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Spectrotemporal dynamics of a two-coupled-mode laser
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In their review about intracavity laser spectroscopy, P. E. Toschek and V.[Bakaser Spectroscopy and
New Ideasedited by W. M. Yen and M. D. Levenson, Springer Series in Optical Sciéppenger, Berlin,
1987] have shown that multimode lasers are needed to obtain a high sensitivity. In this paper we show that
two modes is enough. We discuss first the ideal case where only the spontaneous emission limits the sensitiv-
ity. In a second part we take into account the spatial hole burning, which couples the two modes and has for
effect a lower limitation of the sensitivity. Analytical expressions are given for the modified absorption
coefficient and the time evolution of the intensity of the two modes is calculated by numerical integration.
[S1050-294{@8)10405-3

PACS numbdps): 42.62.Fi

I. INTRODUCTION simple model of a two-coupled-modes laser. This model,
based on rate equations including SHB8-3Q, gives a

A broadband laser with an absorption cell inside the cavgood interpretation of ICLAS experimental result8,9].
ity is similar to a multipass cell with an equivalent passMost of the analytical and numerical results obtained for a
length Le,=cty, wherec is the speed of light ant); is the bimode laser can be extrapolated to a highly multimode la-
“generation time.” This is the time difference between the ser.
moment when the gain in the cavity becomes larger than the This paper is organized as follows. In Sec. I, we intro-
losses and the moment when the laser spectrum is observddce a model for the multimode laser that takes into account
[1-4]. Since the introduction of the method of intracavity the intracavity absorption, the contribution of the fluores-
laser absorption spectroscoghCLAS) in the early 1970s cence in each mode, and the SHB mode coupling. In Sec. llI
(Refs. [5-7]) several theoretical and experimental studieswe show that ICLAS is also possible with a bimode laser and
have been concerned with the dynamics of multimode laserghat, in the general cag8-10, the relaxation oscillations
This dynamics governs ICLAS and determines up to whichoccurring in solid-state lasers do not affect the dynamics of
generation time the equivalence with a multipass cell is validntracavity absorption. Then in the ideal ICLAS case, where
(limiting the sensitivity [8—12 and accurate information the dynamics is only limited by the spontaneous emission,
about absorption spectra may be obtaif2d4]. we discuss the influence of the laser parameters on the sen-

In the description of an “ideal” intracavity spectrometer, Sitivity limit. In Sec. IV, we show that a small coupling
the individual modes of a broadband laser are only couplegoefficient is sufficient to influence the ICLAS sensitivity as
to the gain medium and do not interact with each other. Irwell as the accuracy of the determination of the absorption
this case one may achieve the ultimate sensitivity of ICLAS coefficient. In the case of weak and strong coupling between
which is limited only due to the spontaneous emissiontwo modes we also give an analytical expression of the satu-
[13,14]. The equivalent absorption path lendtl, grows lin- ration timer,, which is compared tay, for different values
early with the generation timg up to a characteristic time of the laser parameters.

Tsp WhereL ¢, saturates to a stationary value. An estimation
of 75, for a Ti:sapphire laser gives a value of the order of 1 s, Il. EQUATIONS OF MOTION
corresponding td. .~ 300.000 km[8].

The behavior of a “real” intracavity spectrometer ap-
pears to be quite different. In particular, the time when th
sensitivity stops growing is usually much less thap. This
effect is mainly attributed to nonlinear coupling among the
laser mode$15—18 that may arise in several waj/s7-2§.

