyed. Moreover, th
left-hand side of the inequality of Eq.~23! can be as large a
5% of the right-hand side.

FIG. 2. Time-integrated four-wave-mixing excitation spectru
as a function ofdT2. ~Parameters and scaling are the same as in
1.!
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As we have seen, the parameters used above can le
qualitative agreement with the results of Chalupczaket al.
@4#. However, the system is too complex to allow physic
insight into the fundamental cause of the difference betw
the symmetrical, steady-state FWM spectrum and the as
metrical pulsed spectrum. In order to simplify matters,
omit collisions and takeD1 sufficiently small andD1 suffi-
ciently large so that the inequalities of Eqs.~22! and~23! are
satisfied. We note that increasing the adiabaticity of
pump by increasingD1 leads to a gradual reduction in th
ratio of the intensity of the resonance sideband to that of
TPS sideband~see Fig. 5!. However, even when adiabati
conditions are well obeyed there remains an asymmetry
both the peak intensity and width of the two sidebands.
such an adiabatic pulse, we varied the probe duration, w
the following results~see Fig. 6!: As long asD2 is suffi-
ciently large, the asymmetry in the peak intensity is in fav
of the resonance Rabi sideband. However, this asymmet
gradually inverted asD2 decreases and, at the same time,
width of the resonance sideband increases.

There seems to be only one possible explanation for
effect. As long as the probe linewidth~proportional to 1/D2)

g.

FIG. 3. Time-dependent four-wave-mixing excitation spectru
[ urab(v222v1)u23107 is plotted# for dT25610, D15D25T2,
T153T2, andD1T25210 and for three values of the time dela
Dt0 between the pump and probe. Note that the asymmetry w
respect to the transformation ofdT2 from 210 to 10 depends on the
value ofDt0. Similarly, we note that the asymmetry with respect
the transformation ofDt0 from 20.4T2 to 0.4T2 depends on the
value ofdT2.
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57 4857ASYMMETRY IN PULSED FOUR-WAVE MIXING
is small, there is good overlap between the probe linewi
and that of theub&→ua& transition, when the probe laser is
the frequency of the resonance sideband. However, when
probe is at the frequency of the TPS sideband, the sm
probe linewidth produces inadequate overlap with the pu
linewidth ~proportional to 1/D1), which determines the TPS
linewidth. This explains the asymmetry of the FWM excit
tion spectrum in favor of the resonance sideband. It a
explains the difference in the width of the two sideban
The situation is inverted whenD2 becomes small so that th
probe linewidth overlaps with that of the pump but becom
much broader than the linewidth of theub&→ua& transition.
It is obvious that this explanation also accounts for the va
tion in the linewidths of the two sidebands, on varyingD2 ,
and for the fact that the asymmetry disappears altoge
when D1 becomes large so that the only linewidth seen
the probe is the linewidth of the transition, namely, 1/T2. The
present calculations are restricted to pulsed pump and p
lasers and describe transient effects. However, we have
fied that similar FWM asymmetry effects can be obtained
the steady state where, for Lorentzian laser line shapes,
linewidth effects are described by the replacement

v1,2→v1,21 ig1,2. ~24!

FIG. 4. Time-integrated four-wave-mixing excitation spectru
as a function ofdT2. ~Parameters and scaling are the same as in
3.!
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Hereg1,2 are the pump and probe linewidths@11#. For more
sophisticated methods leading essentially to the same re
see Refs.@12,13#. Thus the symmetrical, steady-state FW
spectrum@1# is only due to the neglect of laser linewidt
effects.

The modification of the time-integrated FWM excitatio
spectrum with respect to the transformation of the pum
probe time delay from2Dt0→Dt0, shown in Fig. 4, also
survives when the pump laser obeys the adiabaticity co
tions of Eqs.~22! and~23! ~see Fig. 7!. It is well known that,
for short adiabatic pump pulses, the absorption depends
only on the pump detuning and intensity but also ondV1 /dt
@see Eq.~3.44b! of Ref. @10##. This is a group-velocity sig-
nature that arises whenever energy is stripped from the f
of the pulse and returned to the back of the pulse, produc
a group velocity smaller thanc. Such behavior occurs no
only in the adiabatic limit but is well known for nonadiabat
pulses that are nearly 2p and where the entire population
cycled through the excited state and back again~see p. 352
of Ref. @14#!.

It is not clear why, in the adiabatic limit, the asymmet
induced by the sign ofdV1 /dt should affect only the Rab
sideband at the resonance frequency~see Fig. 7!. We believe
that, although we have tried to eliminate pump nonadiaba

g.

FIG. 5. Time-integrated four-wave-mixing excitation spectru
[ urab(v222v1)u231015 is plotted# as a function ofdT2, for an
adiabatic pump pulse for various values of the pump detuning.
parameters areD150.2T2, D25T2, T252T1, and pulse area 0.1p.
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4858 57H. FRIEDMANN AND A. D. WILSON-GORDON
ity by increasing the detuningD1, a small, residual amoun
of nonadiabatic transitions is unavoidable. Since the FW
intensity also decreases very rapidly with increasingD1,
nonadiabatic pathways, such as the one depicted in Fig
may give an important contribution in the case where
probe is at the resonance frequency, but not when it is at
nonresonant TPS frequency. Nonadiabaticity increases
occupation rate of the upper stateub& of the two-level system
at the leading edge of the pump pulse, but reduces this
cupation rate at the trailing edge. Therefore, only whenDt0
is negative will this nonadiabaticity increase the probabi
of the ub& to ua& transition induced by a resonant probe las
as required for the FWM process of Fig. 8. This can a
explain the results of Fig. 5 where, although the adiabati
conditions are well obeyed in the three cases depicted,
the ratio of the intensities of the resonance and TPS s
bands decreases slightly with increasingD1, that is, with
decreasing probability of nonadiabatic transitions induced
the pump pulse. Note also that adiabaticity cannot be
stored in the near-resonance, large signal~large V1, small
D1) regime as shown in the Appendix.

