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Recoil correction to the ground-state energy of hydrogenlike atoms
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The recoil correction to the ground-state energy of hydrogenlike atoms is calculated to all ord@rsnin
the rangeZ=1-110. The nuclear size corrections to the recoil effect are partially taken into account. In the
case of hydrogen, the relativistic recoil correction beyond the Salpeter contribution and the nonrelativistic
nuclear size correction to the recoil effect amounts-f6.2(2) kHz. The total recoil correction to the ground-
state energy in hydrogenlike uraniurf?U%") constitutes 0.46 e\[.S1050-294{08)02506-7

PACS numbsds): 31.30.Jv, 12.26-m, 31.30.Gs

I. INTRODUCTION andDj(w,r) is the transverse part of the photon propagator
in the Coulomb gauge:
The completeaZ-dependence formulas for the nuclear

recoil corrections to the energy levels of hydrogenlike atoms 1 | exp(i|lw|r)

in the case of a point nucleus were first obtained by a qua- Dik(w,r)=— axl 1k
sipotential methodl1] and subsequently rederived by differ-

ent approacheg2—4]. According to[4], the nuclear size cor- (exp (i|w|r)—1)
rections to the recoil effect can be partially included in these +Vin—2] .
formulas by a replacement of the pure Coulomb potential T

with the potential of an extended nucleus. The total recoil o o _
correction for a stat@ of a hydrogenlike atom is conve- N Ed.(2), the scalar product is implicit. For pointlike nuclei,
niently written as the sum of a low-order ter&E, and a  V(r)=Vc(r)=—aZ/r. If extended nuclei are considered,
higher-order term\E,, [1], where =c=1) V(r) is the potential of the extended nucleus in E2). and
in calculatinge,, |a), andG(w). Therefore the nuclear size
1 corrections are completely included in the Coulomb part of
- 2_ ) . the recoil effect. In the one-transverse-photon part and the
AR 2M (@l{p™=[D(0)-p+p-D(O) ]} [a), @ two-transverse-photon pafiee Ref[4]), they are only par-
tially included. At least for highz we expect that this pro-
cedure accounts for the dominant part of the nuclear size
effect since using the extended nucleus wave function and
the extended nucleus Green function strongly reduces the
[p,V]) > singularities of the integrands in Egél) and (2) in the

[p,V]

D(w)_aH—iO

i o0
AEH=medw<a

D(w)+

XG(w+ey) (2)  nuclear region.
The termAE, contains all the recoil corrections within
the («Z)*m?/M approximation. Its calculation for a point
Here,|a) is the unperturbed state of the Dirac electron in thenucleus, based on the virial relations for the Dirac equation
nuclear potential(r), p is the momentum operato&(w)  [5-7], yields[1]

=[w—H(1-i0)] ! is the relativistic Coulomb Green func-

w+i0

tion, H=(a-p)+Bm+V, «; (1=1,2,3), B are the Dirac m?— &2,
matrices, AE =—F7—, ©)
2M
Dyn(w)=—4maZaDy,(w), wheree 4 is the Dirac electron energy for the point-nucleus
case.

AE,, contains the contribution of orden)°m?/M and
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Russia. the Salpeter correctidi8]. The calculation of this term to all
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tion to the Lamb shift of the 4 state in hydrogen constitutes TABLE I. Nuclear size correction to the low-order term for the
—7.19) kHz, in addition to the Salpeter term. This value is 1S state expressed in terms of the functions" (aZ) and
close to the &Z)®m?/M correction(—7.4 kH2 found in[3] AP (aZ), defined by Eqs(8) and(9), respectively. The values of
and is clearly distinct from a recent result for the the nuclear radii employed in the calculation are taken from
(aZ)®m?M correction(—16.4 kH2 obtained in[11]. [The  [16:19-23

(«Z)® In (aZ)m?IM corrections cancel each othgt2,13.]