In particular, four-wave mixindFWM) may result from the

Let us consider the following set of coupled rate equa-
dions for the laser, where we take into account the spontane-
ous emission and the nonlinear mode coupling by SHB. Our
equations are an adapted form introduced by Bae} and
used by several other authdi30,31:

interference of different modes in the temporal and spatial i li=y(N;— D)l + yfN;— ypil;,
domain[24-24. Spatial hole burningSHB) [27-30, which dt

can be considered as a degenerate case of FWM, is mainly q

responsible for nonlinear mode coupling in the case of N NN _N. _—
standing-wave solid-state lasers. at i~ Nogi— N N'; gl @

Our purpose here is to show that ICLAS, which usually
relies on highly multimode lasers, is also possible with awherel; and N; are, respectively, the normalized intensity
bimode laser. Then, the sensitivity limit due to nonlinearand the normalized population inversion associated with the
mode couplings in a multimode laser can be understood by &h longitudinal modeyy is the cavity decay rate in units of
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TABLE I. Typical operating parameters. Ci=1 and C;=Cj.
Parameter Dye laser Solid-state laser By introducing the coupling coefficiemt;;=1—C;j; , Eq.(1)
Emission cross section 107%cn? 10 ¥cn? may be rewritten:
Population lifetimeT 10°s 10%s d
Photon lifetimeT 100 ns 100 ns dt =y(N;—D)l;+ yfN;— ypil;,
Mode volumeV, 1073 cn?® 1073 cn?®
Absorption coefficienty; 1077 cm 107 em™? d
y=T1lT 1072 10° mNi:Nogi_Ni_Niz gj|j+N|2 K”gjlj (2)
f=0cT,/V, 3x10°12 3x10°1° ] 17
pi=a;cT; (c=3X10° cm/s) 3x10™4 3x10°*

In the case of small couplingk(;<g;) and using the adia-
batic approximation ¥<<1) the set of Eq(2) can be written

the population inversion decay rat@e assume that the de- as
cay rate is the same for all the moglesndyp; describes the

) . . : d i
intracavity absorpupn for thgth mode. . ' a li=—vyli—vypili+ % (i+f)
The parameteg; is the ratio of the gain of theth mode to i9i'
that of the mode with the highest gain. The pump parameter Ndl
is scaled | hat lasi 05> 1. The eff b »
Ny is scaled in a way that lasing occurs fég> 1. The effect + W I K”g] K (3)

of the spontaneous emission is described by the pararheter
which has been added to the equations for the intensity. |

the set of Eq(1) the time is a reduced time expressed inprhls equation describes the dynamics of a multimode laser in

. oo N ' the case when the lifetime of the photons in the cavity is
units of the population inversion lifetimeTg). Typical op- much larger than the lifetime of the population inversion.

erating parameters are given in Table I. . . The last term describes the effect of the small mode coupling
A crucial role in the dynamics of a multimode laser is due to the SHB

played by the ratio of the cross-saturation paramekgrto
the self-saturation paramet€¥; [32]. For SHB, the cross
saturation parameteC;; is a measure of the competition
among the various longitudinal modes for a given population A. Linear absorption
inversion. By using these rate equations we have made the
usual simplifying approximation that the coefficieltg are
time and pump independef20,31.

For these approximations, the coefficieltg are then

Ill. IDEAL ICLAS (NO MODE COUPLING )

In the ideal intracavity spectrometer descriptiok;;(
=0) all the modes interact only with tieame population
inversion. If we neglect the spontaneous emissibs @),
Eq. (2) can be analytically solved in the adiabatic case (

given by <1). For a bimode laser with;=1, g,<1, p;=0, andp,
#0, we obtain
[t g2 mwz ,mmz
co_ " - 11(0) 1 1
) W;g LT P I(0) +(0)ex — ¥(1-G)t]°
Zo— L
150l exp — ¥(1—Go)t]
wherem; is the number of half-wavelengths of thia mode. I2(t)= 11(0)+1,(0)exi — (1= 5,)1]" (4)

The integration is over the length of the active medium,
whose center is located at a distarzgefrom one of the two  wherel ,,=1,(t)+1,(t)=Ny—1, andg,=g;, 9,=g,—p, are

cavity mirrors(Fig. 1). _ o the difference between gain and loss of ille mode. By
When the length of the gain medium is much larger thantaking the ratio between the two previous equations, we ob-
the wavelength one obtains, in the usual case, tain the following simple relation:
et ™ m 00 m (1) _ 12(0) )
with Equation(5) is the analogue to the Beer-Lambert law with an

absorption coefficientr=y(1—g,)/c and an equivalent ab-
sorption path length .,=ct, wheret is the running time of
the laser. This time is also called generation time in the
ICLAS dynamics.