IV. CONCLUSION

A series of different effects are predicted in FWM spec
obtained with a nearly resonant pump and a weak pro

FIG. 6. Time-integrated four-wave-mixing excitation spectru
[ urab(v222v1)u231015 is plotted# as a function ofdT2, for an
adiabatic pump pulse for various values ofD2. The parameters are
D150.2T2, T252T1, D1T25250, and pulse area 0.1p.
8,
e
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he
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,
o
y
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y
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e,

provided the pump spectral linewidth is larger than~or at
least of the same order as! the linewidth of the atomic tran-
sition. Thus we predict that the FWM excitation spectru
will be asymmetrical: The intensity of the Rabi sideba

FIG. 7. Time-integrated four-wave-mixing excitation spectru
[ urab(v222v1)u231015 is plotted# as a function ofdT2, for an
adiabatic pump pulse for various values ofDt0. The parameters are
D15D250.2T2, T252T1, D1T25250, and pulse area 0.1p.

FIG. 8. FWM process. A nonadiabatic transition~NAT! induces
population transfer fromua& to uA& so thatub& becomes occupied by
absorption of a pump photon allowing the resonance-enhancedub&
→ua& transition by a probe photon atv2.vba . uA& anduB& are the
energetically lower and upper instantaneous semiclassical dres
atom states@7#. The double use of the dressed-atom states is re
niscent of quantum photon occupation number states. Here clas
fields are considered and the quantum photon states are replac
‘‘Floquet states’’@15#.
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57 4859ASYMMETRY IN PULSED FOUR-WAVE MIXING
near the resonance frequency will be larger than that of
sideband near the TPS frequency for probes with nar
linewidth. The asymmetry will gradually invert as the pro
linewidth increases: For a sufficiently large probe linewid
only the TPS sideband of the FWM excitation spectrum, a
hence the resonance sideband in the FWM signal, will s
vive. These predictions are independent of the way th
laser linewidths are varied: whether by changing the du
tions D1,2 of the laser pulses@see Eqs.~19! and ~20!# or, in
the steady state, by varyingg1,2 @see Eq.~24!#.

When there is a time delay between the pump and pr
pulses and the probe pulse is sufficiently short, we pre
that the intensity of the Rabi sideband near the resona
frequency strongly varies with the sign of the time dela
whereas the intensity of the TPS sideband remains es
tially constant.

APPENDIX

It has been claimed that the adiabaticity condition of E
~23! holds for two regimes. The far-detuned, small-sign
~large-D1, small-V1) regime has been fully discussed in th
paper. We now discuss the second regime: the near-detu
large-signal~small-D1, large-V1) regime.

The adiabatic condition of Eq.~23!, for the case of a
Gaussian pump@Eq. ~19!#, can be simplified by making the
substitutions

D15V1 /a, 1/D15V1 /b. ~A1!

Then Eq.~23! becomes, after some rearrangement,

a

b

u4ax exp~2x2!u

@114a2 exp~22x2!#3/2
5

a

b
F~a,x!!1, ~A2!

where the dimensionless variablex5V1t/b. We now calcu-
late the maximum valueFmax(a,x) of F(a,x) as a function
of x for various values ofa.1. Note that increasinga cor-
responds to decreasing detuning. Fora51, 102, 104, 106,
108, and 1010, Fmax(a,x)50.84, 1.83, 2.47, 2.97, 3.39, an
ys

n,

. A
e
w

,
d
r-
se
-

e
ct
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,
n-

.
l

ng,

3.78, respectively, and the values ofx for which the maxi-
mum is obtained vary from 1 to 5 asa increases from 1 to
1010.

Let us now consider the validity of the adiabaticity co
dition, given by Eq.~A2!, for the near-detuning, large-signa
case. For the large-signal case where

V1.D1 , a.1, Fmax~a,x!.1, ~A3!

the adiabaticity condition holds if

a

b
5

1

D1D1
!1 ~A4!

or

D1@1/D1 . ~A5!

This is the same as the first inequality of Eq.~22!. For the
near-resonance case,

D1T2,1, ~A6!

which, combined with Eq.~A5!, yields

1.D1T2@T2 /D1 ~A7!

and hence

1/D1!1/T2 . ~A8!

This implies a long pulse that leads to a symmetrical FW
excitation spectrum as in the steady state. It should be n
that Eq.~A8! is exactly the opposite of the second inequal
of Eq. ~22!

1/D1.1/T2 . ~A9!

This shows that the near-resonance, large-signal case
never be adiabatic because, if Eq.~A8! holds, transverse re
laxation will induce nonadiabatic transitions during the tim
the pulse interacts with the atoms. The only way to obt
strongly asymmetricalspectra in the near-resonance, stron
signal case is to respect the inequality of Eq.~A9! rather than
that of Eq.~A8!, which derives from the adiabaticity cond
tion, and to allow nonadiabatic transitions.
el
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