2\1/2
The total recoil correction to the ground-state energy in z (r5)™ (fm) AF (aZ) AP (aZ)
23§91 was calculated ifi9] to be 0.51 eV. 1 0.862 —0.337x10°8 —0.0136
In this work we calculate the recoil correction to the 2 1.673 — 0519107 —0.0262
ground-state energy of hydrogenlike atoms in the radge 5 2397 —0.102¢10°5 —0.0329
=1-110 using the formulagl) and (2) employing the po- 10 3.024 —0.976x10°5 —0.0394
tential of an extended nucleus. 20 3.476 —0.933¢10~* —0.0472
30 3.928 —0.406x10°3 —0.0607
Il. LOW-ORDER TERM 40 4.270 —0.126x10°? —0.0797
_ -2 _
Using the virial relations for the Dirac equation in a cen- 28 j‘gij _g'ggz 18_2 _g'iggg
tral field [7], the formula(1l) can be transformed t¢see : : .
; 70 5.317 —0.0195 —0.2295
Appendix
80 5.467 —0.0436 —0.3442
2_ .2 90 5.802 —0.0993 —0.5506
m €a0 1 2 2 2
AEL:W+W (e2,—&2)+(al(8V)?a) 92 5.860 —-0.117 —-0.6073
100 5.886 —0.224 —0.9038
+2aZk(alo,0VIr|)—2e,(alsV|a)+2(m+2¢ k) 110 5.961 —0.517 —1.572
x(a|o,6V|a)—2azZm({a|o,sV|a)
2 2
m°—e
—4mey(a| oy 8V|a)}, (4) AEL=WE‘O[1+AFL(aZ)]. (8)

wheree, ande o are the Dirac electron energies for an ex-
tended nucleus and the point nucleus, respectiveby,
(—1)I""*Y2(j+1/2) is the relativistic angular quantum
number, SV=V(r)—V(r) is the deviation of the nuclear
potential from the pure Coulomb potential, amgdando, are
the Pauli matrices. Here, the notations for the radial matrix

In order to compare the nuclear size correction to the low-
order term with the corresponding correction to the higher-
order term(see the next sectipnin the last column of the
Table | we display the valuAP (aZ) which is defined by

mz_Sgo " (aZ)5 m2

elements froni7] are used: AE, = oM 3 VAPL(aZ). (9)
(alulb)= fm[Ga(r)Gb(r)+Fa(r)Fb(r)]u(r) dr, (5 Using Eg.(4), one easily finds for an arbitranys state
0 and for very lowZ (a«Z<1)
@ 1 12 72
<a|0'zu|b>:J’0 [Ga(r)Gp(r) —Fa(r)Fy(r)]Ju(r) dr, AFL(aZ):ﬁ —g(az)z(Rm)z— %(aZﬁRm ,
(6) (10)

. whereR= \/5/3(r?)*? s the radius of the uniformly charged
(a|crxu|>=f [Ga(r)Fp(r)+F4(r)Gy(r)Ju(r) dr. (7)  nucleus. The first term in Eq10) is a pure nonrelativistic
0 one. It describes the reduced mass correction to the nonrela-
tivistic nuclear size effect. So, if the nuclear size correction
G/r=g andF/r=f are the radial components of the Dirac to the energy level is calculated using the reduced mass, this
wave function for the extended nucleus, which are define@erm must be omitted in Eq10). The second term, which is
by dominant, arises from the Coulomb péta|p?/a)/(2M)].
For the standard parametrization of the proton form factor
gnk(r)QKm(n) )

"’““m(r):(ifm(r)s)Km(n)

A4
p)= m (12)
The first term on the right side of E¢4) corresponds to the
low-order recoil correction for the point nuclefisee Eq. which corresponds to
(3)]. The second term gives the nuclear size correction . We
calculate this term for the uniformly charged nucleus. In
Table | we display the results of this calculation for the 1 p(r)=g—exp(=Ar) (12)
state. The values are expressed in terms of the function
AF | (aZ) which is defined by and

A3
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TABLE Il. Higher-order term for the & state expressed in terms  the fourth column of the table, the differenad®=P — Py is
of the functionP(«Z) defined by Eq(15). The nuclear radii em- |isted. Finally, in the last column the Salpeter contribution
ployed in the calculation are the same as in TabRy(.«Z) is the [8,15]
related value for the point nucleus aAd®® =P —P,. Pg(aZ) is the
Salpeter contribution obtained by Ed.6).