In a logarithmic scale the time evolution bf(t)/1(t) is

0 . . . .
- 2, 4112 L a perfect straight line with a slope given by
%o I (b)) 1— ®)
FIG. 1. Schematic of the standing-wave cavity laser. ()] —7(1762).
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FIG. 2. Numerical simulation of the dynamical behavior of a  FIG. 3. Numerical simulation of the dynamical behavior of a
bimode dye laser. (a) Intensitiesl;,l, and of the total intensity ~bimode solid-state laser.(a) Intensitiesl;,l, and of the total in-
I, (D) In(1,/1,) for the following parametersy=2x10"%, g, tensity |, (b) In(l,/I;) for the following parameters: y=2
=1,9,=0.995,Ny=1.5,f=0, K; =0, K;;=0, andi=1,2. x10% 9,=1, 9,=0.9999,Ny=1.5, f=0, K;=0, K;;=0, andi

=1,2. The tim&y, is the time needed by the population inversion to
We have numerically solved, using a Runge-Kutta methodeach the threshold.
with variable integration step, the exact dynamics given by
the coupled set of equatiorf®) for a bimode laser. Foy
<1 (i.e., dye lasensand for the following values of the

B. Sensitivity limit
Let us now estimate the influence of the spontaneous

parameters: emission ¢#0) on a bimode laser. We can estimate this
K 0. f=0 influence by expressing the stationary solutions of jjas
|]: y = y
L. X st 2(Ng—1)f
y=2x10% @=L §,=0.995, No=15, 21— (1-82)(No— 1)+ V(1— )" (No— 1) + 417

Figure 2 shows the time evolution of the two modegt)

and1,(t)] and of the total intensityl,(t)+1,(t)]. After a stz 2(No—D)f
relatively quick turn on, we see that the total intensity re- 2 2f+(1-0,)(Ng— 1)+ \/(1_g2)2(|\|0_1)+4f2'
mains constanfFig. 1(a)]. The intensityl,(t) of the mode )

having the lowest gain decreases exponentially in time, while
the intensityl,(t) of the other mode reaches a stationaryl3' no longer goes to zero since at long generation times the
state. During this period of intensity redistribution, the loga-spontaneous emission stops both the time evolution (@}
rithm of the ratio of the intensities of the two modes follows and of I ,(t). For 1—g,>f (typical operating condition we
the predicted Beer-Lambert lafFig. 2(b)] with a slope obtain
given by Eq.(6).

Wheny>1 (i.e., solid-state laseysthe adiabatic elimina-
tion of the population inversion is no longer possible and the (1-0,)°
analytical expression of Ed4) is no longer valid. Figure
3(a) shows that the dynamical behavior laf(t), 1,(t), and  Figure 4 shows the effect of the spontaneous emission for
lof(t) exhibits relaxation oscillations. Despite this complexdifferent values of the pump parametég. The time evolu-
temporal behavior, the logarithm of the ratio bf(t) and  tion of In[l,(t)/I;(t)] is obtained by numerically solving the
I,(t) is still a straight line after an initial delayrig. 3b. The  set of Eq.(2).
ratio 1,(t)/1,(t) follows the same Beer-Lambert law if we  We can see that, as in the case with no spontaneous emis-
replace the time in Eq. (5) by t—ty,. By plotting the time  sion, the relaxation oscillations of the intensities of the two
evolution of the population inversion it can be shown thatmodesl(t) and|,(t) disappear in their ratio. This figure
this time delayty, is the time needed for the population in- also shows that, for short times, the raitigt)/I (t) follows
version to reach lasing threshold. As was also found for a&a Beer-Lambert law with a decay constant equal again to
multimode lasef8], t, decreases wheN, increases. — y(1—9,). After a characteristic times,, the spontaneous

In conclusion, a bimode laser with negligible spontaneousgmission stop the laser dynamics and the intensities of the
emission and without any mode coupling, follows the samanodes reach stationary values.
dynamics as a highly multimode lasélye or solid-state As we can see in Fig. 4 the saturation timg is defined
lasers. by the intersection point between the straight line of slope

.
IS (Ng— 1), 15= 2 ®
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¥Nogi
0 NEETRT Fu={ —=——3 112 Kigil; ).
] nl (1+2jgj|j)2 IJE;&:i Ijgjj
2 4
. For a bimode laser, witlgj~1 and=g;l;~Ny—1,
-~ 44 ]
N 2N
— -6 _ 0o 0
;o= ~ . 11
= ] ™ W(IpK  ¥(Ng—DK (1D
-8 -
- . (N, =5) Thus, for a given generation time the effects of the SHB
-10 — — "|‘.T’"I"Nn":?'"" coupling that are negligible near the threshol,&1) in-
0 4 8 12 16 crease with the pump power.
. For intracavity spectroscopy, the first effect of nonlinear
Reduced time t/T, mode coupling is a modification of the measured absorption

] ) ) ] ] coefficient. Indeed, if we neglect spontaneous emission (
FIG. 4. Numerical simulation of the time evolution of Ip(l;)

. \ =0), Eqg.(3) shows that before saturation
for different values of the pump parametdp for the following
parameters: y=5x10°, §;=1, §,=0.9998, f=10"7, K;=0, (1)
Kij=0, andi=1,2. In each case the slope of the Beer-Lambert law — In(—) =— 7(1—@2) +
is given byy(1—3,) and the saturation time,, due to spontaneous dt 11(1)
emission increases witN,.

Y

By
N 10120

(12

- ) . This expression has to be compared with E5). We have
—7(1-0) (Sl?es?r-Lambert law and the horizontal line 6w 4 nonlinear absorption law with a modified absorption
given by In(3/17) (steady-state value due to spontaneougoefficient that depends on the coupling coefficient the

emission. Using Eq.(8), 75 is given by pump power parametd,, and the mode intensitly .
For a short generation time<€7,,,), |4(t) is of the same
1 (No—1)(1—95) order of magnitude thah,(t). As a result the slope of the
Tsp™ (1-3,) n( g, ) ) curve is given by— y(1—0,) and the absorption coefficient

of the absorption law is approximately equal &= y(1
—0,)/c as in the ideal ICLAS case.

For a longer generation timé~ 7,,,), 1, becomes higher
anl, and the modified absorption coefficiesat, is depen-
dent on the pump power paramefdg. By taking l,~N,

Equation(9) predicts, in agreement with the numerical re-
sults shown in Fig. 4, an increase of the maximum equivalenth
- t
path lengthL o= c 75, With the pump power excess above the
threshold Ny—1). One could therefore expect to increase

the ICLAS sensitivity limit by increasing the pumping level. 1, we obtain

Most experiments, however, show just the opposite depen- - A _

dence[15], which means that the temporal dynamics of real = Y(17G2)  ¥Kgz2 (No—1) (13)
lasers is dominated by mode coupling rather than by sponta- c c No

neous emission. _ _ _ )
Figure 5 shows the time evolution of la(l;) obtained by

numerical solution of the set of E@2) for K;;#0 and for
IV. REAL ICLAS (WITH MODE COUPLING ) different values of the pump parametdy.

While in the previous paragraph we have neglected all In agreement with Eq310) and(11), one can see that at

interaction among the laser modes, here we show that thlséhort generation time the effects of nonlinear mode coupling

interaction can play an important role in the limitation of the gl‘laocvigggétﬁgri_rgjrﬁtzzrrte}!vt/h\?vit?]u;n5epc?ara?§r:%gr)1{cl é(taal io
sensitivity of a bimode ICLAS spectrometer. We will assume Y q

tmhggeSSHB is the only interaction phenomenon among the For longer generation time, Fig. 5 also shows that the

effect of the SHB coupling, which is negligible near the
threshold Np~1), increases with the pump power.