P(ls)——zln( Z)—§2984 129I—E|n 2+6—2 (16)
s —Tghlas)Tge 3 9

Z P(az) Po(az) AP(aZ) Ps(aZ)
1  543913)  5.42993) 0.00922) 54461 IS diSp'Iayed- e nuclear i , He hiaher-ord
2 497033)  4.95283) 001782) 49840 For OW_ZIt 3”“? et";r Sge fo”gcnont t.g tt.e \gher-order
5 4.32813) 4.30343) 0.02472) 4.3731 erm is mainly due to the Coulomb contribution
10 3.828 3.795 0.031 3.9110 1 - 1
20  3.330 3.294 0.036 3.4489 AE;P:_,f do————(a|[p,VIG(w+e,)
30 3.086 3.044 0.043 3.1786 2mMJ =" (0 +i0)?
40 2.977 2.927 0.050 2.9868
X :
50 2.973 2914 0.060 2.8380 [p,V]|a) (17
60  3.072 3.006 0.066 2.7165 |t is comparable with the deviation of the complete
70 3.295 3.234 0.061 26137  gZ-dependence value from the Salpeter contribufiarthe
80  3.686 3.672 0.013 25247 case of hydrogenAP=—-0.0092(2) while Pq—Pg=
90  4.330 4.521 —0.191 2.4462 —0.0162(3). To check this result let us calculate the finite
92 4501 4.779 —0.277 2.4315 nuclear size correction to the Coulomb part of the
100  5.40 6.41 -1.01 2.3759 («Z)®m?/M contribution. Taken to the lowest order iz,
110 7.24 12.43 —5.19 2.3124 formula (17) yields
AE©) = (277)3|¢ (0)|2f dp \/m_m p2'\72(p)
aZ 1 H — a )
vin=-"H1-Jep(-An@+an|, 13 2V DAL
the contribution of this term t&a P is whereg,(0) is the nonrelativistic wave function a0 and
V(p) is the nuclear potential in the momentum representa-
' 3_5 m tion. Using the standard parametrization of the proton form
AP = . (14)
8 A factor
We will see in the next section that this term cancels with the ~ aZ A4
corresponding correction to the Coulomb part of the higher- V(p)=— (19

22 2 2\2
order term. This implies that the sum of the low-order and 2m°p” (A™+p7)
higher-order contributions is more regularat0 than each

and separating the point-nucleus result from , we can
of them separately. p gthep @as)

write for anns state

(aZ)® m?
AE}PzW V(—4/3+AF><C>), (20)

Ill. HIGHER-ORDER TERM

To calculate the higher-order ter(@) we transform it in
the same way as it was done[®. The final expressions are
given by Eqs(41)—(54) of Ref.[9] where the pure Coulomb where
potential[V(r)=—aZ/r] in Egs.(42) and (48) has to be 2
replaced by the potential of the extended nucle¢(s). We AP©) = _4j°°dp p m
calculate these expressions for the uniformly charged 0o (Vp?+m?P+m)d p2+m?
nucleus by using the finite basis set method with the basis
functions constructed frorB splines[14]. The algorithm of A8
the numerical procedure is the same as it is describgé]in X 2. 24 1

. : (A°+p9)

The results of the calculation for thes tate are presented in

the second column of Table Il. They are expressed in termgyajuation of this integral to the lowest orderrim A yields
of the functionP(«aZ) defined by

(21)

35 m
(aZ)® m? AP(C)=—7TK.
AEy=—3 1rP(a2). (15) 8

mn

(22

As we noted above, the correcti¢®?) cancels with the cor-
For comparison, in the third column of this table we list theresponding correction to the low-order tefsee Eq.(14)].
point-nucleus resultsPy(«Z)] that are obtained by the cor- For (r?*?=0.862(12) fm[16], which corresponds to\
responding calculation f&R— 0. These point-nucleus results = v12/(r?)1?=0.845m,=793 MeV, the formula22) yields
are in good agreement with our previous results ff@nin  AP(®)=0.008 86 while the exact calculation of the integral
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N TABLE lll. Recoil corrections in eV. For comparison, the non-
s 120 ; relativistic recoil correction is given separately. The last column
o 1s state displays the deviation from the point-nucleus results for the total
b i recoil effect. The mass values are given in nuclear mass units. They
10 _ i were taken from[24], except forZ=110 where we adopted the
R ::3 value of[21].
| P "
8 I y z M/A  Nonrel. recoil  Total recoil ~ Finite size effect
10 20.2 0.037 0.037
i E 20 40.1 0.075 0.075
6 30 654 0.104 0.105
40 912 0.134 0.137
50 118.7 0.163 0.171
4 60 144.2 0.196 0.215 ~0.001
70 173.0 0.227 0.269 —-0.003
3 79 197.0 0.26 0.33 -0.01
2 =020 80 80 100 80 200.6 0.26 0.34 -0.01
nuclear charge number Z 82 207.2 0.27 0.36 -0.01
90 232.0 0.30 0.44 -0.03
FIG. 1. The functionPgg(@Z), compared toPy(aZ) and 92 238.0 0.30 0.46 -0.05
Ps(aZ). 100 257.1 0.34 0.61 -0.14
110 268.0 0.42 0.97 -0.75