A. Nonlinear absorption
In condition (K;;#0), from the last term of Eq(3), we B. Nonlinear sensitivity limit

can see that nonlinear mode coupling due to the SHB will - a¢ |ong generation time the combined effects of nonlinear
significantly modify the dynamics of theh mode only for  o4e coupling and of spontaneous emission stop the time

sufficiently long generation times: evolution of I (t) and1,(t). For a bimode laser with,
() =K,=K, a linear stability analysis of Eq2) shows that

t> Tmz_', (10)  there are two types of stationary solutions, one correspond-

Fo ing to a weak SHB coupling, and the other to a stronger SHB

coupling[32].
where the variable within brackets is averaged in time and For a weak SHB coupling (8K<1-g,<3,), the sta-
with the nonlinear forcd-, given by tionary solution for the pump conditioNy>1 gives
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Reduced time t/T 1

FIG. 5. Numerical simulation of the time evolution of Ip(l,)
for a weak SHB coupling and for different values of the pump
parameteN, with the following parameters: y=5%x10°, §,=1,
@220.9999,]‘:1077, K11=O, andK12= 1074.

Ist fNO@Z

st _ ~
T (No= 1), 12 No(1-K—§,)+K

0. (19

In this case the bimode laser is again nearly single mode as

in the no coupling case, but the intensity of the weakes
mode is slightly modified by the SHB.

For a strong SHB coupling (29,<K<g,), and for the
pump condition KNy<N,=K/[K—(1—-g,)], the station-
ary solution is also given by Eq14).

For No>N, a bimode solution exists with

1 . .
=Ko=Ky [No(@K+1-G2) K],

1 1 .
kK 5, NlK-(1-81-K}. (19

Figures 5 and 6 show the time evolution of Ili(;) for,
respectively, weak and strong SHB coupling. In both case w

define the saturation time, as the intersection point be-
tween the straight line of slope y(1—0,) (Beer-Lambert

Reduced time t/T1

FIG. 6. Numerical simulation of the time evolution of Ip(l,)
for a strong SHB coupling and for different values of the pump
parametelN, with the following parameters: y=5%x10°, §,=1,
9,=0.9999,f=10"7, K;;=0, K;,=2x10"4,

Saturation time

T T T T T T T
1.0 1.5 2.0 25 3.0
Pump parameter N,

FIG. 7. Calculated values of the saturation timeg (due to
spontaneous emissipand 7, (due to nonlinear mode couplihg
versus the pump parametl, for different value of the coupling

coefficientk and with the following parameters:y=5x1C°, g
=1, 9,=0.9999, and=10"".

law) and the horizontal line given by IB{13) (steady-state
value with nonlinear mode couplingUsing Eqgs.(14) or
(15), 7, is obtained by,

t ~;| (I_it) 16
15, g (o

For weak SHB couplingFig. 5), the saturation behavior
of the bimode laser is approximately the same as that ob-
tained in the no coupling cas&ig. 4. The ratio of 15715
always decrease with the pump power and @6) predicts,
in agreement with the numerical results, an increase of the
maximum equivalent path lengthe,=c7,. Nevertheless,
the saturation timer, is always a bit smaller than,.

For a strong SHB coupling, Fig. 6 shows the time evolu-
tion of In(l,/I,) obtained numerically from the set of E@).
In this case, the saturation behavior of the bimode laser is
really different. Indeed for a small value of the pump power

?N0<\/Nn,) the maximum equivalent path length,=c,

increase with pump power while fdio> Ny, Leg=C7y
decreases with pump power. Figure 6 also show that for
No<N, and before the saturation, we observe the same type
of behavior as for weak SHB, but with a stronger modifica-
tion of the slope and then of absorption coefficient,,
while for Ng>N,, I{'is of the same magnitude &§. As a
result, the saturation of the absorption occurs rapidly.

Figure 7 shows the calculated value &f, from Eq. (9)
and 7, from Eq. (14) versus the pump parametbl,, for
different values of the coupling coefficiekt. To allow di-
rect and quantitative comparisons with the simulation results,
the behaviors of saturation times, and 7, are studied
within the same range of parameters as those used in Figs.
4—6. We observe that near the threshold of the laser, the
ICLAS sensitivity is limited by spontaneous emission and
the maximum equivalent path length is given hy™
=Crgp, Which increases with the pump power, while higher
above the threshold, the sensitivity is governed by the mode
coupling andLgg*=cmy<cCrgp, Which decreases with the
pump power. This is also what can be observed experimen-
tally in multimode lasers.
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C. Case of a highly multimode laser this way, all modes interact with the central modgt | ;

Most of the analytical and numerical results obtained in* 0) and not with their next neighbor${*1;~0). _
this section can be extrapolated to a higher number of modes. 1S, in a multimode laser, nonlinear mode coupling
For example, for a highly multimode laser, we obtain from modifies the time evolution of the absorption line as well as

Eq. (3) the base line of the laser spectrum. As in a bimode laser, the
modifications that are negligible near the threshold, (
lq,(t) =ex;{ ~ (qi_qo)Z( - Ej#qui'qqujlqj)t} ~1) increase with pump power.
l4.(0 N
a(0) Q 0 V. CONCLUSION
% B B EJvﬁqui,qigqﬂ aj ¢ 1 In the context of intracavity laser absorption spectroscopy
ex Y| Pq, No ' 17) (ICLAS), we have studied the spectrotemporal dynamics of a

bimode laser. We have analyzed both the effect of the spon-
where Kg, a is a small coupling coefficient between the taneous emission and of the mode coupling due to SHB. In

modesq; andg; and where we have approximated the gainthe ideal ICLAS case, where no coupling exists, a bimode

distributiong, by a Lorentzian profile with a half-widtp: ~ laser follows the same spectro temporal dynamics as a highly
! multimode laser of the same kind. In this case, the sensitivity
1 (di—o)? limit is determined by the contribution of the spontaneous
9q,= (9 —o)? ~1- Q7 emission and the maximum equivalent absorption pathlength
1+ — Leq= C7ep increases with the pump power.
Q In the real ICLAS case, nonlinear mode coupling affects

The first part of Eq(17) described the time evolution of the laser dynamics and the maximum equivalent path length

the Gaussian baseline of the laser spectrum, while the secorrga” C7nl decreases with the pump power. The absorption

part describes the time evolution of intracavity absorption.coeff'c'em determined from the time evolution of the inten-

Equation(17) shows that the width of this baselirier the sities of the two modes is found to be reduced by the SHB

envelope no longer follows the well-know square-root law couplmg as a function O.f the pump power. An analytical
versus the generation time found for the multimode ideafXPression of the absorption coefficient is given. By compar-
ICLAS model[1]. Ing 7spand 7, the main experimental results of a broadband

In a laser just above the thresholdds 1) with a cavity intracavity spectrom_et_er can be_clegrly_understood. Near the
L . , i . . threshold, the sensitivity saturation is given by the spontane-
length satisfying the conditioh//>Q, the coupling coeffi-

i . n ous emission, and increases with the pump power. Higher
cient can be considered constak, 'qjNK’ and Eq.(17) above the threshold, the sensitivity is governed by the mode

can be rewrite as coupling and the sensitivity decreases with the pump power.
This is what can be observed experimentally with multimode

g (1) _ _ (Qi—%)z 14 K|S0 ) i lasers.
l4(0) —&X Y Q No In this paper we have shown that intracavity spectros-
' copy, usually performed with a highly multimode laser, is
No—1 possible with two or a few modes, in agreement with experi-
XGXP{ -y pqi_K<N—o)H (18 mental resultg33,34. Finally, we have extended this two-

mode model to a highly multimode laser for which we have
In this equation, we have considered only the small couplingjiven an analytical expression of the spectrotemporal evolu-
coefficient between thg; mode and the central mode labeled tion taking into account the SHB coupling between the
do, Which is the only one above the thresholge>1;). In modes.
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