(21) amounts taA P(©)=0.008 74. These results are in good
agreement with the corresponding requkP=0.0092(2)
from Table II. Finally, we note a very significant amount of the nuclear
size effect forZ=110. According to Table lll, the finite
nuclear size modifies the point-nucleus result by more than
IV. DISCUSSION 40%.
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In the case of hydrogen we find that the recoil correction APPENDIX
amounts toAE=—7.2(2) kHz beyond the Salpeter contri-
bution and the nonrelativistic nuclear size correction to thqo
recoil effect[the first term in Eq(10)]. It almost coincides
with the point-nucleus result. This is caused by the fact that
the nuclear size correction to the higher-order tgm. (22)]
and the relativistic nuclear size correction to the low-order AE(LC)=<a
term[Eq. (14)] cancel each other.
For high Z, where theaZ expansion as well as the re-

AE=

Using the identityp?=(a-p)?, the Coulomb part of the
w-order term can be written as

P
2M

— 1 2
a —m(aKSa_ﬁm—V) |a>

duced mass approximation are not valid any more, we should = i[82+ m?+(a|(V?—2g,V)|a)
. . . 2M a a
not separate any contributions from the total recoil effect. In
the case of hydrogenlike uraniur@®U®'"), the total recoil +2m(al B(V—z,)|a)] (A1)
a .

correction constituteAE=AE, + AE;=0.46 eV and is by

10% smaller than the corresponding point-nucleus value

(AEpN=0.51 eV) found in[9]. This improvement affects As described in detail ifi18], the Breit part of the low-order
the current numbers of the Lamb shift predictidrY]. term can be transformed to
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®) 1 whereG/r=g andF/r=f are the radial components of the
AE ™=~ m(al[D(O)-p+ p-D(0)]]a) Dirac wave function for the extended nucleus, and the radial
scalar product defined by Eqg&)—(7). Using Eq.(2.9 of

1 aZ (a-r) Ref.[7], we find

oM\t PR
AE =i{82—m2+<a|5V(5V—28 )|a)

aZ 1 ik L7 2m ta a
=—-——(al-|2e,—28M—-2V+—¢a,B||a

2M\ T ri T rt —aZ(aZA 2—kC 2-2mBY)},  (A6)

1 where 6V=V—V.=V+aZ/r. From Egs.(2.8—(2.10 of
= m[2a2<a|V/r|a>—2aZsa<a|1/r|a> Ref. [7], one obtains

+2aZ(a|m,B/r|a>+2Kaijgafadr, (A2) aZAfz_chzz_2K<a|0z5V/r|a>+2m<a|<7x5V|a(>A7)
0

wherea,=(a-r)/r andk=(—1)""*"Y2(j+1/2) is the rela-

2aZmB '=2(m?—2)+2(m+2 Y
tivistic angular quantum number of the staten the follow- asm (m*—e5)+2(m+2¢ax)(alo,0V]a)

ing we will use the notations of Ref7], —4me (a|oyr dV|a). (A8)
- Substituting Eqs(A7) and (A8) into Eg. (A6), we find
A3=f (G?+F?)redr, (A3)
— _ 2
AE = o T oM {(al(8V)?|a)+2azZk(ala,6Vir|a)
BS= fo (G*=F?)redr, (A4) —2s,(aldV|a)+2(m+2¢,x)(al0,6V|a)
—2azZma|oyéV|a)y—4me (alog 8V])}.  (A9)
CszzfoFrsdr, (A5)  Separating the point-nucleus result from the right side of Eq.
0 (A9), we get Eq.(4).
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